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Abstract

Structural labor supply methods are generally needed to separate out income and
substitution effects, to calculate deadweight losses, and to study policies that make
budget constraints highly nonlinear. However, the economics literature has vot deter-
mined the relationship between the economic assnmptions, implicit restrictions, and

blases in various estimation methods. This sifuation leaves researchers in a quandary
about what approach they should use. As a result, many recent papers cite papers
by MaCurdy and co-authors as a justification for avoiding structural methods, and
instead using simple estimation methods such as differences in differences. This paper
examines the role of economic assumptions in structural labor supply methods and how
some of the assumptions may be relaxed. We first show the sources of inconsistency
in the local linearization method. We then examine the standard approach generally
attributed to Hausman, and show that this approach relies on the convexity of pref-
crences in the construction of the likelihood function, though this assumption is not
particularly explicit. We show that the criticisms of MaCurdy can be reinterpreted
as showing where in the estimation method the assumption of convexity is enforced.
We provide a formal argument that if observed preferences are nonconvex, but the
estimation method does not allow for noncorvexity, then estimated parameters may
not satisfy the Slutsky restrictions, as has often been found. Finally, we show that
the standard methods in the literature do not permit estimation of parameters consis-
tent with nonconvex preferences, and describe methods that allow for less restrictive
agsumptions.




1 Introduction

The effect of taxation on labor supply is of key interest to both policy makers and economists.
Labor supply responses to income taxes and the taxes implicit in social insurance and welfare
program budget sets determine the effects of these programs on work, incomes, and budgetary
costs. In these contexts, structural methods, though controversial, are advantageous in many
cases.  Structural methods are often needed to separate out income and substitution effects
and calculate deadweight losses. Such methods are also more suited to simulate the effects
of many potential changes in tax and transfer policies that make complicated changes in
budget sets.

As is well known, when the tax schedule is nonlinear in income, estimation of labor supply
parameters is difficult.  In such a case, an individual’s marginal tax rate, and hence their
after tax wage rate, 18 not exogenous, but rather is a function of an individual’s hours of
work. This endogeneity of the after tax wage rate has led to the development of several
methods to estimate labor supply parameters.

Prior to the 1980s, the prevailing method, which will be referved to as local linearization,
was to create a linear budget constraint tansent to the actual budget constraint at the
level of hours at which an individual was observed.  The wage rate and nonlabor income
associated with this budget constraint were then regressed on an individual’s hours of work,
with instrumental variables often used to attempt to correct for the endogeneity of the wage
and income measures in this regression.’

Beginning with Burtless and Hausman (1978), and continning with Hausman (1979, 1980,
1981, 1985), a new method was proposed to estimate labor supply parameters using max-
nmum likelihood techniques. This method, hereafter referred to as the Hausman method,
explicitly took account of the entire budget constraint that was generated by a nonpropor-
tional tax or benefit system. An important development of this method was to derive, under
the assumption that preferences were strictly convex, a computationally simple algorithm
that, given parameters of the labor supply function,” could easily identify an individual’s
optimal hours of work on a piecewise linear budget set.  Given the assumed distributions of
stochastic elements, the likelihood function then followed directly from this algorithm. The
introduction of this method stimulated an outpouring of empirical research on labor supply
using some variant of this approach.?

Use of the Hausman method for estimation of labor supply parameters was attractive for
several reasons. The Hausman method explicitly controls for the endogeneity of after tax
wages and virtual incomes.  The method also accounts in a simple way for heterogeneity
across people in tastes for work.  Furthermore, the Hausman method could be adapted to
incorporate a variety of features of the labor market that may affect labor supply estimates.
For example, Hausman (1931) and Bourguignon and Magnac (1990) each incorporate fixed
costs of work.

In the 1990s, however, two papers sharply changed researchers views of the usefulness of
the Hausman method.* Tn MaCurdy et al. (1990) and MaCurdy (1992), it was shown that

'See Pencavel (1986) for a survey of studies that use local linearization methods.

*The algorithm also uses the corresponding indivect utility function if the budget constraint is nonconvex.

3Tor a survey of these studies, see Hausman (1986) and Bhindell and MaCurdy (1999).

FOF conrse, MaCurdy et al. (1990) and MaCurdy (1992} were not the only criticisms of the Hausman
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the likelihood function employed by the Hausman method implicitly enforced that estimated
parameters inply a positive Slutsky term at budget set kink points. These papers, jointly
referred to as the MaCurdy critique, argued that, in order for parameters to satisfy Slutsky
positivity at all kinks in the data, the uncompensated substitution effect was essentially

trained to be positive, and the income effect was essentially constrained to be negative

(MaCurdy, 1992). It is further argued that " [these] constraints arise not as a consequence of
economic .heop,\r? but instead as a requirement to create a properly defined statistical model”
(MaCurdy, Green and Paarsch, 1990).

MaCurdy et al. also derive a new method to estimate labor supply parameters under
assumptions similar to the Hausman method, but with weaker restrictions on parameters in
order for the likelithood function to be coherent. These estimates from this method were
then used to argue that the constraints in the Hausman method were, in fact, binding con-
straints.  Because of the apparent restrictions on parameters in the Hausman me thod, the
results in MaCurdy et al. (1990) and MaCurdy (1992) have led several researchers to avoid
using mphmu ated t o(hx ucues that explicitly take into account the hudnot constraint gener-
ated by a pmolosxn e tax system, in favor of simpler methods, like difference in differences
estimators.

In this paper, then, we discuss the various methods that have been used to estimate
structural labor supply parameters.  We provide new results on where economic assump-
tions, in particular, convexity of preferences, enter into the different methods, and we clarify
past results.  We show how nonconvex observed preferences may have led to some of the
puzzling results in the literature. We then show why past methods cannot generally allow
for nonconvex preferences, and describe what methods are consistent with such preferences.”
In Section 2, we review the local linearization method, and discuss the likelihood that all
available instruments are invalid. In Section 3, we outline the assumptions that are implicit
in the Hausman method, and review the restrictions these assumption place on the parame-
ters of the labor supply function.  We then present the MaCurdy critique, and argue that
the MaCurdy critique simply pointed out where in the Hausman method the assumption
of convexity was enforced. In Section 4, we argue that a possible reason why MaCurdy
et al. found the constraint in the Hausman method to be binding resulted from using a
method that assumed convexity of preferences in data generated by individuals maximizing
nonconvex preferences. In Section 5, however, we show that neither local linearization, the
Hausman method, nor the MaCurdy method, may be moditied to allow for the possibility
that estimated parameters represent nonconvex preferences. In Section 6, we then show how
one might create an estimation method that allows estimated pr Ofmon(‘os to be nonconvex.
Section 7 concludes.

method for estimating labor supply parametors, Sce, for example, Heckman (1982) and Pencavel (1986) for
other dissents on the value of the Hausman method.

"See, for example, Blundell, Duncan and Meghiv {1998), Fortin and Lacroix (1994), Fissa (1005) and
others,

YA few caveats must be mentioned.  This paper, like the other papers in this literature, is strictly a
partial equilibrivm analysis of labor market behavior using a static model of labor supply to infer preference

parameters,  As such, we ignore lifecycle considerations, the preferences of employers as to the nmumber of

hours worked. imperfect perception of tax rules, and other issues. However, since estimation methods with
those extensions o[wn use this static model ag a foundation, the problems addressed in this paper are also
Likely to be important considerations in those settings.
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2 Labor Supply and the Problems with Local Lineariza-
tion

In order to understand the Hausman method, it is useful to understand the method that
it displaced, local linearization. Consider the piecewise linear budget constraint in Figiure

2.1. In the tax system tllustrated in this figure, there are three tax brackets, with tax rates
{t1, %2, 15}, The tax rate on labor income between howrs of work H,.; and H; is ¢;, and
so the after tax wage rate over this segment of the budget constraint is w; == W(l —¢;),

where W is the exogenous before tax wage rate.” If segment 7 is extended to the origin, the
intercept of this extended segment at 0 hours of work is referred to as virtual income, and is
denoted y;.  Denote this budget constraint as B({wy, ..., ws}, {yi, ...y })

Suppose that for a given individual, 7, utility over consumption and hours of work,
U(CL R, is maximized on the piecewise linear budget constraint at A%, wheve H; < h* <
Hj.1. As was noted in Hall (1973), if the individual has convex preferences and the budget
constraint is convex, then utﬂitv would be maximized at the same level of hours if the budget

The local ]ine;zu-izm‘;ion met ;hOd exploits this fact, and uses the after-tax wage w; and
virtual income y; from the segment of the budget constraint on which the individual is
observed as regressors in a regression. Letting this segment be denoted ', the regression is
of the form

h;

plwy gy ) + . (1)

So, for each individual, one identifies the howrs at which the individual is observed working,
and the after tax wage and virtual income associated with this level of hours. Hours of work
are then regressed on these wage and income measures.  For example, Hall (1973) uses a
variant of this approach in his heavily cited paper.

However, estimating such an equation by ordinary least squares ignores a serious reverse
causality pmblem, in that the after-tax wage and virtual incomes included in the equation
are determined by the number of hours that the individual works. Individuals with a greater
taste for work will tend to work more hours, which, in the case of a progressive income tax,
will lead to a lower wage and higher virtual income bcmg imputed for the individual.  Thus,
the error term in (1) will be correlated with the wage and virtual income variables.® As a
result, several researchers have used instrumental variables (IV) to correct for this reverse
causality.”  Usually, the instruments used are the wage and nonlabor income associated
with the budget segment at a given level of hours in all individuals budget constraints'”| but

“Note that throughout this section, we assume that an individual’s gross wage is exogenous, and hence
independent of hours of work.
$See Moffitt {1990) for a discussion of local lincarization and the rationale behind using IV in this setting.
“Note that the above discussion assumes that an individual's before tax wage 13 exogenons, and so it is
the unobserved taste for work that creates the endogeneity of the right hand side variables in the estimation
equafion.
Of course, there are other reasons why the right hand side variables could be endogenous, in that an
individaal oss wage could be a funetion of the hours thev work. This is not the problem that instrumental
variables, in this setting, is meant to correct for, and so this discussion does not take this possibility into

account.
WSee, for example, Rosen (1976) and Hausman and Wise (1976).
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demographic characteristics have also been used'!.

There are several other problems with the use of local linearization to estimate labor
supply equations, however, even when instrimental variables are used. First, note that the
above discussion ignores individuals that are observed at a kink point. If an individual
18 observed at a kink point, it is unclear what after tax wage and virtual income should
be imputed for that observation. Second, the approach generally ignores the participation
decision, and focuses golely on marginal changes in hours.  In some settings, for example when
studyving the labor supply behavior of adult males, this may not be a bad approximation.
For other groups, such as married women, this would clearly be undesirable.

Finally, and most fundamentally, the nature of the problem makes seemingly plausible
instruments invalid.  For IV to be consistent, the instruments used must be correlated
with the regressors, but uncorrelated with the ervror term. However, the error term in this
specification is likely a complicated function of preferences and of wages and virtual incomes
associated with various budget segments, making it correlated with variables that might
otherwise seem like suitable instruments.

To demonstrate this point, note that the individual’s utility maximization problem is

max U (C) h,vy)

st O < Bl{w ey wp b Ay ys b A Hy o Hyoa b, (2)

where the unobserved value of leisure for a given individual is denoted as v;, in which a higher
value of v; denotes a greater taste for work. If we observe labor supply uncontaminated by
measurment or optimization error, we observe

hy = h{{wy, wr b Ay, o yst v (3)

In order to break this function out into separvate terms, suppose that f{w;,y;) + v; is the
solution to

max U (C h, o)
st O < wih oy (4)

In this case, h() may be rewritten as

R{{awy, b Ay, v wg b H o Hoea b o)
S [ty p) + 0] 1y < Flugy) + 01 < Hy), )

where 1(-) denotes the indicator function.  This form of the labor supply function takes
account of the fact that, as noted above, if the individual is observed between [;_q and H;,

it must be that f(w;, y;) + v is also between those points.  Letting j* be the segment of the
budget constraint on which the utility is maximized, this function reduces to

hi = fQwpe.yye) =+ [0 e oy = flwgeoyye) <o < Hpe— flwgs yp)] (6)

HSee, for example, Flood and MaCurdy (1993),




Finally, if hours observations are contaminated by measurement or optimization error, &;,
wa observe

/7,‘ = f(jl(:‘j««, U.f‘) —+ Zz[ Z"Z.‘]’m_l / ( Wiy LZ,/.;'*’\) <y < [l’,* - / \ Wi, z/]*y —+ £ (7)

Now, let j" denote the segment on which the individual is observed.  Suppose we use
local linearization methods to estimate

by = f(u}v/,»/, //\ 4 (8)

For TV to be consistent, the instruments must be uncorrelated with ;. To examine under
which cases this might bc so, consider the constituent parts of this error term.

First, suppose that there is no measurement errvor. In this case, the individual will be
observed on the utility maximizing segment, and so 7 == 7*. Thus, the error term is

U; = /?,h; -/j(:“";f/’?/’/") (9)
= fwye i) = Hpsoy = flwpeype) < v < Hye = flwpe,yp )] = Flwgr, ypr)
= oy Hipvog — flwge,yp) < v < Hpe = flwge,yp)]

The error term in this case consists solely of the heterogeneity term, given that this term
lies withing certain bounds. This is the usual rationale invoked when using instrumental
variables. Individuals with higher levels of ¢; will tend to be observed on a budget segment
that has a low(—‘r net wage and higher virtual income, a,.nd so the error term will be correlated
with w? and 7. In this case, the usual instruments that are used are invalid.

Sll)pow m a(l lition to the above, that there is measurement error in howrs worked.
In this case, for a sufficiently Lune z;, an individual will not be observed on the utility
maximizing segment, and so j' % j*. Hence, the error term is now

= [ f (wje,y54) — fla W, Yy )] e fo Hypeoy = flwge gy ) < vy < Hys = flwjs, y;

The error in this case, in addition to the previous source, is now also a function of the ervor
in wage and virtual income variables.  Again, the nsual instruments will likely be correlated
with the error term, and thus would be nmf\hd.

Thus, setting aside the other problems with local linearization, even in its more so-
phisticated implementations, local linearization will likely lead to biased and inconsistent
estimates.  Thus, local linearization methods are undesirvable to use in the estimation of
labor supply parameters.

3 The Hausman Method and the MaCurdy Critique

Unlike local linearization, the Hausman method explicitly coutrols for the endogeneity of
after tax wage rate and virtual income in an equation for the number of hours worked,
and takes account of the possibility that an mdividual’s observed hours are not their utility
maximizing hours.  The stochastic elements are posited to consist of two components,




an unohserved heterogeneity term and an measurement error term*?.  The derivation of
the likelihood function then exploits the fact that, if preferences are convex, there exists a
computationally feasible algorithm to identify the optimal hours of work, given the values of
the parameters and the heterogeneity term. Observed hours differ from these optimal hours
by a measurement error ferm.

The algorithm that identifies the optimal hows of work on the budget constraint is
important for the discussion that follows, and so it is repeated here.  Suppose the budget
constraint is as in Figure 2.1.  Let v denote an unobserved component in preferences, and
let hy = h{w;.y;.v) be the optimal labor supply if an individual with heterogeneity v were
maximizing utility over consumption and hours of work, U(C,h,v), subject to the budget
constraint defined by €' == w;h + ;.

If preferences arve convex, then the following algorithm (using the notation in MaCurdy
(1992)) identifies desived hours, A%, on the piecewise linear budget set.

Iy if hy < Hy (lower limit)
h{wy,y,v) if Hy < hy << Hy (segment 1)
H,y if hy > Hyand hy < Hy (kink 1)
h* = ¢ hlwa,ys,v) if  Hy < hy < Hy (segment 2) (11)
Hs if ho > Hyand hy < Hy (kink 2)
h(ws,ys,v) if  Hy < hy < Hz (segment 3)
Hj if hs > Hy (upper limit)

Later, in Section 5.1, we discuss the necessity of this assumption to the Hausman method
being properly specified, in that this algorithm will be certain to identify desived hours
only if preferences are convex. Although convexity is mentioned in some of the Hausman
method papers,™ the implications of the approach’s fundamental reliance on the assumption
is not discussed. However, if preferences are indeed convex, the following derivation of the
likelihood follows.

y

Observed hours are asstmed to be hy = h* - ¢, where =, denotes optimization error.'*

T he sccond term has also becn interpreted as a optimization ervor termy. The distinetion docs not
matter here, but does if one is using a wage measure defined as total carnings divided by howrs.  In this
case, the hours error contaminates the wage measure, and so the budget constraint is measured with error.
This is not an msurnmountable problem, as the maximum likelihood procedure could be augmented to deal
with this. However, few (il any) researchers have attempted to make this correction.

BRar example, see Hausman (1979, 1981).

UThig is somewhat of a simplification, in that there ave often separate conditions under which an individual
is ohserved working 0 hours. These conditions ave not important for the discussion that follows, however,

and are left out for the sake of clavity.




The likelihood of observing individual 7, then, is:
Optimal hours below Hj,
observed at h;

1 Optimal hours at h(w;, y;, ),
observed at h;

Optimal hours at £,
observed at h;

Optimal hours above Hj,
observed at 7,

(12)

A popular specification for the hours of work fimction has been the linear labor sup-

ply function, wheve h{w;, y;,v) = p+ ow; = Jy; + v, For ease of exposition, this form

will be assumed in the discussion that follows, though the key results are gonomhzed to a
differentiable labor supply function in the appendix.

3.1 Consumer Theory Underlying the Hausman Method

In order to understand the MaCurdy critique, it is useful to recall the consumer theory that
applies to the critique.  In Hurwicz and Lzzmz\ (1971), several theorems are derived on the
relationship between maximization of utility subject to a linear budget constraint, and the
properties of the demand function.  For convenience, they are adapted here to the setting
of labor supply choice.

Theorem 3.1. Let preferences over consumption, C. and hours of work, h, be complete
and transitive, and let h{w, y) be the solution to the mavimization of these preferences subject

to C < wh-+y. If C=whlw.y)+y, and h(w,y) is single valued and differentiable, then
the Slutsky substitution term associated with hiw, ), f;/j - ;—/i/ . 18 positive.

Proof. See Hurwicz and Uzawa (1971), p. 119-123 m

The above theorem states that, under certain conditions, any labor supply function gener-
ated by maximizing complete and transitive preferences subject to a linear budget constraint
will have a positive Slutsky term.'?  Clearly, if preferences are convex and can be represented
by a utility function, the above theorem applies, and hence Slutsky positivity of the related
labor supply function must hold. The next theorem,; and the following corollary, show that
the converse is also true. Namely, if the Slutsky term of a labor supply function is positive,
then there exists a utility function representing convex preferences that, when maximized
subject to a linear budget constraint, will generate the labor supply function.

Theorem 3.2. [‘«(—“f hiw,y) be 9/17’ gle valued and differentiable with bounded derivatives,

and let C = wh(w,y)+y. If the Slutsky substitution term associated with hiw,y), (%L’ - %%l;

M Although in the case of consumiption choice subject to a lincar budget constraint the Shatsky term is
negative, in the case of labor supply decisions the analogous expression is positive.  Hence, in this paper,
the condition usually referrred to as Slutsky negativity 1s denoted as Shutsky positivity.

8
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Is positive, then 3 U(C,h) s.t. h(w,y) is the solution to

max U{( 7, h) (13)
at. O < wh-+

Proof. See Hurwicz and Uzawa (1971), p. 124-130. m

Corollary 3.1. Under the same assum 7‘)1‘507‘ s as in Theorem 2, U{C, h) is quasiconcave.

Proof. See Hurwicz and Uzawa (1971), p. 131. =

Applications of the Hausman method invariably assumed a single valued and differen-
tiable labor supply function. Hence, if the estimated parameters were to be consistent with
the assumption of the maximization of convex preferences (or for that matter any prefer-
ences), they would need to satisfy Slutsky positivity by Theorem 3.1. Further, if the Shutsky
term were positive in the estimation, then, by Corollary 3.1, there exists a gquasi-concave util-
ity function that generated the labor supply function.

3.2 The MaCurdy Critique

In two papers, MaCurdy et al. (1990) and MaCurdy (1992), argue that the Hausman method
imposes that estimated parameters satisty Shatsky positivity. The reason for this restriction
is straightforward. MaCurdy et al. show that in order for all probabilities in the likelihood
function to be nonnegative'”, then must be a non-negative probability t "hat an individual's
desived hours are at each of the kink points in their budget constraint.!” Referring back
to the third lne of (12), this implies that if the probability is positive, which is guaranteed
it has a sufficiently large continuons suppm there must be some nonempty set, V;, of
wnobservable heterogeneity., v, for which h(w;, y;. ¢ ) > Hjand h(wjyy, yj1,0) < H;."® Using
the functional form for the ialnm supply iunction assumed above', these conditions imply
that, for v € V3,

4 ow; h/, +-

Using that ;.1 = y; + (w; — wjq ) H;,7Y (14) can be rewritten to vield

Of course, (15) is just the Shatsky compensated wage effect, Do ”’ /7 evaluated at the kink
J N

point, ;. Since the likelihood function is undefined when this 1@»111(“1&01’1 is violated, all
estimates of v and F must satisfy this restriction.

WO comse, coherency of the likelihood function alse requires that probabilities not exceed 1 and that
the union of all events has probability 1. 1t is the nonnegativity restriction, however, that is the focus of
MaCurdy et al.

YFor a dissent to this critique, sce Blomquist (19951,

BFormally, i the likelihood function, for the integral over the set of ¢ such that the individual would
choose to work at a kink, the upper bound of the integral must be greater than or equal to the lower hound.
So, if this inequality is strict, there exists some v such that the condition stated m the text is true.

"Of course, the MaCurdy critique is not dependent on the functional form of the labor supply. MaCurdy
et al. (1990) contains a genevalization of this point for any labor supply function, increasing in v, that
is derived from the maximization of a quasi-concave utility function. In the appendix, we generalize the
argument used in this section to an avbitrary labor supply function.

0T his equation follows from the definition of the virtual incomes.  See MaCurdy (1992, p. 244) for
example, g




MaCurdy et al. note that there are a number of kinks in each individual’s budeet con-
straint, and that the location of these kinks differ across individuals. Hence, the condition
above, they argue, amounts to requiring that the parameters are such that Slutsky positivity
18 enforced globally.

Given the results of Theorems 3.1 and 3.2 and Corollary 3.1 above, the MaCurdy cri-
tique can be mterpreted as pointing out where an assumption made in the derivation of the
likelihood is enforced in the estimation of the parameters. Recall that, in the derivation
of the likelihood function, the Hausman method implicitly assumes that the labor supply
function is generated by the maximization of convex preferences subject to a linear budget
constraint. Given the result of Theorem 3.1, then, the assumed labor supply function should
exhibit Shutsky positivity. MaCurdy et al. point out that the likelihood function constrains
the estimated labor supply function to exhibit Shutsky positivity, Given the result of The-
orem 3.2 and Corollary 3.1 above, this constraint ensures that the estimated labor supply
function may generated by the maximization of convex preferences. Hence, the MaCwrdy
critique essentially points to where the assumption that preferences are convex is enforced
in the likelihood function.

Note however, that the Hausman method is consistent in applying its assumptions. In
deriving the likelihood function, the assumption of convexity of preferences is invoked, and
estimated parameters arve constrained to satisty this assumption. I one strongly believes
a puou that preferences are convex, one may want to enforce this restriction in estimation.
It 1s troubling, however, if this constraint is found to be binding.

;In fact, ;\laCmd} et al. (1990), as well as Blomquist and Hannson-Brusewitz (1990),
Colombino and Del Boca (1990), and Triest (1990) find that, when the H.al'lsn_mn methoc
is used, the statistical constraints are binding on the parameters of interest.”*  Further,
MaCurdy et al. (1990) propose an estimation method which relaxes this vestriction on the
Slutsky term, and find that estimates form this method violate Slhutsky positivity.

The method in MaCurdy et al. incorporates the same underlying structural model, and
invokes the same assumption of convex preferences, hut‘, involves replacing the true budget

constraint with a twice differentiable approximation.’® In this method, all probabilities in
the likelihood function are nonnegative even when parameters violate Slutsky positivity, so
long as the Slutsky term is not too negative. Since this likelihood function is still defined
in some cases in which the Slutsky term is negative, then, given Theorem 3.1 above, the
estimated labor supply function is allowed to be inconsistent with utility maximization.
Hence, it allows estimated parameters to be inconsistent with the assumptions that nnderlie
the structural model.

Using the same dataset that they used for their Hausman method estimation, MaCurdy

I There is, however, some controversy as to why MaCurdy et. al. found the constraints to be binding in
their esthmation.  TFor example, in a recent paper, Eklof and Sacklén (1999) argue that the wage measure
I\Cd in MaCurdy et al. is contaminated by division bias, which led to the nonnegativity constraint binding.

A weakness of the MaCurdy method is its 1‘(*(';1'51‘(‘1116\11[ that the budges set be convex. Convexity of
the budget set is required to gnarantee that there 1s a wique level of hours, A, that maximizes utility for
a given specification of h(‘l“o*‘mqom\i yvoof m(‘\h—mmum v This, in turn, implies that the Implicit Function
Theorem may be applied to vield v as a function of A, which is then used in the estimatic Thus, if the
actnal hudeet set is nonconvex. the MaCurdy method requires the creation of a con\*l,‘mh(—“d appmximz‘uion
to the budget set.
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et al. then estimate labor supply parameters using their differentiable budget constraint
method, and find that the estimated parameters violated Slutsky positivity. Only when the
estimates were constrained to do so did the parameters satisty Slutsky positivity. They then
use these results to argue that the Slutsky restriction mmplicit in the Hausman method is a
binding restriction in their data, and that parameter estimates from the Hausman method
satisfy Slatsky positivity only because they are up against a binding constraint.

The results in MaCurdy et al.; then, demonstrate the presence of the constraint in the
Hausman method which is d.l.gmd to be binding in practice. However, this result leaves
the researcher in a quandary as to how to proceed. The MaCurdy method is really only a
generalization of the Hausman method in that it expands the parameter space over whlch
all probabilities are nonnegative to include parameters which are inconsistent with the max-
Hence, if the MaCurdy method’s unconstrained estimates
violate Slutsky positivity, then they are not useful for welfare caleulations and some policy
simulations, since they are inconsistent with utility maximizing behavior.  On the other
hand, if estimates from the MaCurdy method indicate that the Slutsky restriction is not
binding, then the Hausman method would presumably have done just as well in estimating

s
1

inization of a utility function.”

the labor supply parameters.

Blomquist and Hannson-Brusewitz (1990} argue that this problem may be avoided by
generalizing the data generating process so that probabilities are nonnegative even when
Slhatsky positivity is violated, and by interpreting observations for which estimated para-
meters satisfy Slutsky positivity as resulting from the maximization of convex preferences.
However, for the portion of the sample for which estimates violate Slutsky positivity, they
don’t know what behavioral model corresponds to their data generating process, once again
rendering the estimates useless in welfare analvses and some policy simulations.

Although MaCurdy et al. (1990) and MaCurdy (1992) demonstrate where in the like-
lihood function the Slutsky condition is enforced, and demonstrate that this vestriction is
binding in their data, they do not address why such a constraint would be binding.  As
such, the estimation strategies proposed in the above papers suggest modifications to the
Hausman method when the cause of the problem is not fully known. Furthermore, the
modifications they suggest only expand the parameter space to include parameters inconsis-
tent with utility maximization altogether. Since there arve other assumptions that we may
be more willing to drop than the assumption of utility maximization, and the imposition
of these other assumptions may cause problems for the Hausman method, the weakening
of these assumptions should be tried first.  In the following section, we identify such an
assumption.

4 Nonconvexities as a Possible Source of the Problem

As noted in the previous section, the MaCurdy eritique argues that the Hausman method
forces estimates to exhibit Slutsky positivity, and further argues that these restrictions are
binding. However, MaCurdy et al. do not have an explanation as to why the constraints
are fonnd to be bmahng.

”To sco this, use the contrapositive of Theorcin 3.1 above,  If parameters violate Slutsky positivity, then
thev are not consistent with utility maximization.
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An explanation is offered in EkIst and Sacklén (1999), who argue that in MaCurdy et
al.’s study, the hours variable is measured with error, and this error contaminates the wage
measure, which is calculated by dividing annual earnings by annual hours. Theyv argue that
this, in turn, biages the wage coefficient downward, which causes the Slutsky constraint to
be binding.”* Though this explanation may be consistent with MaCurdy et al’s finding that
the wage coefficient had to be constrained to be positive to insure nonnegative probabilities,
it is inconsistent with results in other studies, such as Triest (1990), which find that the
income coeflicient had to be constrained to be negative to insure nonnegative probabilities.
Hence, this explanation is not fully satisfactory.

In this section, we argue an alternative view, that if the data are of a form consistent
with individuals maximizing nonconvex preferences subject to a nonlinear budget constraint,
but one uses a method such as the Hausman method or local linearization, which estimate
the parameters of a labor supply function under the assumption that m‘e*f’b’rences are CoNves,
such a method may vield estimates which are either constrained to satisfy Slutsky positivity,

or which violate Slutsky positivity.

One should be clear at the outset that we ave not arguing that if preferences are noncon-
vex, the Shutsky compensated wage effect is negative; on the C()nt‘rm'\, even 1f preferences are
nonconvex, the compensated wage effect will have the nsual sign.  Rather, we are arguing

that data of a form consistent with individuals maximizing nonconvex preferences may cause
the aforementioned methods to vield estimated parameters that either violate Slutsky posi-
tivity, and hence wrongly exhibit negative compensated wage elasticities, or be constrained
to satisfy Slutsky positivity.

We also hasten to note that we do not, in this paper, give a rationale as to why preferences
over consumption and hours of work might appear to be nonconvex. Such an argument as
the effects of nonconvexity on identification and policy analysis, are addressed in a companion
paper, Heim and Meyer (2001a).

With that in mind, the implication of the argument we make in this section is that
assuming convexity of preferences when false can lead to estimates that violate the move
rudimentary assumption of utility maximization, even when this assumption is actually true.
As a result, before considering non-utility-maximizing generalizations of estimation methods,
one should allow for the possibility that preferences are nonconvex when estimating labor
supply parameters.

4.1 Model Assumptions

For simplicity, suppose all individuals face a budget constraint of the general type depicted in
Figure 4.1. Let a group of individuals who face the same budget constraint be indexed by j.
For individuals in group j, let the budget mnxtmmt consist of a kink at 7. Let the slope
of this budget constraint be w] over [Hy, H), and w) over . H]. Finally, let the virtual

income associated with the segment over [Hy, HY] be y{, and the \ntnal income associated

“n a Monte Carlo study of the vobustness of the Hausman method to various forms of error, Blomanist
{1996) finds that a form of the Hausman method performs quite well when measurement error in the wage
rate is present. However, in these experiments there is no spurious corvelation between hours and wages in

the simulated data.  The contaminated wage rate is used to construct the budget constraint, and used as
the wage rate in the estimation, but observed hours come from the uncontaminated data.
19
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with the segment over [H7 H) be 4.
observed working hours /).

Let individual ¢ who faces budget constraint j be

Let the labor supply equation that is being estimated be h{v) == ¢+ aw + Jy + v, where
c, o, and J are the parameters to be estimated, and v 18 the stochastic element.  Suppose
that we used the following assumptions to infer parameters using the observed distribution
of data:

Assumption 1 @ Tor 4 s.t. bl < HY, it must be that ¢+ aw] + Jy] + v < H (16)
, ; P ‘ ¢+ aw! -+ Syl v] > Hi

Assumption 2 ¢ For bl st A = H?, it must be that L & i 17)
' ' and ¢ + awd + Gy + ol < HY

Assumption 3 ¢ For h) s.t. hl > HY, it must be that ¢+ cw] -+ Jyf +of > 17 (18)

Assumption 4 ¢ The distribution of v/ is continuous (19)

Note that these assumptions are implicit in the Hausman method when there is no measure-
ment error (See Equation (11} above), and that such assumptions, or variants thereof,?’

are correct if individuals have convex preferences.  In such a case, one can interpret
¢+ o] - Byl + vl as the howrs of work that the 111(11\1(11141 would choose on a lincarized
budget set tangent to the segment below HY, ¢+ au F By - vl as the hours of work that the

individual would choose on a linearized budget beL Laugont to the segment above FI7, and
use the algorithm in Hausman (1979) to find the individual’s desired hours on the nonlinear
budget constraint.

Suppose, then, that we attempted to infer parameters, ¢, o and g, and a distribution
for v, that satisfied Assumptions 1-4, given an observed distribution of data.  Obviously,
an estimation method does not use such deductive logic to infer estimated parameters, but
the parameters obtained in such a thought experiment may be informative as to the type
of parameters that would result when using an estimation method that incorporates these
assumptions. In the following subsection, then, we examine the implications of these as-

& 2

sumptions when analvzing data generated by individuals maximizing nonconvex preferences.

4.2 Parameters if the Data are Consistent with Nonconvex Pref-
erence Maximization

Suppose that the data are such that for some budget constraints with kink points, H7, we
observe a distribution of individuals working quantities of hours below the kink point, no
individuals working around the kink point, and a distribution of individuals working quan-
tities of hours above the kink point.  Such data would be consistent with individuals having
nonconvex indifference curves of the general form depicted in Figure 4.2, and with hetero-
oeneity in taste for work shifting those indifference curves so that some individuals would
choose to work below the kink point, and others above the kink point, but no individuals

T his figure is identical to Figure 1 in MaCurdy (1992), with the exception that this figure only necorpo-
)

rates 2 tax brackets, whereas MaCurdy's incorporates 3.
20Tar a generalization of this avgument to an arbitravy labor supply function, see the Appendix.
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would choose to work near the kink point.*’

Suppose, then, that we nsed the assumptions in (16) through (19) to infer parameters
¢, o, 3. and a distribution for v from such data.  To examine the tvpe of parameters
that would be consistent with thm(ﬂ agsumptions, first note that since no individuals are
observed at the kink, Assumption 2 does not apply.  For individuals observed working hours
less than H*', the parameters would satisfy ¢ = cw! + Fy) + v < H' due to Assuption
L. For individt mlq ohwr\*@d \‘\‘mking‘ an amount of howrs greater than A+, the parameters
would satisfy ¢ + au _12 »»»»»»» Jys v > HY due to Assumption 3. Given Assumption 4, that
the distribution o:{ s mntmuons there must be some individuals with the same v in both
oroups.”> Thus, both inequalities must be satisfied for some ». As a result, the combination

of these conditions implies that parameters would satisfy

- ot 4 Byt A v < e+ g + By + . (20)

The inequality in (20) can be rewritten as
ofw) —wd) < Blys = uy) (21)
which, using y4 = v + (w} — wi) Y may be further rewritten as
o(wy —wh) < Blw) = wi) HY (22)

Since w} > wi, parameters would satisty

Thus, in data consistent with individuals maximizing nonconvex preferences, in which in-
dividuals are not, observed working near a kink point, but are observed working on either
side of it, parameters consistent with the assumptions would exhibit a negative Slutsky
compensated wage effect.

Of course, not all data arising from individuals maximizing nonconvex preferences on a
nonlinear budget constraint would be of the form described above. In those cases, parameters
consistent with the assumptions above may well satisfy Slutsky positivity.

However, if the data were of the form above, parameters inferred from the data using the

assurnptions above would violate Slutsky positivity and, given Theorem 3.1, be inconsistent
with utility maximization. This result suggests the possibility that making the assumption
that preferences are convex, implying that behavior can be modelled using an algorithm such
as that in Assumptions 1-4, can have unfortunate effects on labor supply parameter estimates
if those assumptions are wrong. In particular, if such a method were used on data consistent
with nonconvex preference maximization, estimated parameters may be inconsistent with

T Note that if preferences were convex, instead of observing a gap around the kink point, we wonuld expect
a mass point in the distribution of observed hours at the kink point.

SSuppose there are no such individuals,  Then there would be a v in between the highest v that satisfies
the first inequality and the lowest v that satisfies the second mequality. But, then we would observe such an
iudi\'idlml workine a level of hours in the gap hetween the two groups, which we do not.

2T his cquation follows from the definition of the virtual incomes.  See MaCurdy {1992, p. 244) for
example. 14




utility maximization altogether, even though utility maximization was indeed what generated
the data.  Since the assumptions that are described above are implicit in the Hausman
method, it is certainly possible that parameters estimated using the Hausman method on
such data would either violate (if the constraint wasn’t enforced), or be constrained to satisfy,

)€

Slutsky positivity. A similar argument could be made for estimates coming from the use of
local linearization on such data.

In practice, several studies have estimated parameters which violated or were constrained
to satisfy Slutsky positivity, parameters \\},]L‘h might result when methods that assumed
convex preferences are used on data consistent with nonconvex preference maximization.
Therefore, before allowing for the violation of uility maxization in labor supply estimation,
as was done in MaCurdy et al. and Blomcuist and Hannson-Brusewitz, it seems prudent
to instead use an estimation method that allows for the estimation of parameters of hoth
convex aid nonconvex preferences.

In the next section, however, we show that the commonly used methods, and further any
method that relies on a vesult by Hall (1973) to estimate the parameters of a labor supply
function, cannot be adapted for such a purpose, and so other methods must be developed.

5 Unadaptability of Local Linearization, and the Haus-
man and MaCurdy Methods

"[“h(* local linearization, Hausman, and MaCurdy methods each utilize the result in Hall

1973), mentioned previously, that in the presence of non-proportional taxation, a person
\Vho hm convex preferences will choose the same consumption-leisure bundle on a nonlinear
budeet constraint that they would choose if they faced a linear budget constraint tangent
to the actual budget constraint at the chosen bundle.  As a result, desired labor supply
on a nonlinear budget constraint can be written as a function of the set of desived hours of
work that would be chosen if the worker faced various lincar budget constraints tangent to
the nonlinecar budget congtraint.  Then, the likelihood function or regresion model can be
written in terms of such a labor supply function.

In this section, however, we show that the result used in Hall may not apply when
preferences are nonconvex. This stems from the fact that when preferences are nonconvex,
but the budget constraint is nonlinear, the optimal consumption-leisure bundle may lie in
the interior of the convex hull of the upper contowr set. The following propositions, then,
examine under what conditions on the utility function, U(C), i), the Hall result holds, and

thus can be applied to infer the desived hours of work on a nonlinear budget constraint.
Formally, let (C* h*) = argmaxe,, {UC h) « C < flw, h.y)}, where C' is a composite
consumption good, A is hours of work, w is the wage, i is nonlabor income, and f(-) denotes
a nonlinear budget constraint. Let w* be the wage and y* be the level of virtual income,
defined such that w* = 1717* and o = C* —w*h*. The following pmpowtmn shows that if
preferences are continuous, locally non-satiated, and strictly convex’, then the result used

0 Athough Hausman (1981 and MaCurdy ot al. (1990} assumme striet convexity of preferences (or,
equivalently, strict quasiconcavity of the utility function), gencralized verstons of these results hold for the
case of weakly convex preforences.
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in Hall holds, and hence the estimation methods commonly used are applicable.
Proposition 5.1. Let U(C, h) represents continuous, locally non-satiated, convex pr

ences over consumption and hours of work. Then for (C', 1) such that (C'.h') = argmaxe , {U(CL )

(" &\ o /.)’ /k} ‘(N/ T e Cu /\
Proof. See Apy ondl\B L]

For the intuition behind Proposition 5.1, see Figure 5.1.  Clearly, since all portions of
the actual budget constraint are tangent to or below the linearized budget constraint, and
all portions of the highest indifference curve are above the linearized budget constraint, the
optimal hours of work will be the same for both.

Thus. if pu\fomm es are strictly convex, the application of the Hall result is a valid one.
Furthermore, if preferences are nonconvex, but the chosen consumption-hours bundle on the
nonlinear budget constraint lies on the boundary of the convex hull of the upper contour set,
it is casy to see that the result in Hall once again applies.

If, however, preferences are nonconvex, and the optimal consumption-hours bundle with
the nonlinear Imdwot constraint is not on the convex hull of the upper contour set, then the
result used in Hall does not apply.

Prop()sm(m 5.2, Let U(C,h) represents continuous, locally non-satiated, nonconves
preferences over consumption and leisure, but let (C*,h*) defined above lie inside the bound-
ary of the convex hull of {(C. h) : U(C, /7\ > (O, h*)} Then for (C'. h') such that
(C' 0) = argmax{U(C, h): C < wh b (CUR) (OB,

Proof. Sce Appendix B.

The intuition behind this proposition can be seen in Figure 5.2, Since part of indifference
curve [C™ lies below the linearized budget constraint, this indifference curve is not the highest
feasible indi fmom e curve.  Instead, utility will be maximized along /C", where the choice
of hours is different than on 7C™, and hence h* = W

Thus, if preferences are nonconvex, it is not necessarily true that the consumption-hours
bundle chosen on the actual nonlinear budget constraint is the same as that which would
be chosen if the individual faced a linear budget constraint tangent to the actual budget
constraint.  Since local linearization methods, the Hausman method, and the MaCurdy
method, all rely on the Hall result holding, the result of Proposition 5.2 suggests that these
methods will not be adaptable to the case of nonconvex preferences.

The unadaptability of local linearization is straightforward. An individual with noncon-
vex preferences would not necessarily choose the same hours of work on the actual budget

constraint that they would choose if they were faced with a linear budget constraint tangent
to the actual budget constraint at their observed hours of work. As a result, no simple
function of only the observed after tax wage and virtual income could possibly determine

the desired hours of work for the individual, even locally.

The Hausman and MaCurdy methods are more complex in their use of the Hall result,
but the inapplicability of the Hall result in some cases when preferences are nonconvex also
renders them unable to estimate parameters consistent with nonconvex preferences. For the
Hauwsman method, the result in Proposition 5.2 implies that the Hausman algomhm to derive

the desired hours on a nonlinear budget constraint may fail to work when preferences are
nonconvex. In the MaCurdy method, the result in Proposition 5.2 implies that an equation
16




using an implicit function relied upon in the derivation of the likehihood may fail to hold
when preferences are nonconvex. These points are proven in Appendix C.

Furthermore, although the discussion in this section has dealt with specific estimation
methods, it is clear that any method that attempts to apply the Hall result when formulating
an estimation method will not be adaptable to the case of nonconvex preferences, and that
that this is true regardless of how flexibly one specifies the labor supply equation. For
example, the recent work of Blomquist and Newey (2000) applied nonparametric techniques
to labor supply estimation in this setting, but since their method also invoked the Hall result,
it too cannot be used to estimate parameters consistent with nonconvex preferences.

6 How to Relax the Assumption of Convexity

The previous section argued that any estimation method that invoked the vesult in Hall
(1973) could not be used in an estimation method that allows for estimates to represent
nonconvex preferences. Hence, it is impossible to implement a method that looks at optimal
choices along linear budget constraints tangent to the actual budget constraint when one
wants to allow the estimates to represent nonconvex preferences.

In this section, then, we outline possible method that could be used to estimate labor
supply parameters in the presence of a nonconvex budget set without appealing to the Hall
result.

One such method is a straightforward adaptation of the methods in Keane and Moffitt
(1998) or Hoynes (1996), as was done in a vecent working paper by van Soest et al. (2001).%!
Suppose that there exists a sufliciently flexible specification of the utility function, U(C, h; 5),
so that parameters, 7, could make the ntility function represent both convex and nonconvex
preferences. Approximate individual 7's budget constraint by a set of discrete consumption
and hours pairs, {Ciz. /z,vL,,}if_‘:l. The utility of each discrete point, then, is this level of utility
plus a random term, £, so that

U ii(i\";k. /ll-i}\ m U1Ch, ]7,; 3) - Sk <24>
The probability of observing the individual working A}, howrs, then, is

P Z il /”i X H -+ S > Z'((Y,I ])11 ’))\) e €45 Y/ } 5

ik

(25)

The parameters, 3, are then be chosen to maximize the likelihood of observing the sample.

A second possible method is implemented in Heim and Meyer (2001b).  This method
requires neither that one use a diserete approximation to the budget constraint, nor that the
budeet constraint be plecewise linear or twice ditferent mblo This method does, however,
involve the execution of a computationally intensive maximization procedure.

HNeither Keane and Moffitt (1998) nor Hoynes (1996) note the possibility to extending their estimation
methods to allow preferences to he convex, but there is nothing 111]1(_1@111 in the methods that prectudes them
from doing so. W horhm thoy do so or not depends on the chosen funetional form for the utility ftanction.

Uy addition, U{C, by 3) must be of the form that utility is maximized on the houndary of the budget
constraint. A sufficient condition for this is monetonicity in cither ¢ or A.
17




Again, suppose there exists a specification of the utility function U(C, /z/;/f?} so that the
utility funetion may repr esent both convex and nonconvex preferences.”  Let the budget
constraint be given by ' < B(h,w,y), where ' is consumption, h are hmu,s of work, w i
the wage, y is unearned income, B{-) is an arbitrary budget set, and 5 are the parameters
of interest. For example, if the budget constraint is piecewise linear, t ,hen

Blhowoy) =S (1=t w[(H; — Hyy) - 10h > Hy) + (h—H;y) - 1(H; > h > Hy )], (26)

where the marginal tax rate is £; on hours of work between [,y and ;.
Individual 2, then, solves
max U(Ch, hy; 3) (27)
st.Chy o < Blhowu)
It ULC, h: 3) is of a form such that agents exhaust their budget, this problem reduces to
max U (B (h;, w;, ), hay 3) (28)
So. let desired hours for individual 7, given parameters 3, be represented by

hi(3) = argmax U(B(hi, wi, yi), his 5) (29)
53

Suppose first that only optimization error is present, and that no heterogeneity exists among

workers. Suppose that actual howrs \\1)11\91 ditfer from desired hours worked by a factor of

=, with corresponding CDF F(z) and PDI" f(=), subject to hours worked being non-negati

Ag a result, observed hours are related to dmm d hours in the manner

;<0

Thus, this model reduces to a Tobit type model (albeit with a very complex argument). The
likelihood for individual 4 1s thus

FlRI(B))H0) (31)

where 1(+) denotes the indicator function.
Unobserved individual heterogeneity mayv also be incorporated into such a framework.
Let ©; be an individual heterogeneity term, with CDIF G(v;).*" Individual 4 now solves
max {7 i 3) (32)
s.Cr < Blhyowy

Desired hours for individual 7, given parameters 3, are now represented by

hi(vg 3) = avg max U{Blhy wi yi) hivvg 5) (33)

}
hg

[

Again, U(C. h; 3) must be such that utility is maximized on the houndary of the budget set.

31T add in computation, Glv;) may be a diserete gli‘sl‘z'ihm ion.




It this case, observed howrs are related to desired hours in the manner

hi(v; ) +2 i hi(e, 3

=g if B (e;, 8 (34)
and the likelihood for individual 4 is now
= LT P )P0 0 0 BTG (55)

vy

where 1(+) denotes the indicator function.
For move details on the algorithms used to implement this method, as its performance
relative to previously used methods, see Heim and Meyer (2001h).

7 Conclusion

In this paper, we have reviewed various methods that have been used to estimate labor supply
parameters in the presence of nonlinear budget constraints.  We noted the weaknesses in the
local linearization methods, even when instrumental variables are used. We then examined
the Hausman method, and noted that the MaCurdy critique pointed out where assumptions
macle n the construction of the likelihood were enforced.  We then provided an argument
why data consisitent with nonconvex preference maximization can lead to parameters that
violate Slutsky positivity when using one of the standard methods.  We further showed
that it is not possible to adapt these methods to allow for the estimation of parameters
consistent with nonconvex preferences.  Finally, we suggested two methods that may be
used to estimate such preferences.

How seriously should one take the possibility of nonconvex preferences? For that issue,
we refer the reader to out companion paper, Heim and Meyer (2001a).  In that paper, we
discuss the plausibility of preferences over consumption and hours of work being nonconvex.
Further, we outline the conditions under which observable preferences may be nonconvex,
even if underlving preferences are not. Hence, we argue that the one should take seriously
the possibility that preferences are nonconvex, and use a method that allows for such a
possibility when estimating labor supply.

8 Appendix A

The presentation of two sets of arguments in the paper was simplified by the use of linear
labor supply.  We generalize those arguments heve.  The first argument is the explanation
of the MaChurdy critique in Section 3.2, The second argument is the Section 4 explanation
of how nonconvexities in preferences may lead to optimal parameters that would violate the
Slutsky constraint. Both of these arguments mayv be generalized with an appeal to the mean
value theorem, under the assumption that the estimated labor supply function is continuous
and differentiable.  In this case, let the desired howrs of labor supply function on segment 7,
S;, be given by hlw;. y;. N v 0], wherve w; and y; are the after tax wage and virual income
associated with S5, X arve other im101‘)@1“1(1(}?1‘1{()\*e‘u‘ial,_)les that are constant regardless of the
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munber of hours worked, » denotes unobservable heterogencity, and # are the parameters to
be estimated.

The argument in Section 3.2 can be generalized as follows: There must be some set, 1},
of unobservable heterogeneity, » for which /uu‘ CXo0.0) > Hy and h(wjay, yjpn, X, 0,0) <
H;. These two together imply that, for v €

I+

hw;, y;, Xov 0) = hwiey, gy, X0 0) (36)
which implies that
hiw; vy Xyv, 0) = hiwiy, g, Xy 0,60) >0 (37)
Using the mean value theovem, we have that, for some (10, 9) such that (@, ) =t (w;, y;) +
(1 —1) (Wi, yjan ) T <1
Ah(w, g, X1 o Ohiw g, X, 0)
0] : ( Wi — Wig1) + S / e >(z/,, i) > 0 (38)
ol T (?f{/
Using the fact that i = y; + (w; — wig J)HL,». we have that
Oh{w,y, X, v,0 oh(w.y. X, v, 6 ) o

dw (i:? Y

which is the Slutsky term evaluated at (w0, y) and H;. Of course, if there is a range of v such
that {36) must hold, there is likely a range of (w,y) over whld (30) must hold.  Further,

ah( Sh{wy N8y _
dy

the linear case is a special case of this result, in which 2= o and

Yo, y).

9 Appendix B

In this appendix, we provide profts for several propositions that appear in the main text of
the paper.

Proposition 5.1.  Let U(C, H) represents continuous, locally non-satiated, convex
preferences over consumption and /m urs 0/ zmA Then for (C',h') such that (C' h')
argmaxe p {U(C )« C < w*h +y*}. ( A

Proof. Suppose not, that (C, / '\

- (O Then it must be that U(C'. h') >
U(C* ¥y, and C" = w*h/-+y*. Then, | ,)y local nonsatiation, there must exist some (C7,h")
s.t. U7, /z"’) = U(C* h ‘) and C7 < w*h"-+y*. But, since preferences are convex, for every
paiv {(Ch)  U(C hy > U(C*, A%}, it must be that (C)h) is an element of the intersections
of the upper hnlt spaces that contain this set. Clearly, since €' > w™h +y* is one of such half
spaces, then it must be that C” > w b+ ' =e= =

Proposition 5.2, Let U(C, L) represents continuous, locally non-satiated, nonconvex
preferences over consumption and leisure, but let (C*, LYY defined abouve ]w 17 wside the bound-
ary of the convexr hull of {{C, L) : U(C, L) > Z',"(:(_“‘]‘;“I [/m for (C', L) such that
(C' L)) = arg ma\l( (C L) C 'L < w*H + ), (O L) (8, L \/

Proof. Since preferences are nonconvex, and (k( oL hm m sjd(—* the boundary of the
‘ then 3 (C" L") such that C" + w*L”

convex hull of {(C. L)« U(C




wH + g/" and U(C", L") = U(C*, L), Ihon by local nonsatiation, 3 ((7”” L") such that
C" e L = w H - <111d ek LY = UCT, LY. Hence, (O 1Y) # argmax{U(C. L) .

C+w ], < wH 4y

10 Appendix C

In this appendix, we formally show why the Hausman and MaCurdy methods may not be
adapted to estimate preferences consistent with the maximization of nonconvex preferences.

10.1  Unadaptability of Hausman Method

In the following proposition we show that the algorithm implicit in the Hausman method
used to identify desired hours on a nonlinear budget constraint may fail to vield the actual
desired hours for individuals with nonconvex preferences.  As a result, the likelihood in (12)
will be misspecitied.

Again, let a piecewise linear budget constraint be chavacterized by a set {w;,y,}, J =
L.V, where w; is the after tax wage rate for hours of work between kink points H;_y and H;,
and y; is the associated virtual income, and denote S; as the segment of the budget constraint
between H;_y and ;. When budget constraints are convex, the Hausman method uses an
algorithm that derives the desired hours of work ag follows.  Let h(w,y) denote the labor
supply correspondence derived by maximizing a utility function U(C, h) subject to a linear
budget constraint ' < wh +y. Then, denote Hausman desired hours of work, A, as the
desired hours of work that are derived through the following algorithm:

BH h(w;,y;) it hw;. ) € S for some j 40)
b H; if hin 1,},J/) ,\ H; aml / Wis, ysun) < H; for some j (40)

Let 1™ be an element of the set of solutions to

< L)k > )
h'e {argmax U(C h) st O <y + >i“‘“ —ti)w ‘,.,v 1\) A(H, > ]] Zl,mwﬂ (41)

That is, 2* 1s the hours of work chosen by a utility maximizing agent faced with a piecewise
linear budget constraint.  The Hausman method utilizes the idea that, if preferences are
strictly convex, then A" = h*.  As a result, given parameters and stochastic elements, the
likelihood that the sample is generated by the utility maximization in (41) is identical to the
likelihood that the sample is generated by people using the Hausman algorithm to choose
their desived hours of work in (40).

However, the following proposition demonstrates that it pu‘io ences are nonconvex, then
the desired hours generated by the Hausman algorithm, A%, are not always equal to the
actual desired hours, 1*.

Proposition C.1. Let U (C, h) represent nonconvexr preferences, and derive 7) (w,y) b
maximizing U {C h) subject to the budget constraint ¢ < wh -+ y.  Let R the /ou/

that maximize U (C.h) on o piecewise lincar budget constraint.  If h* occurs (1) on the
a ! .




interior of segment Sy and (2) on the interior of the convex hull of the upper contour set of
the indifference curve, then h'' # h*.
Proof. Define (7} and hy such that U{C), hy) = U(C*, h*), where

boundary of
convex hull

((Ch) - U(Ch) = UC h)} B ] (42)

(C.h)e

and hy such that U(Cy, hy) = U{C™, b)), where

and define s

ho = argmin (h H{C h) e mm Yo {C ) UG R) 2 UC" W)} > 78'“1 (43)
h ‘ convex hull :

Again, hy and hy bracket h*. (See Figure 5.5) Let W = %;J—(]Tk Since the tangency of the
indifference curve and the actual budget constraint occurs on the interior of segment .S; and
on the interior of the convex hull of the upper contowr set of the indifference curve, then
either W € (w;. 1\,;;,) W€ (w1, w;). W E (wy,w5.q), then hy(w;, y;) > he > H;, and
D {wisr, Yyer) < hy < H > b = Hy. MW e (wyog,w;), thon /,]W, (W z//-..\_l) > /,2 >
Hi_y, and h; (kuj)»._,f) < /7.1 < Hjoy == R == H;_y. Since h* € S; = (H;_q, H; ) he b w

Refer back to Figure 5.2. In this case, h {ws, y2) is clearly greater than Ha, and h (ws, ys)
is clearly less than H,. Hence, the Hausman algorithm would yield Hausman desired hours
R = H,, when this is clearly not the actual optimal level of hours.?

Hence, the desired hours inferred by Hausman algorithm are not always equal to true
desired hours when h(w,y) is derived from tlw maximization of nonconvex preferences, re-
gardless of how flexible the specification of i (w. y). Since a likelihood function derived from
the application of this algorithm will not mh ulato the correct likelihood for the sample, the
Hausman method cannot be generalized to estimate parameters consistent with nonconvex
preferences.

10.2 Unadaptability of MaCurdy Method

In this section, we show that the MaCurdy method also cannot be generalized to estimate
parameters consistent with nonconvex pre ferences.  MaCurdy et al. define a hudgfoti Con-
straint as cousisting of two functions, wih) and y(h), where w(h) is the slope of the budget
constraint at hours of work h, and y(h) is the v vt 11(11 income associated with a linear budget
constraint tangent to the actual Imdw(t constrait at hours of work . They then note that
if h > 0 and preferences ave convex, then hours worked must satisty the implicit equation
ho=h(wih). y(h).v), where h¥(w(h). y(h). v) is the worker’s choice of hours if he were | faced
with a linear budget constraint with slope w(/) and virtual income y(h), and v denotes

# Although the above propositions deal with convex budget sets. the arguments apply equally weil to the
Hansiwan method used in nonconvex budeet sots. In Hausman (1985], a generalization of previously used
methods is presented. in which a nonconvesx piecewise lnear budget set is decomposed into a union of a finite
number of convex bmlwct sets. The desired hours of work on each of the convex budget sets is derived, and
then the indirect utility at each of these choices is compared, to vield the desired hours of work on the actual
nonconvex budgot set.  Since this method requires the use of the Hausman algorithm for convex budget
sets deseribed above, any problems in applying the Hausman algorithm fo nonconvex preferences when the

budget set is convex are present in the nonconvex bugdget set case as well,

i
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individual heterogeneity. Derivation of the likelihood involves solving this implicit equation
analvtically for h as a function of v and other variables and ‘1‘)arm1‘101"(‘\1‘%. and using the Im-
plicit Function Theorem to transform the equation to v = v (h,w(h),y(h)). The density of
positive hours in the likelihood function then takes this hmn tion as an argument.

Now, however, suppose that A" (w(h). yh). v} is derived from the maximization of non-
convex preferences wmos(nrod by ho utili ty function U{C, 7% v) subject to the budget con-
straint C' < w(h)h*+y(h).* The following proposition donmmtmt‘e s that when preferences
are nonconvex, the : hm e implicit equation may fail to hold, and so the likelihood function
cannot be dertved i the manner described above.

Corollary C.1. Let U{C hyv) represents continuous, locally non-satiated, nonconvex
preferences over consumption and hours of work, and let (C*,h*) be the utility mavimizing

levels of consumption and hours of work on 7‘/ nonlinear budget constraint.  Let (C*, /7")
lie inside the boundary of the convex hull of { ] ) cU(C hv) = UCH b ve) b Then h*
he(w{h*) y(h*), e).

Proof Note thai h* o(h* ) yth* ) o) = argmaxy, {U(C hyv) 2 C < w(h*Yh -+ y(h*)}. Ap-
plying Proposition 5.2 vie —‘lds the result. m

To understand the intuition behind this corollary, see Figure (1. In this figure, the wage
and virtual income associated with the lnear budget constraint tangent to the differentiable
budget constraint at h* are w(h*) amd y(h*). The optimal howrs of work on this linear
budget constraint, however, is /* ==

Thus, the method in \LmCmd*\ et Al also cannot be adapted to allow estimated parame-
ters be consistent with nonconvex preferences.
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