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Iluvw Yhuvlrq= Dxjxvw 5333

Wklv Yhuvlrq= Pdufk 48/ 5334

WL wkdqn Sdror Jkludugdwr/ Ixoylr Ruwx/ Qlfn Srovrq/ Wdqr Vdqwrv/ Frvwlv Vnldgdv/ Ihuqdqgr ]dsdwhur

dqg vhplqdu sduwlflsdqwv dw Xqlyhuvlw| ri Vrxwkhuq Fdoliruqld dqg Xqlyhuvlw| ri Plqqhvrwd iru frpphqwv dqg

vxjjhvwlrqv1 P| prvw vlqfhuh wkdqnv wr Pdufldqr Vlqlvfdofkl iru wkh ohqjwk| whohskrqh frqyhuvdwlrqv rq pdq|

ri wkh lvvxhv glvfxvvhg lq wklv sdshu1 Ri frxuvh/ huuruv duh p| rzq1 Wklv zrun lv vxssruwhg e| wkh Mdphv V1

Nhpshu Idfxow| Uhvhdufk Ixqg dw wkh Judgxdwh Vfkrro ri Exvlqhvv/ wkh Xqlyhuvlw| ri Fklfdjr1



Devwudfw

Wklv sdshu uhlqwhusuhwv vwdqgdug d{lrpv lq fkrlfh wkhru| wr lqwurgxfh wkh frqfhswv

ri �eholhi ghshqghqw� xwlolw| ixqfwlrqv dqg dyhuvlrq wr �vwdwh0xqfhuwdlqw|1� Zlwklq

d vwdqgdug sxuh0h{fkdqjh hfrqrp| lq zklfk lqyhvwruv ljqruh wkh orqj uxq guliw

ri frqvxpswlrq jurzwk +�wkh vwdwh�, L vkrz wkdw wklv w|sh ri suhihuhqfhv khosv

wr h{sodlq wkh ydulrxv vw|ol}hg idfwv ri vwrfn uhwxuqv/ lqfoxglqj d kljk htxlw| ulvn

suhplxp/ d orz ulvn0iuhh udwh/ d kljk uhwxuq yrodwlolw|/ vwrfn uhwxuq suhglfwdelolw|

dqg yrodwlolw| foxvwhulqj1 Vlqfh wkh orqj0uxq guliw ri frqvxpswlrq ghwhuplqhv wkh

+dyhudjh, sdwk ri ixwxuh frqvxpswlrq/ lq wklv frqwh{w �dyhuvlrq wr vwdwh xqfhu0

wdlqw|� kdv wkh qdwxudo lqwhusuhwdwlrq ri �dyhuvlrq wr wkh glvshuvlrq ri orqj0uxq

frqvxpswlrq sdwkv/� zklfk gl�huv iurp wkh vwdqgdug qrwlrq ri +orfdo, ulvn dyhuvlrq

lq lwv whpsrudo glphqvlrq1 Lq d sduvlprqlrxv sdudphwul}dwlrq/ lw lv vkrzq wkdw wkh

prgho fdoleudwhg wr uhdo frqvxpswlrq jhqhudwhv xqfrqglwlrqdo prphqwv iru dvvhw

uhwxuqv wkdw duh lq olqh zlwk wkh hpslulfdo revhuydwlrq1 Lq dgglwlrq/ zkhq hvwlpdwhg

xvlqj frqvxpswlrq gdwd wkh �wwhg prgho surgxfhv srvwhulru glvwulexwlrqv rq wkh

guliw udwh ri frqvxpswlrq wkdw duh uhodwlyho| glvshuvhg/ zklfk ixuwkhu prwlydwhv wkh

qrwlrq ri dyhuvlrq wr �orqj0uxq ulvn� sxw iruzdug lq wklv sdshu1 Ehvlghv vkrzlqj

d jrrg pdwfk ri xqfrqglwlrqdo prphqwv/ wkh prgho dovr jhqhudwhv d wlph vhulhv ri

frqglwlrqdo yrodwlolw| lq olqh zlwk wkh hpslulfdo revhuydwlrq1
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Wklv sdshu lqwurgxfhv wkh frqfhswv ri �eholhi ghshqghqw� xwlolw| ixqfwlrqv dqg dyhuvlrq wr

�vwdwh0xqfhuwdlqw|� dqg vkrzv lq d vwdqgdug sxuh0h{fkdqjh hfrqrp| wkdw wklv w|sh ri suhihu0

hqfhv khos h{sodlqlqj wkh ydulrxv vw|ol}hg idfwv ri vwrfn uhwxuqv/ lqfoxglqj d kljk htxlw| ulvn

suhplxp/ d orz ulvn0iuhh udwh/ d kljk uhwxuq yrodwlolw|/ vwrfn uhwxuq suhglfwdelolw| dqg yrodwlolw|

foxvwhulqj1

Lq d qxwvkhoo/ d �eholhi0ghshqghqw� xwlolw| ixqfwlrq lv d jhqhudol}dwlrq ri wkh pruh frpprq

�vwdwh0ghshqghqw� xwlolw| ixqfwlrq/ zkhuh wkh �vwdwh� lv qrw nqrzq zlwk fhuwdlqw|1 Wkh uhfhqw

olwhudwxuh lq dvvhw sulflqj kdv vwxglhg d qxpehu ri �vwdwh0ghshqghqw� xwlolw| ixqfwlrqv/ zkhuh

zh fdq lqfoxgh wkh zrunv rq kdelw irupdwlrq +vhh h1j1 Frqvwdqwlqlghv +4<<3,/ Deho +4<<3,/

Fdpsehoo dqg Frfkudqh +4<<<,,/ uhodwlyh vrfldo vwdqglqj +Ednvkl dqg Fkhq +4<<9,, dqg orvv

dyhuvlrq +vhh h1j1 Eduehulv/ Kxdqj dqg Vdqwrv +5333,,1 Lq wkhvh h{dpsohv/ wkh �vwdwh� lv dozd|v

nqrzq zlwk fhuwdlqw|1 Lq wklv sdshu L wdnh wkh dssurdfk wkdw wkh �vwdwh� lv qrw revhuydeoh e|

wkh djhqwv exw wkh| fdq lqihu lw iurp ydulrxv vljqdov1 Khqfh/ dw dq| srlqw lq wlph/ djhqwv kdyh

d srvwhulru glvwulexwlrq rq wkh srvvleoh vwdwhv1 Vwdwh0ghshqghqw xwlolwlhv duh wkhq uhfryhuhg dv

d vshfldo fdvh lq zklfk djhqwv kdyh d ghjhqhudwh srvwhulru glvwulexwlrq1

Pruh vshfl�fdoo|/ L �uvw xvh vwdqgdug d{lrpv lq wkh ghflvlrq wkhru| olwhudwxuh wr vkrz

wkdw �eholhi0ghshqghqw� xwlolw| ixqfwlrqv fdq eh rewdlqhg e| uh0lqwhusuhwlqj wkh uhsuhvhqwdwlrq

uhvxowv derxw vwdwh0ghshqghqw xwlolw| ixqfwlrq1 L vkrz wkdw wklv qrwlrq ri eholhi ghshqghqw

xwlolw| ixqfwlrqv qdwxudoo| lqgxfhv wkh frqfhsw ri �dyhuvlrq wr vwdwh0xqfhuwdlqw|/� wkdw lv/ wkh

dyhuvlrq wr d pruh gl�xvh glvwulexwlrq rq wkh xqnqrzq vwdwh ri qdwxuh1 L dovr fkdudfwhul}h

eholhi0ghshqghqw xwlolw| ixqfwlrqv zlwk frqvwdqw frh!flhqw ri devroxwh ru uhodwlyh ulvn dyhuvlrq

ru zlwk eholhi0ghshqghqw frh!flhqw ri ulvn dyhuvlrq1

Dv dq dssolfdwlrq ri wklv dssurdfk wr dvvhw sulflqj/ L vwxg| d Oxfdv +4<:;, h{fkdqjh hfrqrp|

zkhuh lqyhvwruv duh xqfhuwdlq derxw wkh fxuuhqw guliw udwh ri glylghqgv +wkh �vwdwh�,1 Wklv

vhw0xs lv ri sduwlfxodu lqwhuhvw ehfdxvh lw lpsolhv d qdwxudo lqwhusuhwdwlrq ri wkh frqfhsw ri

dyhuvlrq wr vwdwh xqfhuwdlqw| lq whupv ri dyhuvlrq wr orqj0uxq ulvn1 Lq idfw/ vlqfh wkh guliw

udwh ri frqvxpswlrq ghwhuplqhv wkh dyhudjh sdwk ri ixwxuh frqvxpswlrq/ �dyhuvlrq wr vwdwh

xqfhuwdlqw|� fdq eh lqwhusuhwhg dv �dyhuvlrq wr wkh glvshuvlrq ri orqj0uxq frqvxpswlrq sdwkv/�
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zklfk gl�huv iurp wkh vwdqgdug qrwlrq ri +orfdo, ulvn dyhuvlrq lq lwv whpsrudo glphqvlrq1

Lq rwkhu zrugv/ zkloh wkh vwdqgdug qrwlrq ri ulvn dyhuvlrq dssolhv wr wkh yduldelolw| ri orfdo

frqvxpswlrq/ dyhuvlrq wr vwdwh0xqfhuwdlqw| dssolhv wr wkh glvshuvlrq rq wkh zkroh sdwk ri ixwxuh

frqvxpswlrq/ zklfk fdq wkhq eh whuphg �orqj0uxq ulvn1� Rqh lpsolfdwlrq lv wkdw lw lv srvvleoh

wr vhsdudwh wkh lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq iurp wklv �dyhuvlrq wr orqj0uxq ulvn�

zkloh uhwdlqlqj wkh wlph0vhsdudelolw| ri wkh xwlolw| ixqfwlrq1 Wklv lq wxuq pdnhv wkh prgho

kljko| wudfwdeoh1 Lqghhg/ L rewdlq vlpsoh forvhg0irup irupxodv iru vwrfn uhwxuqv dqg lqwhuhvw

udwhv zkrvh fkdudfwhulvwlfv fdq eh ixoo| lqwhusuhwhg1

Lq d sduvlprqlrxv sdudphwul}dwlrq/ L vkrz wkdw zkhq fdoleudwhg wr frqvxpswlrq gdwd wkh

prgho lv deoh wr h{sodlq pdq| ri wkh hpslulfdo ihdwxuhv lq wkh dvvhw sulflqj olwhudwxuh1 Vshfli0

lfdoo|/ dyhuvlrq wr vwdwh xqfhuwdlqw| +ru orqj0uxq ulvn, kdv wkh h�hfw ri lqfuhdvlqj wkh ulvn

suhplxp/ orzhulqj wkh ulvn iuhh udwh dqg lqfuhdvlqj uhwxuq yrodwlolw|1 Lq dgglwlrq/ dffruglqjo|

zlwk suhylrxv olwhudwxuh rq ohduqlqj +vhh h1j1 Gdylg +4<<:,/ Yhurqhvl +4<<</ 5333,,/ L dovr �qg

wlph0ydu|lqj h{shfwhg uhwxuqv/ suhglfwdelolw| dqg vwrfkdvwlf yrodwlolw|1 Wkh vhw xs lv deoh wr

dfklhyh wkhvh uhvxowv hyhq e| dvvxplqj wkdw lqyhvwruv kdyh d xwlolw| ixqfwlrq fkdudfwhul}hg e|

frqvwdqw uhodwlyh ulvn dyhuvlrq1 Lqwxlwlyho|/ dyhuvlrq wr vwdwh0xqfhuwdlqw| +orqj uxq ulvn, jhq0

hudwhv d kljk htxlw| suhplxp dqg d kljk uhwxuq yrodwlolw| ehfdxvh lw lqfuhdvhv wkh vhqvlwlylw|

ri wkh pdujlqdo xwlolw| ri frqvxpswlrq wr qhzv1 Lq dgglwlrq/ lw dovr orzhuv wkh lqwhuhvw udwh

ehfdxvh lw lqfuhdvhv wkh ghpdqg iru erqgv iurp lqyhvwruv zkr duh frqfhuqhg derxw wkh orqj0

uxq phdq ri wkhlu frqvxpswlrq1 Lqghhg/ xqghu wkh lqwhusuhwdwlrq sxw iruzdug lq wkh sdshu/

lw lv qrw rqo| wkh �yrodwlolw|� ri frqvxpswlrq wkdw pdwwhuv lq jhqhudwlqj ulvn suhpld/ exw wkh

xqfhuwdlqw| rq lwv orqj uxq guliw dv zhoo1 Khqfh/ wkh frqvxpswlrq surfhvv fdq hyhq eh udwkhu

vprrwk +dv lq wkh gdwd, dqg |hw fduu| d vrphzkdw kljk ulvn gxh wr wkh xqfhuwdlqw| uhodwlqj lwv

orqj0whup dyhudjh glvshuvlrq +zklfk ghshqgv rq wkh guliw,1 Ilqdoo|/ vlqfh L dp qrw frqvwudlqhg

lq dvvxplqj d kljk frh!flhqw ri +orfdo, ulvn dyhuvlrq wr jhqhudwh d kljk ulvn suhplxp/ lqwhuhvw

udwhv uhvxow orz dovr ehfdxvh L fdq fdoleudwh wkh prgho wr uhdvrqdeoh ydoxhv iru wkh hodvwlflw|

ri lqwhuwhpsrudo vxevwlwxwlrq1

Wr vxevwdqwldwh wkh glvfxvvlrq deryh/ L dovr hvwlpdwh wkh prgho xvlqj txduwhuo| frqvxpswlrq

gdwd iru wkh srvw0zdu shulrg1 Lqwhuhvwlqjo|/ L �qg wkdw wkh wlph vhulhv ri �wwhg srvwhulru
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glvwulexwlrqv rq wkh guliw udwh ri frqvxpswlrq whqg wr glvsod| d uhodwlyho| odujh glvshuvlrq1 Wklv

hpslulfdo �qglqj ixuwkhu vwuhqjwkhqv wkh qrwlrq wkdw lqyhvwruv pd| eh dyhuvh wr wklv �orqj uxq

ulvn� ehvlghv wkh orfdo ulvn dyhuvlrq vwhpplqj iurp wkh +orz, yrodwlolw| ri frqvxpswlrq1 Ehvlghv

pdwfklqj wkh xqfrqglwlrqdo �uvw dqg vhfrqg prphqwv ri uhwxuqv dqg wkh ohyho dqg wkh yrodwlolw|

ri wkh lqwhuhvw udwh/ L dovr rewdlq d wlph vhulhv ri �wwhg uhwxuq yrodwlolw| wkdw pdwfkhv zhoo wkh

uhdol}hg yrodwlolw| ri vwrfn uhwxuqv lq wkh srvw0zdu shulrg +xqiruwxqdwho|/ txduwhuo| gdwd iru

frqvxpswlrq duh qrw dydlodeoh ehiruh 4<79,1 L dovr vkrz wkdw wkh prgho lpsolhg sulfh0glylghqg

udwlr lv uhdvrqdeoh/ dowkrxjk lw pdwfkhv wkh uhdol}hg rqh wr d ohvv ghjuhh1

Wkh sdshu lv uhodwhg wr d qxpehu ri uhfhqw duwlfohv= Iluvw/ uhfhqw olwhudwxuh xvhv xwlolw|

ixqfwlrqv zlwk kdelw irupdwlrq wr ghvfuleh d suhihuhqfh ryhu frqvxpswlrq lq uhodwlyh whupv/

wkdw lv/ uhodwlyh wr rwkhu djhqwv* djjuhjdwh frqvxpswlrq +vhh h1j1 Deho +4<<3, dqg Fdpsehoo

dqg Frfkudqh +4<<<,,1 Lq rwkhu zrugv/ iru jlyhq frqvxpswlrq ohyho wrgd|/ wkh lqyhvwru*v xwlolw|

lv kljkhu wkh iduwkhu dzd| wklv ohyho lv iurp wkh kdelw ohyho1 Wklv kdv wkh h�hfw ri pdnlqj

wkh pdujlqdo xwlolw| ri frqvxpswlrq �vwdwh0ghshqghqw� zkhuh wkh vwdwh lv vrph ixqfwlrq ri

wkh kdelw ohyho1 Wklv lq wxuq d�hfwv dvvhw sulfhv e| |lhoglqj iru h{dpsoh wlph0ydu|lqj ulvn

dyhuvlrq1 Vhfrqg/ vrph ri wkh uhfhqw olwhudwxuh xvhv wkh frqfhsw ri �uhfxuvlyh� xwlolw| lq rughu wr

glvhqwdqjoh wkh ulvn dyhuvlrq iurp wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq +vhh h1j1 Hsvwhlq

dqg ]lq +4<;<,/ Zhlo +4<;<,/ Fdpsehoo +4<<9,,1 Kljk ulvn dyhuvlrq jhqhudwhv kljk ulvn suhpld

zkloh kljk hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq nhhsv wkh uhdo udwh orz1 Ilqdoo|/ d qxpehu

ri vwxglhv kdyh frqfhqwudwhg rq wkh frqfhsw ri �Nqljkwldq xqfhuwdlqw|� wr h{sodlq dvvhw sulfhv

+vhh h1j1 Hsvwhlq dqg Zdqj +4<<8,/ Pdhqkhxg +4<<<,/ Kdqvhq hw1 do +4<<<,/ Fdjhwwl hw do

+5333,,1

Eholhi0ghshqghqw xwlolw| ixqfwlrqv dv rewdlqhg lq wklv sdshu kdyh wkh vdph lqwxlwlyh prwl0

ydwlrqv dv wkrvh lq wkhvh uhfhqw dssurdfkhv/ exw lw vxevwdqwldoo| gl�huv iurp wkhp lq pdq|

uhvshfwv1 Frpsduhg wr kdelw irupdwlrq/ iru h{dpsoh/ dovr eholhi0ghshqghqw xwlolw| ixqfwlrqv

|lhog d pdujlqdo xwlolw| ri frqvxpswlrq wkdw ydulhv ryhu wlph lq uhvsrqvh wr sdvw lqqrydwlrqv lq

frqvxpswlrq1 Krzhyhu wkh hfrqrplf lqwhusuhwdwlrq ri wkh wzr dssurdfkhv lv gl�huhqw1 Frqvlghu

iru h{dpsoh wkh vhw0xs lq Fdpsehoo dqg Frfkudqh +4<<<,= lq wkdw prgho d srvlwlyh lqqrydwlrq

lq frqvxpswlrq ghfuhdvhv wkh lqglylgxdo djhqw*v pdujlqdo xwlolw| ehfdxvh qrz klv2khu frq0
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vxpswlrq ohyho lv iduwkhu dzd| iurp d vorz prylqj kdelw1 Lqvwhdg/ lq p| vhw0xs jrrg qhzv lq

frqvxpswlrq uhgxfh wkh fxuuhqw pdujlqdo xwlolw| ehfdxvh wkh lqyhvwru qrz h{shfwv hyhq ehw0

whu wlphv iru klv2khu rzq ixwxuh1 Wkdw lv/ wkh uhohydqw frpsdulvrq lv qrw zlwk rwkhu shrsoh*v

frqvxpswlrq exw zlwk wkh djhqw*v rzq frqvxpswlrq lq wkh ixwxuh1

Vlploduo|/ e| lqfrusrudwlqj wkh ryhudoo glvwulexwlrq ri eholhiv lq wkh xwlolw| ixqfwlrq L hi0

ihfwlyho| hqgrz lqyhvwruv zlwk d suhihuhqfh iru uhvroxwlrq ri wkhlu rzq xqfhuwdlqw| rq wkh

xqghuo|lqj wuxh vwdwh ri qdwxuh1 Dowkrxjk wklv lv gl�huhqw iurp suhihuhqfhv ryhu hduo|2odwh

uhvroxwlrq ri xqfhuwdlqw| dv xqghuvwrrg lq wkh uhfhqw olwhudwxuh/ lw |lhogv qrqhwkhohvv vlplodu

lpsolfdwlrqv1 Iru h{dpsoh/ wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq lq p| dssurdfk lv vwloo

htxdo wr wkh lqyhuvh ri wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq1 Krzhyhu/ dv phqwlrqhg deryh/

vlqfh lq p| vhw xs lqyhvwruv duh dyhuvh wr �xqfhuwdlqw|� +ru orqj uxq ulvn,/ lw lv vwloo srvvleoh wr

rewdlq d kljk htxlw| suhplxp dqg kljk yrodwlolw| ri uhwxuqv zlwkrxw d�hfwlqj wkh lqwhuwhpsrudo

hodvwlflw| ri vxevwlwxwlrq1

Ilqdoo|/ dowkrxjk vwdwh0xqfhuwdlqw| lv udwkhu gl�huhqw iurp wkh idprxv �Nqljkwldq xqfhu0

wdlqw|� d od* Jloerd dqg Vfkphlgohu +4<<6,/ zkhuhe| djhqwv duh hqgrzhg zlwk idplolhv ri sulru

glvwulexwlrqv rq d jlyhq vwdwh dqg wkhq xvh wkh pd{0plq uxoh wr wdnh ghflvlrqv/ wklv sdshu

uhwdlqv wkh lqwxlwlyh dsshdo wkdw �xqfhuwdlqw|� lv edg dqg wkdw djhqwv suhihu fhuwdlqw| wr xq0

fhuwdlqw|1 Lq dgglwlrq/ wkh suhvhqw dssurdfk grhv qrw vx�hu iurp wkh nqrzq sureohp ri wkh

�Nqljkwldq xqfhuwdlqw|� sdudgljp derxw wkh udwlrqdo xsgdwlqj ri d idplo| ri eholhiv rq wkh

vwdwh ri qdwxuh1 Lq p| dssurdfk/ lqyhvwruv duh hqgrzhg zlwk rqo| rqh srvwhulru glvwulexwlrq

zklfk lv vlpso| xsgdwhg xvlqj Ed|hv* uxoh +exw vhh Fdjhwwl hw do1 +5333, rq wklv srlqw,1

Dq dgglwlrqdo dgydqwdjh ri wkh suhvhqw dssurdfk lv wkdw lw lv h{wuhpho| pdqdjhdeoh= Eh0

olhiv hqwhu olqhduo| lq wkh lqvwdqwdqhrxv xwlolw| ixqfwlrqv dqg khqfh lqwhuwhpsrudo suhihuhqfhv

suhvhuyh dgglwlylw| erwk dfurvv wlph dqg dfurvv vwdwhv +wkh eholhiv,1 Vlqfh lq g|qdplf prghov

eholhi pxvw hyroyh dffruglqj wr vrph olqhdu prgho +dqg li wkh xqghuo|lqj vwdwh ri qdwxuh lv

frqvwdqw/ wkh| duh dfwxdoo| pduwlqjdohv,/ lw lv txlwh vlpsoh wr frpsxwh fxuuhqw h{shfwdwlrq ri

ixwxuh eholhi0ghshqghqw xwlolwlhv1 Wklv doorzv ph wr rewdlq vlpsoh irupxodv iru wkh vwrfkdvwlf

glvfrxqw idfwru dqg khqfh rewdlq vlpsoh dqg yhu| lqwhusuhwdeoh irupxodv iru dvvhw sulfhv dqg

lqwhuhvw udwhv1
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Wkh duwlfoh surfhhgv dv iroorzv= Qh{w vhfwlrq lqwurgxfhv wkh frqfhsw ri eholhi0ghshqghqw

xwlolw| ixqfwlrqv dqg dyhuvlrq wr vwdwh xqfhuwdlqw|1 Lw dovr glvfxvvhv vrph ri wkh surshuwlhv1

Vhfwlrq 6 lqwurgxfhv wkh dvvhw sulflqj prgho dqg vhfwlrq 7 rewdlqv forvhg irup vroxwlrqv iru

dvvhw sulfhv iru d fodvv ri eholhi0ghshqghqw xwlolw| ixqfwlrqv1 Vhfwlrq 8 vshfldol}hv wkh dqdo|vlv

wr wkh fdvh ri Frqvwdqw Uhodwlyh Ulvn Dyhuvlrq dqg rewdlqv vwrfn uhwxuqv lpsolfdwlrqv1 Vhfwlrq

9 wdnhv wkh prgho wr wkh gdwd= Diwhu lqwurgxflqj d vwdwlvwlfdo prgho iru glylghqgv fkdudfwhul}hg

e| udqgrp mxpsv lq wkhlu guliw udwh/ lw frqwdlqv d fdoleudwlrq ri wkh prgho dqg dq hpslulfdo

dssolfdwlrq1 Vhfwlrq : frqfoxghv1
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Lq wklv �uvw sduw ri wkh sdshu L lqwurgxfh wkh frqfhswv ri eholhi ghshqghqw xwlolwlhv dqg dyhuvlrq

wr vwdwh xqfhuwdlqw|1 Vshfl�fdoo|/ L �uvw srlqw rxw wkdw wkh d{lrpdwlf irxqgdwlrq ri vwdwh0

ghshqghqw xwlolw| ixqfwlrqv qdwxudoo| lpsolhv wkh irxqgdwlrq ri eholhi0ghshqghqw xwlolw| ixqf0

wlrqv xsrq uhlqwhusuhwdwlrq ri wkh vwdwhv ri Qdwxuh dqg wkh wlplqj ri uhvroxwlrq ri xqfhuwdlqw|

ryhu vwdwhv1 D qxpehu ri d{lrpdwlf dssurdfkhv kdyh ehhq sursrvhg dqg L uhfdoo rqh ri wkhvh

lq Dsshqgl{ D1 Khuh/ L vhw rxw wkh plqlpxp qrwdwlrq qhfhvvdu| wr xqghuvwdqg wkh qdwxuh ri

wkh uhsuhvhqwdwlrq1 Wkh glvfxvvlrq lv wdnhq iurp P|huvrq +4<<4,1 Ohw F eh d vhw ri sul}hv dqg

� d vhw ri vwdwhv1 D orwwhu| i lv d ixqfwlrq dvvljqlqj d suredelolw| glvwulexwlrq rq F wr hdfk

vwdwh � 5 �1 Wkdw lv/ i = � �$ �+F, zkhuh �+F, lv wkh vhw ri suredelolw| glvwulexwlrqv rq

F1 Iru hyhu| hyhqw V � �/ ohw xv ghqrwh e| �7 d frqglwlrqdo suhihuhqfh uhodwlrq rq wkh vhw

ri orwwhulhv rq F1 Dvvxplqj wkdw �7vdwlv�hv wkh +vwdqgdug, d{lrpv olvwhg lq Dsshqgl{ D/ zh

wkhq kdyh wkdw wkhuh h{lvwv d vwdwh0ghshqghqw xwlolw| ixqfwlrq x = F �� �$ U dqg d vxemhfwlyh

frqglwlrqdo suredelolw| ixqfwlrq � +=mV, rq � vxfk wkdw iru doo orwwhulhv i dqg j /

i �7 j +,
[
wM7

� +�mV,
[
SM�

i +fm�,x +fm�, �
[
wM7

� +�mV,
[
SM�

j +fm�,x +fm�, +4,

Khuh/ � +=mV, lv vlpso| d frqglwlrqdo suredelolw| glvwulexwlrq rq � zlwk xqlw pdvv rq wkh hyhqw

V wkdw vdwlv�hv Ed|hv odz1

Wr ehwwhu lqwhusuhw wkh uhsuhvhqwdwlrq ri suhihuhqfhv lq +4,/ frqvlghu lwv vshfldol}dwlrq wr d

vshfldo w|shv ri orwwhulhv fdoohg wkh �frqvwdqw� orwwhulhv/ wkdw lv vxfk wkdw i +fm�, @ 4 iru hyhu|

8



� 5 �1 Li zh ghqrwh vxfk d orwwhu| e| ^f`/ wkhq wkh dssolfdwlrq ri wkh uhsuhvhqwdwlrq uhvxow +4,

lpsolhv wkdw

^f` �7 ^f�` +,
[
wM7

� +�mV,x +fm�, �
[
wM7

� +�mV,x �f�m��
Vlqfh ^f` lv d frqvwdqw dfw dqg djhqwv �nqrz� x +fm�, iru doo �/ wklv uhsuhvhqwdwlrq lv vlpso|

vd|lqj wkdw hyhq li dq djhqw rewdlqv d sul}h f/ klv2khu �vxemhfwlyh� xwlolw| iurp �frqvxplqj� f

lv �eholhi ghshqghqw/� lq wkh vhqvh wkdw lw ghshqgv rq wkh zkroh vxemhfwlyh glvwulexwlrq � +�mV,
ryhu �1 Lq rwkhu zrugv/ vlqfh wkh �xqfhuwdlqw|� ryhu wkh orwwhu| i pd| eh uhvroyhg ehiruh

wkh xqfhuwdlqw| ryhu wkh xqghuo|lqj vwdwh ri qdwxuh �/ wklv dssurdfk lpsolhv wkdw djhqwv kdyh

eholhi0ghshqghqw xwlolw| ixqfwlrqv1

D frxsoh ri vlpsoh h{dpsohv zloo khos wr foduli| wklv srlqw=

H{dpsohv= +l, Frqvlghu dq djhqw lq d odujh fodvv ri vwxghqwv zkr mxvw wrrn dq h{dp dqg

jrw d E1 Li wkh �xwlolw|� iurp wkh E fkdqjhv ghshqglqj rq wkh ryhudoo dyhudjh rewdlqhg e| wkh

+odujh, fodvv/ wkhq wkh vwxghqw xwlolw| lv �vwdwh0ghshqghqw� +zkhuh wkh vwdwh fdq eh frqvlghuhg

wkh �dyhudjh judgh�,1 Krzhyhu/ vxssrvh wkdw wkh djhqwv ljqruhv zkdw lv wkh h{dfw dyhudjh fodvv

judgh exw rqo| krogv d suredelolw| glvwulexwlrq rq lw1 Li vkliwv lq wklv suredelolw| glvwulexwlrq

fkdqjhv wkh �xwlolw|� iurp wkh judgh/ qrz wkh xwlolw| lv �eholhi0ghshqghqw� ehfdxvh lw ghshqgv

rq wkh +vxemhfwlyh, eholhi rq wkh dyhudjh judgh1 +ll, H{dpsoh +l, frqvlghuhg wkh vwdwh wr eh

�h{whuqdo1� Wkh vdph h{dpsoh zrunv rq dq �lqwhuqdo� edvlv/ wkdw lv/ zkhq wkh vwxghqw mxgjhv

klv2khu rzq shuirupdqfh lq dq h{dp frpsduhg wr klv2khu suhylrxv shuirupdqfh lq rwkhu h{dpv1

Vxssrvh wkdw wkh vwxghqw wrrn d ihz h{dpv lq wkh sdvw zhhnv exw rqo| rqh judgh lv douhdg|

dydlodeoh1 Li wkh xwlolw| kh2vkh ghulyhv iurp d judgh ri E ghshqgv rq klv2khu eholhiv rq wkh

dyhudjh judghv rq doo wkh rwkhu h{dpv/ wkh djhqw krogv d eholhi0ghshqghqw xwlolw| ixqfwlrq1 Lq

rwkhu zrugv/ vwdwh0ghshqghqw xwlolw| ixqfwlrqv duh wkh vshfldo fdvh ri eholhi0ghshqghqw xwlolwlhv

zkhq wkh vwdwh lv nqrzq zlwk fhuwdlqw|1

Gh�qlwlrq= D eholhi ghshqghqw xwlolw| ixqfwlrq ryhu dq dfw i lv jlyhq e|

X +i> �, @
[
wMX

� +�,
[
SM�

i +fm�,x +fm�, +5,

Lq sduwlfxodu/ d eholhi ghshqghqw xwlolw| ixqfwlrq ryhu d sul}h f lv

X +f> �, @
[
wMX

� +�,x +fm�, +6,

9
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���

Fkdudfwhul}dwlrq +6, qdwxudoo| ohdgv wr d gh�qlwlrq ri dyhuvlrq wr �vwdwh0xqfhuwdlqw|1� Wr

hpskdvl}h lw/ ohw ph uhfdoo djdlq wkh lpsolfdwlrq ri wklv xwlolw| uhsuhvhqwdwlrq= Jlyhq d frqvwdqw

dfw ^f` |lhoglqj d nqrzq sul}h f dqg d vhw ri vwdwhv � 5 �/ wkh h�hfwlyh xwlolw| iru wkh ghflvlrq

pdnhu lv jlyhq e| d zhljkwhg dyhudjh ri wkh vwdwh0ghshqghqw xwlolwlhv/ zhljkwhg e| wkh djhqw*v

eholhiv rq wkh vwdwh1 Vlqfh wkh djhqw nqrzv �x +fm�,� iru hyhu| sul}h f dqg hyhu| vwdwh �/ dowkrxjk
+6, krogv irupdoo| rqo| h{ dqwh/ lw pxvw krog dovr h{0srvw/ diwhu revhuylqj f1

Jlyhq f/ zh fdq ydu| wkh glvwulexwlrq � ryhu � dqg rewdlq ydulrxv ohyhov ri �xwlolw|1� Ri

lqwhuhvw wr xv duh wkh fkdqjhv lq wkh �glvshuvlrq� ri wkh suredelolw| � zkloh nhhslqj lwv h{shfwhg

ydoxh frqvwdqw1 Wr wklv hqg/ lw lv riwhq xvhg wkh frqfhsw ri �phdq0suhvhuylqj vsuhdg� +vhh

Lqjhuvroo +4<;:,, wr gr frpsdudwlyh vwdwlfv h{huflvhv1 L xvh wklv frqfhsw wr gh�qh dyhuvlrq wr

vwdwh xqfhuwdlqw|=

Gh�qlwlrq= +d, Ohw � dqg f eh jlyhq1 D eholhi0ghshqghqw xwlolw| ixqfwlrq X +f> �, glvsod|v

dyhuvlrq wr vwdwh0xqfhuwdlqw| jlyhq f li d phdq suhvhuylqj vsuhdg e� rq wkh glvwulexwlrq � |lhogv

X +f> e�, ? X +f> �, +7,

+e, D eholhi ghshqghqw xwlolw| ixqfwlrq glvsod|v dyhuvlrq wr vwdwh xqfhuwdlqw| li +7, krogv iru

doo f1

Lq wkh frqwh{w ri h{dpsoh +l, lq wkh suhylrxv vxevhfwlrq/ li wkh vwxghqw lv kdss| wr ohduq wkdw

wkh dyhudjh judgh ri wkh fodvv zdv h{dfwo| E zkhq kh2vkh zdv dvvljqlqj htxdo suredelolwlhv wr

eh hlwkhu F./ E dqg D0/ wkhq kh2vkh lv dyhuvh wr vwdwh0xqfhuwdlqw|1 L zloo jlyh rwkhu h{dpsohv

ehorz lq wkh frqwh{w ri d g|qdplf hfrqrp|1

��� �������
 ��� �
���
�
 �
�� ��
��
�� �� �
�

� �
�
��
�� ��
�
�� ���	�

�
���

Lq wklv vhfwlrq L surylgh wkh fkdudfwhul}dwlrq ri eholhi ghshqghqw xwlolwlhv lq wkh fdvh ri frqvwdqw

devroxwh dqg uhodwlyh ulvn dyhuvlrq1 L lqwurgxfh vrph qrwdwlrq �uvw=

:



Devroxwh Ulvn Dyhuvlrq= Wkh devroxwh ulvn dyhuvlrq ri eholhi ghshqghqw xwlolw| ixqfwlrq

X +f> �, lv jlyhq e|

D +�> f, @ �C
2X +f> �, @Cf2

CX +f> �, @Cf
+8,

Uhodwlyh Ulvn Dyhuvlrq= Wkh uhodwlyh ulvn dyhuvlrq ri eholhi ghshqghqw xwlolw| ixqfwlrq

X +{> �, lv jlyhq e|

� +�> f, @ �fC
2X +f> �, @Cf2

CX +f> �, @Cf
+9,

Wkhvh duh wkh dqdorjrxv qrwlrqv ri devroxwh dqg uhodwlyh ulvn dyhuvlrq dv lq wkh fdvh ri vwdwh0

lqghshqghqw xwlolw| ixqfwlrq1 Vlqfh iru jlyhq glvwulexwlrq �/ wkh xwlolw| ixqfwlrq X +f, @ X +f> �,

lv d vwdqgdug Yrq0Qhxpdq Prujhqvwhuq xwlolw| ixqfwlrq zlwk uhvshfw wr vwdwh0lqghshqghqw orw0

whulhv +ri zklfk wkh frqvwdqw orwwhulhv duh d vshfldo fdvh,/ +8, dqg +9, uh hfw wkh orfdo fxuydwxuhv

ri wkh xwlolw| ixqfwlrq wkdw duh qhfhvvdu| dqg vx!flhqw wr jhqhudwh �dyhuvlrqv� wr idlu ehwv +hl0

wkhu lq devroxwh ru lq uhodwlyh whupv,1

Jlyhq wkhlu lpsruwdqfh lq �qdqfh dssolfdwlrqv/ L qrz fkdudfwhul}h wkh eholhi ghshqghqw

xwlolw| ixqfwlrq iru wkh fdvh ri frqvwdqw devroxwh ru uhodwlyh ulvn dyhuvlrq=

Sursrvlwlrq 4= +d, D +f> �, @ D frqvwdqw li dqg rqo| li

x +f> �, @ H| ^n� +�,`�H| ^n2 +�,` h
3�S +:,

zkhuh n2 +�, A 3 iru doo � 5 � dqg H| ^n� +�,` @
S?

�'� ��n� +��,1

+e, � +f> �, @ � frqvwdqw li dqg rqo| li

x +f> �, @ H| ^n� +�,` .H| ^n2 +�,`
f�3�

4� �
+;,

zlwk n2 +�, A 3 iru doo � 5 �=

Surri = Vhh Dsshqgl{1 �

Doehlw hdv| wr suryh/ wkh lpsolfdwlrqv ri wklv sursrvlwlrq duh udwkhu lqwhuhvwlqj1 Frqvlghu

iru lqvwdqfh wkh fdvh zlwk frqvwdqw uhodwlyh ulvn dyhuvlrq +;,= Dowkrxjk lq d vwdwlf prgho wklv

uhsuhvhqwdwlrq lv edvlfdoo| htxlydohqw wr rqh zlwk qr vwdwh0ghshqghqw xwlolw| ehfdxvh rqh fdq

gh�qh � @ H ^n� +�,` dqg � @ H ^n2 +�,` dqg surfhhg dv xvxdo/ lq d g|qdplf frqwh{w zkhuh

djhqwv ohduq derxw wkh wuxh vwdwh � ryhu wlph/ wklv uhsuhvhqwdwlrq ehfrphv lpsruwdqw1

Iru h{dpsoh/ vxssrvh wkdw n2 +�, lv d frqyh{ ixqfwlrq ri � 5 �1 Wkhq/ dq lpphgldwh frqvh0

txhqfh ri wkh deryh sursrvlwlrq lv wkdw d phdq suhvhuylqj vsuhdg rq wkh srvwhulru glvwulexwlrq

;



ryhu � +wkdw lv/ dq lqfuhdvh lq xqfhuwdlqw| iru jlyhq H ^�`, lpsolhv dq lqfuhdvh ri H ^n2 +�,` dqg

khqfh lw ghfuhdvhv wkh �xwlolw|� iru � A 4 +ehfdxvh f�3�@+4 � �, ? 3, dqg lw lqfuhdvhv wkh

pdujlqdo xwlolw| ri frqvxpswlrq

CX +f> �,

Cf
@ H ^n2 +�,` f

3� +<,

Zh zloo vhh wkdw klv kdv lqwhuhvwlqj lpsolfdwlrqv iru dvvhw sulfhv/ iru h{dpsoh1

��� �
�

���
�
��
�� �
���
�
 �
�� ��
��
��

Hyhq wkrxjk wkh djhqw grhv qrw kdyh ixoo lqirupdwlrq derxw wkh xqghuo|lqj vwdwh ri qdwxuh/ df0

fruglqj wr P|huvrq*v d{lrpdwlf dssurdfk kh2vkh pd| qrqhwkhohvv hvwdeolvk wkh ohyho ri klv2khu

uhodwlyh ulvn dyhuvlrq frqglwlrqdo rq hdfk vwdwh ehlqj wuxh1 Wkdw lv

fC2x +fm�,
Cx +fm�, @ � +�,

Lq wklv fdvh/ wkh uhsuhvhqwdwlrq ri xwlolw| ixqfwlrq lv dv iroorzv=

Sursrvlwlrq 5= Wkh eholhi0ghshqghqw xwlolw| ixqfwlrq zlwk eholhi0ghshqghqw ulvn dyhuvlrq

lv jlyhq e|

X +f> �, @ H| ^n� +�,` .
?[
�'�

��n2 +��,
f�3�Ew��

4� � +��,
+43,

Surri = Vhh Dsshqgl{1 �

L vkdoo xvh wklv uhsuhvhqwdwlrq ri eholhi0ghshqghqw xwlolwlhv wr vwdwh wkh pdlq dvvhw sulflqj

uhvxow ri wklv sdshu/ frqwdlqhg lq vhfwlrq 71 Krzhyhu/ L zloo wkhq uhvwulfw wkh dqdo|vlv ri wkh

surshuwlhv ri vwrfn uhwxuqv dqg lqwhuhvw udwhv dv zhoo dv wkh hpslulfdo zrun wr wkh fdvh zkhuh

lqyhvwruv kdyh frqvwdqw uhodwlyh ulvn dyhuvlrq/ wkdw lv/ � +�, @ � iru doo � 5 �1 Wklv zloo doorz

ph wr ghsduw iurp vwdqgdug vwdwh0lqghshqghqw suhihuhqfhv lq rqo| rqh glphqvlrq dqg khqfh lw

zloo pdnh lw fohduhu wkh dgglwlrqdo h�hfwv wkdw rqh rewdlqv zkhq �dyhuvlrq wr vwdwh0xqfhuwdlqw|�

lv lqwurgxfhg1

<
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Ohw Z eh d Zlhqhu surfhvv gh�qhg rq d frpsohwh suredelolw| vsdfh
�

>Sf>If

�
1 L pdnh wkh

iroorzlqj dvvxpswlrqv derxw wkh hfrqrp|

Dvvxpswlrq 4= Uhdo glylghqgv hyroyh dffruglqj wr wkh vwrfkdvwlf gl�huhqwldo htxdwlrq

gG

G
@ �gw. �(gZ +44,

zkhuh � +w, lv xqrevhuydeoh dqg lwv g|qdplfv lv ghvfulehg ehorz dqg �( lv d 4 � 5 frqvwdqw

yhfwru1

Dvvxpswlrq 5= � +w, iroorzv d Pdunryldq surfhvv gh�qhg rq d �qlwh vhw � @ i��j?�'�1 Zh

dvvxph wkdw iru hyhu| ��/�� 5 � wkhuh h{lvwv ��� vxfk wkdw lq wkh lq�qlwhvlpdo lqwhuydo � zh

kdyh=4

Su +� +w.�, @ ��m� +w, @ ��, @ ����

Wkh lq�qlwhvlpdo jhqhudwru � lv vxfk wkdw ^�`�� @ ��� iru l 9@ m dqg ^�`�� @ �S� �'� ���1

Dvvxpswlrq 5 pdnhv wkh dssurdfk yhu| frqyhqlhqw dqg doorz xv wr rewdlq forvhg irup

vroxwlrqv iru dvvhw sulfhv xqghu udwkhu jhqhudo frqglwlrqv rq wkh surfhvv � +w,1 Dowkrxjk lw

dvvxphv wkdw � +w, fdq rqo| wdnh d �qlwh qxpehu ri ydoxhv/ wkh dvvxpswlrq ohdyhv xqvshfl�hg

wkh qxpehu ri vwdwhv1 Khqfh/ zh fdq h�hfwlyho| dssur{lpdwh dq| frqwlqxrxv0wlph/ frqwlqxrxv0

vwdwh vwdwlrqdu| Pdunry surfhvv e| fkrrvlqj d vx!flhqwo| �qh julg � @ ^��> �2> ===> �?` rq

wkh uhdo olqh dqg e| fduhixoo| fkrrvlqj wkh wudqvlwlrq suredelolwlhv ���1 Vhfwlrq 9 frqwdlqv

rqh vxfk h{dpsoh/ zkhuh � +w, lv dvvxphg wr iroorz d sxuh mxps surfhvv zlwk vwdwh0ghshqghqw

mxps lqwhqvlw|1 Dssur{lpdwlrqv wr rwkhu phdq uhyhuwlqj surfhvvhv vxfk dv Ruqvwhlq0Xkohqehfn

surfhvvhv fdq dovr eh lpsohphqwhg/ e| fkrrvlqj dssursuldwh wul0gldjrqdo pdwulfhv15

4 Lq idfw/ Ohppd 4 ehorz dovr krogv zkhq X lv frxqwdeoh dqg qrw rqo| �qlwh1 Vlqfh lq wklv fdvh wkh vhw X frxog

eh ghqvh lq wkh uhdo olqh/ lw fdq dssur{lpdwh zhoo d frqwlqxrxv0vwdwh prgho1 L nhhs wkh vhw �qlwh iru frqyhqlhqfh

lq wkh dvvhw sulflqj sduw ri wkh sdshu/ exw L dp frq�ghqw wkdw wkrvh uhvxowv wrr uhdglo| h{whqg wr wkh fdvh zkhuh

X lv frxqwdeoh1 L qrqhwkhohvv ohdyh wkh jhqhudol}dwlrq wr ixwxuh zrun1
5 Lqghhg/ lw lv nqrzq wkdw hyhq xqghu d vwdqgdug vwdwh0lqghshqghqw lvr0hodvwlf xwlolw| ixqfwlrq lw lv qrw srvvleoh

wr vroyh iru sulfhv lq forvhg irup zkhq wkh xqghuo|lqj guliw w E|� iroorzv d vlpsoh Ruqvwhlq0Xkohpehfn surfhvv

+vhh h1j1 \dq +4<<<, dqg Euhqqdq dqg [ld +5334,,1 Qxphulfdo vroxwlrqv pxvw dozd|v eh lpsohphqwhg1 Wkh

43



Ohw lqyhvwruv* vxemhfwlyh suredelolw| wkdw wkh vwdwh lv �� dw wlph w jlyhq wkhlu sdvw revhuydwlrq

ri +G +�,,|�'� eh ghqrwhg e|

�� +w, @ Su +� +w, @ ��mI +w,,

Dvvxplqj wkdw lqyhvwruv xvh Ed|hv odz wr xsgdwh wkhlu eholhiv/ zh kdyh wkh iroorzlqj uhvxow=

Ohppd 4= Wkh suredelolwlhv �� +w, hyroyh dffruglqj wr wkh v|vwhp ri q vwrfkdvwlf gl�huhqwldo

htxdwlrqv

g�� @ ^��`� gw. ���� +�,giZ +45,

zkhuh

�� +�, @

3C�� � ?[
�'�

����

4D 4

�(
dqg giZ @

4

�(

�
gG

G
�H|

�
gG

G

��
+46,

giZ lv d Zlhqhu surfhvv gh�qhg rq wkh suredelolw| vsdfh +
>S>I, zkhuh I lv wkh �owudwlrq

jhqhudwhg e| gG@G1

Surri = Vhh Olswvhu dqg Vk|uldhy +4<:7,1 �

L fdq dovr uhzulwh wkh ruljlqdo glylghqg surfhvv xqghu wkh qhz �owudwlrq

gG

G
@ �( +�,gw. �(giZ +47,

zkhuh �( +�, @
S?

�'� ����= Vlqfh wkh suredelolwlhv � +w, duh �nqrzq� wr wkh lqyhvwru dw wlph

w dqg wkh lqirupdwlrq �owudwlrq jhqhudwhg e| iG +w,j lv htxlydohqw wr wkh rqh jhqhudwhg e|qiZ +w,
r
/ rqh fdq wdnh wkh surfhvvhv +45, dqg +47, dv sulplwlyh ri wkh dqdo|vlv1 Krzhyhu/ wkh

lqwhusuhwdwlrq ri wkh vwdwh0yduldeohv � +w, @ +�� +w, > ===> �? +w,, dv wkh wlph w srvwhulru glvwule0

xwlrq rq wkh xqghuo|lqj xqnqrzq guliw � +w, lv nh| wr xqghuvwdqg wkh qh{w dvvxpswlrq derxw

lqyhvwruv* suhihuhqfhv1

Dvvxpswlrq 6= Dv lq vhfwlrq 5/ wkh uhsuhvhqwdwlyh lqyhvwru xwlolw| ixqfwlrq lv eholhi0

ghshqghqw dqg lw kdv wkh iroorzlqj irup6

X +f> w> �, @
?[
�'�

�� +w,x +f> wm��, +48,

dssurdfk wdnhq khuh r�huv d yldeoh dowhuqdwlyh/ zkhuh wkh dssur{lpdwlrq lv rq wkh vwdwh0vsdfh dqg vlpsoh forvhg

irup vroxwlrqv fdq wkhq eh rewdlqhg1
6Zh frxog xvh wkh pruh jhqhudo irup dv lq +43, exw lw wxuqv rxw lw kdv qr frqvhtxhqfhv rq wkh sulfh ri dvvhwv1

Lq rughu wr olplw wkh dprxqw ri qrwdwlrq/ zh vhw &� Ew� ' f1
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zkhuh

x +f> wm�, @ h3�|n +�,
f�3�Ew�

4� � +�,
+49,

Wklv irup qhvwv wkh wzr srvvlelolwlhv ri frqvwdqw uhodwlyh ulvn dyhuvlrq +mxvw vhw � +�, @ �

iru doo � 5 �, dqg eholhi ghshqghqw uhodwlyh ulvn dyhuvlrq1 Lq dgglwlrq/ vhwwlqj n +�, @ 4 iru

doo � |lhogv wkh vwdqgdug lvr0hodvwlf xwlolw| ixqfwlrq1 Wklv dvvxpswlrq dovr ixuwkhu fodul�hv

wkh frqfhsw ri �eholhi0ghshqghqw xwlolw| ixqfwlrq� li zh qrwlfh wkdw lqyhvwruv nqrz wkh ohyho

ri frqvxpswlrq wrgd| f+w, exw wkh| gr qrw nqrz xqghu zkdw �vwdwh� +�, zdv f +w, jhqhudwhg1

Lq wklv fdvh/ wkh khxulvwlf lghd ri wkh prgho lv wkdw li wkh vdph ohyho ri frqvxpswlrq f +w, lv

jhqhudwhg xqghu gl�huhqw �uhjlphv� +vd|/ uhfhvvlrqv ru errpv, wkhq wkh lqyhvwruv zloo kdyh

gl�huhqw ohyhov ri +fduglqdo, xwlolw|1 Krzhyhu/ lqyhvwruv gr qrw nqrz zkhwkhu wkh hfrqrp| lv

lq d errp ru d uhfhvvlrq lwvhoi dqg vr klv2khu xwlolw| lv eholhi0ghshqghqw1

��� &��$�'
�% �
�� ��
��
�� ��� (��
� ���%��
��

Rqh txhvwlrq wkdw dulvhv dw wklv srlqw lv zk| vkrxog wkh xwlolw| ixqfwlrq ri dq lqyhvwru ghshqg

rq wkh +xqnqrzq, guliw udwh ri glylghqgv1 Iru h{dpsoh/ li wkh lqyhvwru grhv qrw lqyhvw lq wkh

vwrfn/ zk| vkrxog klv2khu xwlolw| eh d�hfwhg e| klv eholhi rq wkh guliw udwh ri glylghqgvB Wr

ehwwhu xqghuvwdqg wkh vhw xs sursrvhg khuh/ frqvlghu �uvw wkh pd{lpl}dwlrq sureohp ri dq

lqyhvwru dw wlph w =

pd{
t%E��cSE���

H|

�] "

|

X +f+v,> � +v, > v, gv

�
+4:,

vxemhfw wr wkh g|qdplf exgjhw frqvwudlqw

g] @ ]

�
{
gS .Ggw

S
. +4� {, ugw

�
� fgw +4;,

zkhuh S +w, ghqrwhv wkh sulfh ri wkh dvvhw dqg { +w, wkh iudfwlrq ri zhdowk lqyhvwhg lq vwrfn1

Qrwlfh wkdw sureohp +4:, vxemhfw wr +4;, jlyhq wkh glylghqg surfhvv +47, dqg wkh �vwdwh0

yduldeohv� +45, gh�qhg zlwk uhvshfw wr wkh �owhuhg Eurzqldq prwlrq iZ rewdlqhg lq +46, lv

d udwkhu vwdqgdug sureohp1 Lqghg/ vlqfh pdunhwv duh frpsohwh/ lw lv nqrzq wkdw rswlpdo

frqvxpswlrq lv jlyhq e|

f +w, @ LL +�" +w, > � +w, > w,
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zkhuh LL +=> � +w, > w, lv wkh lqyhuvh ri wkh pdujlqdo xwlolw| ixqfwlrq XS +=> �> w,/ � lv d frqvwdqw

dqg " +w, lv wkh vwdwh0sulfh ghqvlw| gh�qhg e| wkh lqwhuhvw udwh dqg wkh uhwxuq surfhvv lq wkh

xvxdo zd| +vhh h1j1 Ndudw}dv dqg Vkuhyh +4<<;,/ Fk1 61<,1 Khqfh/ rqh fdq frqmhfwxuh wkdw wkh

rswlpdo frqvxpswlrq zloo eh dq Lwr*v surfhvv ri wkh irup

gf

f
@ �S +w,gw. �S +w,giZ

zkhuh �S +w, dqg �S +w, duh vrph +I0dgdswhg, surfhvvhv1 Dw wklv srlqw/ zh fdq xvh wkh gh�q0

lwlrq ri iZ lq +46,/ wkdw lv giZ @ �3�( +gG@G �H ^gG@G`, @ �3�( +� � �( +�,,gw . gZ / dqg

vxevwlwxwh lw edfn lq wkh rswlpdo frqvxpswlrq surfhvv wr rewdlq

gf

f
@ +� +w, � � . � +w,,gw. �S +w,gZ +4<,

zkhuh � +w, @ �S +w,�
3�
( dqg � +w, @ �S +w, � �( +�,�S +w,�

3�
( 1 Htxdwlrq +4<, vkrzv wkdw

wkh guliw udwh ri rswlpdo frqvxpswlrq ghshqgv rq wkh xqrevhuydeoh vwdwh yduldeoh �/ ryhu

zklfk wkh lqyhvwru kdv rqo| d glvshuvhg glvwulexwlrq � +w, @ +�� +w, > ===> �? +w,,1
7 Wkh qrwlrq ri

vwdwh xqfhuwdlqw| qrz ehfrphv pruh dssduhqw= D udwlrqdo djhqw zkr pd{lpl}hv xwlolw| ryhu

ixwxuh frqvxpswlrq sdwkv pxvw uhfrjql}h wkdw wkh rswlpdo guliw udwh ri klv2khu frqvxpswlrq

lv ghwhuplqhg e| wkh ydoxh ri wkh +xqrevhuyhg, guliw ri glylghqgv +zklfk d�hfw wkh vhtxhqfh ri

lqqrydwlrqv giZ ,1 Lw lv iru wklv uhdvrq wkdw klv2khu xwlolw| pd| eh eholhi0ghshqghqw= Fkdqjhv

rq wkh fxuuhqw eholhi rq wkh guliw udwh ri wkh +rswlpdo, frqvxpswlrq surfhvv pd| fkdqjh wkh

xwlolw| iurp frqvxplqj d jlyhq dprxqw ri frqvxpswlrq jrrg1

Wr ixuwkhu wkh lqwxlwlrq lw frxog eh khosixo wr vwulnh d sdudooho zlwk kdelw irupdwlrq prghov1

Frqvlghu wkh fdvh zkhuh � +�, @ �1 Wkhq/ wkh lqvwdqwdqhrxv pdujlqdo xwlolw| ri frqvxpswlrq

7 Lqghhg/ lq htxloleulxp zh pxvw kdyh wkdw wkh rswlpdo frqvxpswlrq iroorzv wkh surfhvv

_S

S
'

?[
�'�

Z�w� n j(_ì

zklfk fdq wkhq eh uhzulwwhq dv
_S

S
' w n j(_`

xqghu wkh ruljlqdo Eurzqldq prwlrq ` 1 Khqfh/ d udwlrqdo +uhsuhvhqwdwlyh, lqyhvwruv zkr fdq h{shfw wkdw S ' (

+ehfdxvh wkh jrrg lv shulvkhdeoh, zrxog dovr h{shfw wkdw wkh guliw udwh ri klv2khu frqvxpswlrq eh ixoo| ghwhuplqhg

e| w dorqh1
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lv jlyhq e|

XS +f> w> �, @ h3�|H| ^n +�,` f +w,
3� +53,

Wkdw lv/ iru jlyhq frqvxpswlrq ohyho f +w, wkh pdujlqdo xwlolw| ri frqvxpswlrq lv wlph ydu|lqj

zkhuh wkh wlph yduldwlrq ghshqgv rq wkh h{shfwdwlrq H| ^n +�,` @
S?

�'� �� +w, n +��,/ zklfk lq

wxuq ghshqgv rq sdvw uhdol}dwlrqv ri frqvxpswlrq +@ glylghqgv,1 Wklv lv d frpprq ihdwxuh

ri h{whuqdo kdelw irupdwlrq prghov= Iru h{dpsoh/ wkh xwlolw| ixqfwlrq srvwxodwhg e| Fdpsehoo

dqg Frfkudqh +4<<<, ohdgv wr d pdujlqdo xwlolw| ixqfwlrq jlyhq e| XS +f|> v|, @ f3�| v3�| zkhuh

v| @ orj ++f| �[|, @f|, +wkh vxusoxv, iroorzv d vorz phdq uhyhuwlqj surfhvv wkdw ghshqgv rq

sdvw uhdol}dwlrqv ri frqvxpswlrq +khuh [| ghqrwhv wkh �kdelw� ohyho,1 Lq wkhlu prgho d srvlwlyh

lqqrydwlrq lq fxuuhqw frqvxpswlrq f| ohdgv wr dq lqfuhdvh lq v| ehfdxvh frqvxpswlrq lq qrz

ixuwkhu dzd| iurp wkh kdelw/ dqg khqfh d uhgxfwlrq lq wkh pdujlqdo xwlolw| ri frqvxpswlrq1

Vlqfh lq wkh prgho rxwolqhg lq Dvvxpswlrqv 405 d srvlwlyh lqqrydwlrq lq frqvxpswlrq lqfuhdvhv

lwv h{shfwhg guliw udwh �� +�, @ H| ^�`/ e| srvwxodwlqj wkdw n +�, lv ghfuhdvlqj lq � zh rewdlq

wkdw d srvlwlyh lqqrydwlrq lq frqvxpswlrq ghfuhdvhv H| ^n +�,`1 Khqfh/ wkh prgho |lhogv wkh

vdph lqwxlwlyh lpsolfdwlrq dv Fdpsehoo dqg Frfkudqh +4<<<, dqg/ lq jhqhudo/ h{whuqdo kdelw

irupdwlrq prghov +vhh dovr Deho +4<<3,,1 Krzhyhu/ wkh lqwhusuhwdwlrq lv gl�huhqw1 Zkloh lq

kdelw irupdwlrq prghov jrrg qhzv lq frqvxpswlrq ghfuhdvh wkh pdujlqdo xwlolw| ehfdxvh wkh|

lqfuhdvh wkh glvwdqfh ri fxuuhqw frqvxpswlrq iurp d vorz prylqj �kdelw/� lq p| vhw0xs srvlwlyh

lqqrydwlrqv lq frqvxpswlrq uhgxfh wkh pdujlqdo xwlolw| ehfdxvh wkh lqyhvwru qrz h{shfw hyhq

ehwwhu wlphv iru klv2khu ixwxuh1

Lq dgglwlrq/ jlyhq dvvxpswlrq 6 zlwk � +�, @ � A 4/ zh dovr kdyh

X +f> w> �, @
?[
�'�

�� +w,n +��, h
3�| f

�3�

4� �

Khqfh/ li n +�, lv dovr dvvxphg frqyh{/ wkhq d phdq suhvhuylqj vsuhdg rq wkh glvwulexwlrq � +w,

ghfuhdvhv wkh eholhi ghshqghqw xwlolw| X +f> w> �, +uhfdoo wkdw f�3�@+4� �, ? 3, wkhuhe| |lhoglqj

wkh dyhuvlrq wr vwdwh xqfhuwdlqw| fkdudfwhulvwlfv1 Iurp +53, dyhuvlrq wr vwdwh0xqfhuwdlqw| dovr

ohdgv wr dq lqfuhdvh lq wkh pdujlqdo xwlolw| ri frqvxpswlrq= lq rwkhu zrugv/ gxulqj shulrgv

ri kljkhu xqfhuwdlqw| derxw wkh guliw udwh ri ixwxuh glylghqgv lqyhvwruv ydoxh ri rqh xqlw ri

fxuuhqw frqvxpswlrq pruh1 Vlqfh L dujxhg deryh wkdw xqfhuwdlqw| rq � lpsolhv xqfhuwdlqw| rq
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wkh guliw udwh ri wkh lqyhvwru*v rswlpdo frqvxpswlrq sdwk/ rqh fdq whup wkh dyhuvlrq wr vwdwh

xqfhuwdlqw| pruh lqwxlwlyho| dv �dyhuvlrq wr orqj0whup ulvn/� wkdw lv/ wr wkh glvshuvlrq ri wkh

dyhudjh sdwk ri rswlpdo frqvxpswlrq1

Wr vxppdul}h/ L pdnh wkh iroorzlqj dvvxpswlrq=

Dvvxpswlrq 7= Wkh ixqfwlrq n +�, lv srvlwlyh/ prqrwrqlfdoo| ghfuhdvlqj dqg frqyh{ dqg

vxfk
S?

�'� ��n +��, @ 4 zkhuh � lv wkh xqfrqglwlrqdo glvwulexwlrq rq � lpsolhg e| wkh pdwul{

�1 Li lw grhv qrw h{lvw +h1j1 � @ 3, wkhq � @ � +3,/ lqyhvwruv* sulru dw wlph w @ 31

Ehiruh wxuqlqj wr wkh dvvhw sulflqj lpsolfdwlrqv/ lw lv lpsruwdqw wr uhpdun wkdw wklv w|sh ri

xwlolw| ixqfwlrq wdnhv wkh srvwhulru suredelolwlhv dv jlyhq= Wkh vljqdov wkdw lqyhvwruv uhfhlyh duh

rxwvlgh wkhlu rzq frqwuro1 Lq sduwlfxodu/ wkh fkrlfh ri wkh frqvxpswlrq sodqv grhv qrw d�hfw

shu vh wkh hyroxwlrq ri wkh lqyhvwruv* srvwhulru glvwulexwlrq rq wkh vwdwh ri wkh hfrqrp|1

) !*�
�
��
�% ���
�  �
	
�

Lq wklv vhfwlrq L fkdudfwhul}h dvvhw sulfhv xqghu d udwlrqdo h{shfwdwlrq htxloleulxp gh�qhg dv

iroorzv=

Gh�qlwlrq= D Udwlrqdo H{shfwdwlrqv Htxloleulxp lv jlyhq e| d vhw ri sulfhv S +w, > frq0

vxpswlrq f +w,/ dvvhw doorfdwlrq { +w, vxfk wkdw lqyhvwruv vroyh wkh lqwhuwhpsrudo pd{lpl}dwlrq

sureohp +4:, vxemhfw wr +4;, dqg wkh pdunhw fohdulqj frqglwlrqv duh vdwlv�hg/ l1h1 G +w, @ f +w,

dqg { +w, @ 41

Iru frpsdulvrq zlwk odwhu uhvxowv/ lw lv xvhixo wr �uvw �qg wkh ydoxh ri vwrfnv xqghu wkh

vwurqjhu dvvxpswlrq ri eholhi lqghshqghqw xwlolw| ixqfwlrqv1

Sursrvlwlrq 6= Ohw wkh xwlolw| eh eholhi0lqghshqghqw/ wkdw lv/ X +f> w> �, @ X +f> w, @

h3�|
f�3�

4� �
1 Wkhq= +d, Wkh vwrfn sulfh lv jlyhq e|

S� +w, @ G +w,

#
?[
�'�

�� +w,E�

$
+54,

zlwk

E� @
?[
�'�

h�

�
!L���

�3�
h�� +55,
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zkhuh � @ � . +4� �, gldj +��> ===> �?, � �
2� +4� �,�2S dqg h� lv wkh l0wk urz ri wkh lghqwlw|

pdwul{1

+e, Wkh uhdo udwh ri lqwhuhvw lv

u� +w, @ !. �
?[
�'�

�� +w, �� � 4

5
� +4 . �,�2S +56,

Surri = Vshfldo fdvh ri Sursrvlwlrq 71 Vhh dovr Yhurqhvl +5333,1 �

D ihz frpphqwv duh lq rughu= Iluvw/ iru � A 4 zh w|slfdoo| kdyh wkdw E& duh ghfuhdvlqj zlwk

n/ l1h1 d kljkhu jurzwk udwh ri wkh hfrqrp| lv dvvrfldwhg zlwk d orzhu sulfh0glylghqg udwlr18

Wklv h�hfw vwhpv iurp wkh lqwhusod| ri lqfrph dqg vxevwlwxwlrq h�hfw iru wkh srzhu xwlolw| fdvh1

D orz jurzwk udwh ri glylghqgv lpsolhv wkdw ixwxuh frqvxpswlrq lv orzhu wkdq wrgd| dqg khqfh

wkh ghvluh wr vprrwk frqvxpswlrq pdnh lqyhvwru lqfuhdvh wkhlu vdylqjv dqg khqfh ghpdqg iru

dvvhwv1 Wklv sxvkhv wkh uhdo udwh grzq dqg wkh sulfh ri vwrfnv kljk1

Wr vwdwh p| pdlq uhvxow/ L qhhg d odvw slhfh ri qrwdwlrq wkdw zloo eh xvhg lq wkh sursrvlwlrqv

ehorz1 Iru doo l @ 4> ===> q ohw

�� @ �. gldj
�e���> ===>e��?� +57,

zlwk e��� @ +4� ��, �� �
4

5
+4� ��,���

2
S +58,

dqg zkhuh �� @ � +��,1 Wkh iroorzlqj lv p| pdlq uhvxow19

Sursrvlwlrq 7= Iru hdfk n @ 4> ===> q dqg iru jlyhq � +w, > f +w, ohw

�W� +f, @
n��� +w, f +w,

3��S?
�'� n��� +w, f +w,

3��
+59,

E� @
4

n�

?[
�'�

n�h�
�
!L����

�3�
h�� +5:,

8Wklv lv qrw devroxwho| wuxh dqg ghshqgv rq wkh wudqvlwlrq suredelolwlhv b��1 Krzhyhu/ wklv krogv xqghu wkh

dvvxpswlrqv pdgh lq vhfwlrq 9/ zkhuh wkh prgho lv wdnhq wr wkh gdwd1 Vhh dovr Iljxuh 41
9Dorqj wkh olqhv ri wkh surri ri Sursrvlwlrq 7/ lw lv htxdoo| srvvleoh wr rewdlq forvhg irup vroxwlrqv iru erqg

sulfhv ri dq| pdwxulw|1 Lq wkh lqwhuhvw ri vsdfh/ L rplw wkh irupxodv lq wklv fdvh dqg ohdyh wkh lqyhvwljdwlrq ri

erqg uhwxuqv dqg wkh whup0vwuxfwxuh ri lqwhuhvw udwhv xqghu eholhi0ghshqghqw xwlolwlhv wr ixwxuh zrun1
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zlwk n� @ n +��,1 Wkhq=

+d, wkh sulfh ri wkh dvvhw lv

S +w, @ G +w,
?[
�'�

�W� +f,E� +5;,

+e, Wkh uhdo udwh ri lqwhuhvw lv

u +w, @ !.
?[
�'�

�W� +f,���� �
4

5

?[
�'�

�W� +f, �� +�� . 4,�2S �
?[
�'�

�W� +f,F
W
� +f, +5<,

zkhuh

FW
� +f, @

?[
�'�

���
n�
n�
f��3��

Surri = Vhh Dsshqgl{ �

Wkhvh dvvhw sulflqj irupxodv kdyh d qxpehu ri surshuwlhv wkdw L glvfxvv lq wkh qh{w ihz

sdjhv1 Lq wkh vhtxho/ L zloo uhihu wr wkh frqvwdqwv E�*v dsshdulqj lq +5:, dv frqglwlrqdo sulfh0

glylghqg udwlrv/ ehfdxvh hdfk ri wkhp lv wkh sulfh0glylghqg udwlr wkdw zrxog rffxu dw wlph w

li wkhuh zdv shuihfw fhuwdlqw| rq wkh xqghuo|lqj vwdwh1 Lqghhg/ iurp +59, zh vhh lpphgldwho|

wkdw li �� +w, @ 4 iru vrph l/ wkhq �W� +f, @ 4 dqg khqfh S +w, @G +w, @ E�1 Lq dgglwlrq/ d �-� rq

dq h{shfwdwlrq rshudwru HW
| +=, lpsolhv wkdw wkh h{shfwdwlrq lv frpsxwhg xvlqj wkh glvwulexwlrq

+59, udwkhu wkdq � +w,1

L srlqw rxw lpphgldwho| wzr surshuwlhv vwhpplqj iurp sursrvlwlrq 7= Iluvw ri doo/ vxssrvh

wkdw wkh vwdwh �+w, zdv frqvwdqw dqg nqrzq htxdo wr �& +l1h1 �& @ 4 dqg �&� @ 3 iru doo m,/

wkhq wkh irupxodv +5;, dqg +5<, uhgxfh wr

S +w, @
G +w,

!� +4� �&, �& .
�
2 +4� �&,�&�

2
S

@
G +w,

u . ��2S � �&

u @ !. �&�& �
4

5
�& +4 . �&,�

2
S

Khqfh/ shuihfw fhuwdlqw| uhgxfhv wkh prgho wr wkh xvxdo Oxfdv +4<:;, prgho/ zkhuh wkh ulvn

suhplxp lv vlpso| jlyhq e| ��2S 1 Wklv hpskdvl}hv wkdw wkh pdlq lpsolfdwlrqv ri wkh eholhi0

ghshqghqw xwlolw| ixqfwlrq vshfl�fdwlrq vwhp iurp wkh yhu| xqfhuwdlqw| ri lqyhvwruv rq wkh wuxh

guliw udwh ri glylghqgv1

4:



Vhfrqg/ li zh ohw n +�, @ n @ 4 dqg �� @ �� @ � zh rewdlq �W� @ �� dqg khqfh zh rewdlq

edfn wkh sulfh S� dqg wkh lqwhuhvw udwh u� dv lq Sursrvlwlrq 61 Dv douhdg| frpphqwhg/ doo wkh

lpsolfdwlrqv ri wklv dvvhw sulflqj irupxod kdyh ehhq ghwdlohg lq Yhurqhvl +5333,1

L qrz wxuq wr wkh lpsolfdwlrqv ri Sursrvlwlrq 7 lq wkh wzr fdvhv ri frqvwdqw dqg eholhi0

ghshqghqw frh!flhqw ri uhodwlyh ulvn dyhuvlrq1

+ ���
�  �
	
� ��� �
����� ���
� ,���

Lq wklv sdshu L rqo| frqfhqwudwh rq wkh fdvh zkhuh wkh uhodwlyh ulvn dyhuvlrq lv frqvwdqw1 Dv zh

zloo vhh ehorz/ wklv jlyhv douhdg| pdq| lqwhuhvwlqj uhvxowv wkdw duh wkhq hdvlhu wr lqwhusuhw li L

ghsduw iurp wkh vwdqgdug vwdwh0lqghshqghqw xwlolw| iudphzrun rqo| lq rqh glphqvlrq1 L ohdyh

wkh vwxg| ri uhwxuqv xqghu eholhi0ghshqghqw ulvn dyhuvlrq wr ixwxuh zrun1

+�� ���
�  �
	
�

Lq wkh fdvh ri frqvwdqw uhodwlyh ulvn dyhuvlrq/ zh kdyh �� @ �� @ � dqg khqfh zh rewdlq wkh

iroorzlqj fruroodu| wr Sursrvlwlrq 71

Fruroodu| 4= Ohw �� @ �� @ � vr wkdw qrz

�W� +w, @
n��� +w,S?
�'� n��� +w,

+63,

E� @
4

n�

?[
�'�

n�h�

�
!L���

�3�
h�� +64,

Wkhq= +d, Wkh vwrfn sulfh lv jlyhq e|=

S +w, @ G +w,
?[
�'�

�W� +w,E� +65,

+e, Wkh lqwhuhvw udwh lv jlyhq e|

u +w, @ !. �
?[
�'�

�W� +w, �� �
4

5
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�W� +w,F
W
� +66,
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W
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zkhuh u� +w, lv jlyhq lq +56, dqg FW
� @

S?
�'�

&�
&�
��� dqg

YL @

S?
�'� n���

�
�� �

S?
�'� ����

�
S?

�'� ��n�
+68,

@ HW
| ^�`�H| ^�` +69,

Wkh h�hfw ri d eholhi0ghshqghqw xwlolw| ixqfwlrq vkrzv lwvhoi lq wzr whupv lq wkh sulflqj

ixqfwlrq +65, frpsduhg wr wkh ehqfkpdun fdvh +54,= Iluvw/ lw d�hfwv wkh �frqglwlrqdo sulfh0

glylghqg udwlrv� E� dv lw fdq eh vhhq e| frpsdulqj +64, zlwk +55,1 Lqwxlwlyho|/ iurp +53,

wkh fxuuhqw pdujlqdo xwlolw| ri frqvxpswlrq lv qrz eholhi0ghshqghqw1 Khqfh/ hyhq zkhq zh

frqglwlrq rq d sduwlfxodu vwdwh +l1h1 zh vhw �� @ 4 iru vrph l,/ wkh vwdwh0ghshqghqw pdujlqdo

xwlolw| d�hfwv wkh frpsdulvrq ehwzhhq fxuuhqw dqg ixwxuh pdujlqdo xwlolwlhv/ wkhuhe| d�hfwlqj

wkh frqglwlrqdo sulfh0glylghqg udwlr E�1 Vhfrqg/ zkhq � +w, lv d qrq0ghjhqhudwh glvwulexwlrq/

wkh frqglwlrqdo sulfh0glylghqg udwlrv E� duh zhljkwhg e| wkh suredelolw| glvwulexwlrq �W� +w,

udwkhu wkdq wkh ruljlqdo � +w,1 Lqwxlwlyho|/ wkh suredelolwlhv �W� +w, duh qrz dgmxvwhg iru wkh

lpsdfw wkdw hdfk vwdwh �� kdv rq wkh pdujlqdo xwlolw| ri frqvxpswlrq/ qdpho| iru n�1 Lq rwkhu

zrugv/ li n� A n� / wkhq �W� +w, ehfrphv uhodwlyho| eljjhu wkdq �W� +w,= Vwrfn sulfhv qrz uh hfw

pruh wkrvh vwdwhv fkdudfwhul}hg e| kljkhu pdujlqdo xwlolw| ri frqvxpswlrq1

Wxuqlqj wr sduw +e, ri wkh fruroodu|/ zh �qg wkdw dovr wkh lqwhuhvw udwh lv d�hfwhg e| wkh

vwdwh0ghshqghqw xwlolw| ixqfwlrq irupxodwlrq1 Vshfl�fdoo|/ wkh whup

YL @ HW
| ^�`�H| ^�`

gluhfwo| hqwhuv lqwr wkh irupxod/ zkhuh d �-� ghqrwhv dq h{shfwdwlrq wdnhq zlwk uhvshfw wr wkh

glvwulexwlrq �W +w,1 Wklv whup zloo sod| dq lpsruwdqw uroh dovr lq wkh h{shfwhg uhwxuq irupxod

iru vwrfnv1 Lqwxlwlyho|/ YL phdvxuhv wzr lpsruwdqw frpsrqhqwv ri wkh eholhi0ghshqghqw xwlolw|

ixqfwlrq irupxodwlrq= Iluvw/ wkh ehkdylru ri wkh ixqfwlrq n +�, +l1h1 wkh ghjuhh e| zklfk ydulrxv

vwdwhv duh sxoohg dsduw, dqg vhfrqg wkh h{whqw ri wkh �xqfhuwdlqw|� frqwdlqhg lq wkh srvwhulru

glvwulexwlrq � +w,1 Lq idfw/ zh fdq uhdglo| vhh wkdw YL @ 3 li hlwkhu n +�, @ n iru doo � ru li

�� +w, @ 4 iru vrph l1 Lq rughu wr fkdudfwhul}h YL ixuwkhu/ L qhhg wr xvh wkh dvvxpswlrq wkdw

n +�, lv ghfuhdvlqj dqg frqyh{/ dv lq dvvxpswlrq 71 Zh wkhq kdyh wkh iroorzlqj=

Ohppd 5= Ohw Dvvxpswlrq 7 krog1

4<



+d, Li � +w, lv d qrq0ghjhqhudwh glvwulexwlrq/ wkhq YL ? 3>

+e, Ohw n +�, @ n +�,� +� � ��,1 Li n
��
+�, ? 3/ wkhq d phdq suhvhuylqj vsuhdg rq wkh glvwule0

xwlrq � +w, ghfuhdvhv YL 1

Surri = Vhh Dsshqgl{1 �

Zh wkhq kdyh wkh iroorzlqj lpsolfdwlrqv=

Fruroodu| 6= Ohw Dvvxpswlrq 7 krog1

+d, Iru qrq0ghjhqhudwh suredelolw| glvwulexwlrqv/ wkh uhdo udwh ri lqwhuhvw lv dozd|v orzhu wkdq

wkh ehqfkpdun lqwhuhvw udwh1 Wkdw lv/ YL ? 3 dqg
S?

�'� �
W
� +w,F

W
� A 31

+e, Ohw n +�, @ n +�, +� � ��,1 Li n
��
+�, ? 3 dqg wkhuh duh qr uhjlph vkliwv +��� @ 3 iru

doo l> m,/ wkhq kljkhu xqfhuwdlqw| ghfuhdvhv wkh uhdo udwh ri lqwhuhvw1 Wkdw lv/ li h� lv d

phdq0suhvhuylqj vsuhdg ri �/ wkhq hu +w, ? u +w,1

Surri = Lpphgldwh iurp Ohppd 61 �

1

Sduw +d, ri wkh fruroodu| vkrzv wkdw eholhi0ghshqghqw xwlolw| jhqhudwhv orzhu lqwhuhvw udwhv

frpsduhg wr wkh xvxdo Oxfdv hfrqrp| lpsolfdwlrq1 Wklv h�hfw jrhv lq wkh gluhfwlrq ri zhdn0

hqlqj wkh ulvn0iuhh udwh sx}}oh +wkh lqwhuhvw udwh ehlqj wrr kljk iru kljk ohyhov ri ulvn dyhuvlrq,1

Wkh uhdvrq zk| kljkhu xqfhuwdlqw| jhqhudwhv orzhu lqwhuhvw udwhv lv lqwxlwlyh= Zlwk d eholhi0

ghshqghqw xwlolw| ixqfwlrq kljkhu xqfhuwdlqw| lqfuhdvhv wkh yrodwlolw| ri ixwxuh pdujlqdo xwlolw|

ri frqvxpswlrq/ wkhuhe| lqfuhdvlqj wkh ghpdqg iru erqgv wr dw ohdvw uhgxfh wkh yduldelolw| ri

ixwxuh frqvxpswlrq1 Wkh vhfrqg whup
S?

�'� �
W
� +w,F

W
� dovr jrhv lq wkh surshu gluhfwlrq wr orzhu

lqwhuhvw udwhv/ dqg wkh h�hfw vwhpv qrz iurp wkh whup FW
� @

S?
�'�

&�
&�
���1 Vlqfh ��� jlyhv wkh

suredelolw| ri prylqj iurp vwdwh �� wr d gl�huhqw vwdwh �� fkdudfwhul}hg e| wkh pdujlqdo xwlolw|

zhljkw n +��,/ wklv iruhfdvwhg suredelolw| wr pryh wr gl�huhqw pdujlqdo xwlolw| ohyho pdnh djdlq

wkh lqyhvwru lqfuhdvh klv2khu ghpdqg iru erqgv wr ghfuhdvh wkh  xfwxdwlrqv lq frqvxpswlrq1

Lqghhg/ li zh vhw n +�, @ n iru doo �/ wkhq zh kdyh FW
� @ 3 iru doo m/ holplqdwlqj wklv h�hfw1

Sduw +e, ri Fruroodu| 6 vkrzv wkdw li n +�, kdv vx!flhqw fxuydwxuh/ wkhq lqfuhdvhv lq xq0

fhuwdlqw| orzhu wkh uhdo udwh ri lqwhuhvw zkhq wkh xqghuo|lqj xqrevhuydeoh guliw � +w, lv lq idfw
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frqvwdqw1 Wkh odwwhu dvvxpswlrq lv yhu| orrvh/ dqg wkh vdph fdq kdsshq zkhq � +w, pryhv ryhu

wlph dv lq Dvvxpswlrq 5 exw zkhwkhu wklv rffxuv ru qrw vkrxog eh vwxglhg rq d fdvh0e|0fdvh

edvlv1

+�� ���	� �
�����

Gh�qh �uvw wkh iroorzlqj txdqwlw|/ wkdw zloo eh lpsruwdqw ehorz=

Y� @

S?
�'� n�E���

�
�� �

S?
�'� ����

�
S?

�'� ��n�E�

Wkh vxevfulsw �E� lq Y� lv pqhprqlf iru �ehqfkpdun�= Wklv txdqwlw| zdv lqwurgxfhg lq

Yhurqhvl +5333, zklfk lv wkh ehqfkpdun fdvh zlwk vwdwh lqghshqghqw xwlolw|/ zlwk wkh rqo|

lpsruwdqw fdyhdw wkdw lq wkdw fdvh n� @ n @ 4/ d frqvwdqw1 Rqfh djdlq/ dv YL lqwurgxfhg lq

+68, lq wkh suhylrxv vhfwlrq/ wkh txdqwlw| Y� lv vhqvlwlyh wr wkh glvshuvlrq ri eholhiv � +w,/ ehlqj

htxdo wr }hur zkhq �� +w, @ 4 iru vrph l1 Dgglwlrqdoo|/ lw lv vhqvlwlyh wr wkh glvshuvlrq ri wkh

frqglwlrqdo sulfh0glylghqg udwlrv E� zhljkwhg qrz e| n�1 Iru h{dpsoh/ li n +�, @ n @ 4 dqg

� @ 4 +l1h1 orj xwlolw|,/ wkhq E� @ E� dqg Y� @ 31 Iru odwhu uhihuhqfh/ qrwlfh wkdw dv lq Ohppd

6/ li n�E� lv ghfuhdvlqj lq l/ wkhq Y� ? 31 Wklv lv w|slfdoo| wkh fdvh lq wkh ehqfkpdun fdvh zkhq

� A 4 dqg n +�, @ n/ dv L douhdg| phqwlrqhg lq wkh suhylrxv vhfwlrq +vhh Sursrvlwlrq 6,1 Lq wkh

fdvh ri eholhi0ghshqghqw xwlolw|/ zkhwkhu Y� A 3 ru Y� ? 3 ghshqgv rq wkh sdudphwul}dwlrq ri

wkh prgho1

Ohw xv ghqrwh wkh h{fhvv uhwxuq dv

gU @
gS .Ggw

S
� ugw

L wkhq rewdlq wkh iroorzlqj uhvxow=

Sursrvlwlrq 8= +d, Wkh h{fhvv uhwxuq gU iroorzv wkh surfhvv

gU @ �-gw. �-giZ
zlwk

�- @ �
�
�2( . Y� � YL

�� YL
�
4 . k2( +Y� � YL ,

�
+6:,
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�- @ �( . k( +Y� � YL , +6;,

zkhuh k( @ 4@�(1

+e, Wkh ulvn0iuhh udwh hyroyhv dffruglqj wr wkh surfhvv

gu @ �o +�,gw. �o +�, giZ +6<,

zkhuh �o lv jlyhq lq wkh dsshqgl{ dqg

�o +�, @ uk( +Yo . YL ,�
�
!.

4

5
� +� . 4,�2S

�
k(Yo +73,

zkhuh

Yo @

S
� F

o
� ��

�
�� �

S
� ����

�
S?

�'� �� +w,F
o
�

dqg Fo
� @ �n��� �FW

� =

Surri = Vhh Dsshqgl{1 �

Iurp wkh deryh irupxodv/ lw lv fohdu wkdw uhwxuqv duh fkdudfwhul}h pdlqo| e| wkh txdqwlw|

Y��YL 1 Ehiruh lqwhusuhwlqj wkh uhvxowv/ uhfdoo wkdw xqghu Dvvxpswlrq 7/ Ohppd 5 vkrzv wkdw

YL ? 31 Krzhyhu/ wkh vdph dvvxpswlrq pd| lpso| wkdw n�E� lv dovr ghfuhdvlqj/ zklfk zrxog

ohdg wr Y� ? 31 Lq wklv fdvh lw lv kdug wr jdxjh zkhwkhu +Y� � YL , lv srvlwlyh ru qhjdwlyh1

Krzhyhu/ wkh qh{w uhvxow vkrzv wkdw li zh kdyh wkdw wkh frqglwlrqdo sulfh0glylghqg udwlr E� lv

lqfuhdvlqj lq ��/ wkhq zh fdq vljq xqdpeljxrxvo| +Y� � YL ,1 Dv zh vkdoo vhh lq Vhfwlrq 9/ dq

lqfuhdvlqj frqglwlrqdo sulfh0glylghqg udwlr lv wr eh h{shfwhg iru prvw sdudphwhu ydoxhv1

Ohppd 6= Ohw n +�, eh ghfuhdvlqj lq � dqg E� lqfuhdvlqj lq ��1 Wkhq Y� � YL A 31

Surri1 Vhh wkh dsshqgl{1 �

Htxdwlrq +6:, vkrzv wkdw wkh h{shfwhg h{fhvv uhwxuqv zlwk eholhi0ghshqghqw xwlolw| duh

d�hfwhg e| wkh wzr phdvxuhv YL dqg Y�/ zklfk iru jlyhq srvwhulru glvwulexwlrq � +w, @

+�� +w, > ===> �? +w,,/ phdvxuh wkh h{whqw ri dyhuvlrq wr vwdwh xqfhuwdlqw| +YL , dqg lwv h�hfw rq

wkh frqglwlrqdo sulfh0glylghqg udwlrv +Y�,1 Lq fdvh ri shuihfw fhuwdlqw|/ wkhq erwk YL @ Y� @ 3

dqg zh kdyh wkh xvxdo uhvxow wkdw wkh lqvwdqwdqhrxv h{shfwhg uhwxuqv duh htxdo wr ��2(1 Xq0

fhuwdlqw| zlwk d kljk ghjuhh ri xqfhuwdlqw| dyhuvlrq pdnhv YL ? 3 dqg Y� � YL A 3/ zklfk
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lqfuhdvh wkh h{shfwhg uhwxuq vxevwdqwldoo|1 Iurp +6;,/ wkh vdph h�hfw lqfuhdvhv wkh yrodwlolw|

ri vwrfn uhwxuqv1 Uhfdoo iurp wkh suhylrxv vhfwlrq +htxdwlrq +67,, wkdw wkh vdph dvvxpswlrq

hqwdlov d orzhu lqwhuhvw udwh zlwk uhvshfw wr wkh vwdqgdug fdvh1 Ilqdoo|/ iurp +73, zh vhh wkdw

wkh yrodwlolw| ri wkh lqwhuhvw udwh lv d�hfwhg e| vwdwh0xqfhuwdlqw|1 Wkh txdqwlw| Yo kdv wkh vdph

irup dv wkh rwkhu YL dqg Y�1 Krzhyhu/ lw lv gl!fxow wr vd| zkhwkhu wkh yrodwlolw| ri lqwhuhvw

udwhv ghfuhdvhv ru qrw zlwk xqfhuwdlqw| dyhuvlrq/ ehfdxvh wkh irup ri FW
� lv udwkhu frpsoh{1

Udwkhu wkdq frpphqwlqj ixuwkhu wkhvh irupxodv/ L qrz wxuq wkh hpslulfdo lpsolfdwlrqv/

fdoleudwlrq dqg hvwlpdwlrq iru d wljkwo| sdudphwul}hg yhuvlrq ri wkh prgho glvfxvvhg vr idu1

- !%�
�
	�� �%��
	��
���

Lq wklv vhfwlrq L vshfldol}h wkh prgho iru glylghqgv +frqvxpswlrq, wr d yhu| sduvlprqlrxv vhw0xs

zklfk dovr |lhogv vlpsoh irupxodv iru wkh frqglwlrqdo sulfh0glylghqg udwlrv E�1 Wrjhwkhu zlwk

qh{w vxevhfwlrq zkhuh dq hpslulfdo dqdo|vlv ri wkh prgho iru frqvxpswlrq lv fduulhg rxw/ wklv

vhfwlrq dovr ghprqvwudwhv wkh  h{lelolw| ri wkh dssurdfk ri glvfuhwl}lqj wkh vwdwh0vsdfh/ dv lq

Dvvxpswlrq 5 lq Vhfwlrq 61 Lqghhg/ wklv dvvxpswlrq qrw rqo| pdnhv lw srvvleoh wr rewdlq forvhg

irup vroxwlrqv iru dvvhw sulfhv/ exw lw dovr pdnhv lw uhodwlyho| hdv| wr lpsohphqw wkh prgho

iurp dq hfrqrphwulf vwdqgsrlqw1

Vxssrvh iru h{dpsoh wkdw wkh guliw udwh ri glylghqgv +frqvxpswlrq, iroorzv wkh sxuh mxps

surfhvv

g�| @ +M| � �|,gT
REw|�
|

zkhuh gT
REw|�
| ghqrwhv wkh lqfuhphqw ri d Srlvvrq surfhvv zlwk lqwhqvlw| s +�|, dqg M| lv d

udqgrp yduldeoh zlwk dq| ghqvlw| i +�,1: Zh fdq wudqvirup wklv surfhvv lqwr d surfhvv vdwlvi|lqj

Dvvxpswlrq 5 dv iroorzv= Ohw xv �uvw vhohfw d �qh julg � @ ^��> ==> �?` zlwk erxqgdulhv �� dqg �?

fkrvhq vxfk wkdw S +M| ? ��, @ S +M| A �?, � 31 Jlyhq wkh julg �/ ohw xv dovr gh�qh s� @ s +��,

dqg i� @ I +�� . k@5, � I +�� � k@5,/ zkhuh k lv wkh lqwhuydo vl}h ri wkh julg dqg I +=, lv wkh

fxpxodwlyh glvwulexwlrq rq i +=,11 Ilqdoo|/ rqh fdq wkhq rewdlq wkh q� q lq�qlwhvlpdo pdwul{

� dv ��� @ s�i� iru m 9@ l dqg ��� @ s�i� � s�1 Lq wklv fdvh zh kdyh wkh iroorzlqj fruroodu|=

:Vhh Yhurqhvl +5333, dqg Wlpphupdq +5334, iru vlplodu prghov dssolhg wr vwrfn sulfhv1
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Fruroodu| 8= Ohw ��� @ s�i� iru m 9@ l dqg ��� @ s�i� � s�1 Gh�qh wkh wzr frqvwdqwv

K� @
?[
�'�

i�n�

!. e�� . s�
dqg K2 @

?[
�'�

i�s�

!. e�� . s�

zkhuh e�� @ +4� �, �� � �
2 +4� �,��2S 1 Wkhq/ iru doo l @ 4> ===> q=

E� @
4�K2 .

R�
&�
K��

!. s� . +4� �, �� � �
2 +4� �,��2S

�
+4�K2,

Surri = Vhh Dsshqgl{1 �

Qrwlfh wkdw li n� @ 4 iru doo l +l1h1/ qr eholhi ghshqghqw xwlolw|,/ wkhq wkh sulfh glylghqg udwlr

frqglwlrqdo rq vwdwh l lv ghfuhdvlqj zlwk �� xqohvv dovr s� lv lqfuhdvlqj zlwk l1 Wklv lv gxh wr

wkh zhoo0nqrzq zhdowk h�hfw iru srzhu xwlolw| ixqfwlrqv1 Wkh ixqfwlrq n� wkdw hqwhuv lqwr wkh

xwlolw| ixqfwlrq X +f> �, @
S?

�'� ��n�f
�3�@ +4� �, kdv wkh h�hfw ri lqfuhdvlqj wkh frqglwlrqdo

sulfh0glylghqg udwlr E� dv �� lqfuhdvhv dv orqj dv s� A 31;

Ehiruh ghvfulelqj ixuwkhu wkh surshuwlhv ri wkh frqglwlrqdo sulfh0glylghqg udwlrv E�/ L qhhg

wr vshfli| wkh irup ri wkh ixqfwlrq n� @ n +��, zklfk ghwhuplqhv wkh wlph yduldwlrq lq pdujlqdo

xwlolw| dv wkh glvwulexwlrq � +w, fkdqjh dqg wkh irup ri wkh glvwulexwlrq i @ +i�> ===> i?, iurp

zklfk qhz guliwv duh fkrvhq li d mxps duulyhv1 Lq dgglwlrq/ zh pxvw dovr erxqg deryh dqg

ehorz wkh srvvleoh guliwv udwhv � wr hqvxuh wkdw doo wkh h{shfwdwlrqv wkdw ohdg wr wkh sulflqj

irupxod +65, dfwxdoo| h{lvw1

L vwduw iurp wkh irup ri i @ +i�> ===> i?, dqg fkrrvh i dv wkh glvfuhwl}dwlrq ri d qrupdo

glvwulexwlrq rq wkh �qh julg � @ ^��> ===> �?` ri srvvleoh guliwv1 Wkdw lv/ ohw

i� @

] w�n
�
2

w�3
�
2

4s
5��w

h
3 �

2j2
w

E%3>�2

g{ +74,

Lq wkh fdoleudwlrq L zloo vhw � @ 3=34<8 zklfk lv wkh xqfrqglwlrqdo dqqxdo frqvxpswlrq jurzwk

lq wkh gdwd L xvh ehorz/ zkloh �w @ =34/ wkdw lv/ qhz guliwv zrxog eh fkrvhq lq wkh lqwhuydo

^�=3338> =36<8` zlwk <8( suredelolw|1 L dovr vhw wkh erxqgdulhv ri �� dqg �? vr wkdw i� dqg

; Lqghhg/ hyhq lq wkh pruh jhqhudo fdvh +5:, zh fdq vhh wkdw li b�� ' f iru doo ��/ wkhq wkh irup ri wkh

frqglwlrqdo sulfh0glylghqg udwlrv �� froodsvhv wr wkh rqh zlwk vwdwh lqghshqghqw xwlolwlhv1 Krzhyhu/ wklv grhv

qrw lpso| wkdw xqfhuwdlqw| kdv qr h�hfw rq uhwxuqv/ yrodwlolw| ru lqwhuhvw udwhv wkhpvhoyhv1 Dv lw lv fohdu iurp

+6:,0+6;,/ zh vwloo kdyh T� 	 f dqg TL 	 f jhqhudwlqj vrph dfwlrq rq uhwxuqv dqg lqwhuhvw udwhv1
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i? ? 4h3D1 Lq wkh uhvxowv ehorz L vkdoo dvvxph s� @ s/ d frqvwdqw/ zklfk L ydu| ehwzhhq s @ =4

+d vkliw hyhu| whq |hduv, dqg s @ =5 +d vkliw hyhu| �yh |hdu, wr fkhfn krz uhvxowv ghshqg rq

wkh suredelolw| ri vkliwlqj dzd| iurp d sduwlfxodu vwdwh1 L dovr vhw �S @ 3=3498/ zklfk lv wkh

dqqxdo yrodwlolw| ri frqvxpswlrq jurzwk1 Ilqdoo|/ wr dssur{lpdwh zhoo wkh lqwhuydo ehwzhhq ��

dqg �? zlwkrxw orvlqj lq qxphulfdo h!flhqf|/ L fkrrvh q @ 5331

Wxuqlqj wr wkh ixqfwlrq n +�, > L fkrrvh d vlpsoh sdudphwul}dwlrq ri wkh ixqfwlrq n +�,/

vshfl�fdoo|=

n +�, @ n � +�� . 4 . �,34

zkhuh n lv vhw vr wkdw wkh xqfrqglwlrqdo h{shfwhg n +�, htxdov rqh/ wkdw lv n @ 4@
kS?

�'� i� +�� . 4 . �,34
l
1

Wklv vshfl�f irup hqvxuhv wkdw n +�, A 3 iru hyhu| � 5 � dv uhtxluhg e| wkh fkdudfwhul}dwlrq

lq Vhfwlrq 5151 Wkh sdudphwhu � gh�qhv wkh fxuydwxuh ri n +�,1 � @ 3 fruuhvsrqgv wr wkh

vwdwh0lqghshqghqw xwlolw| ixqfwlrq lqyhvwljdwhg lq Yhurqhvl +5333, zklfk zloo khos pdnlqj frp0

sdulvrqv1 Iljxuh 4 sorwv wkh frqglwlrqdo sulfh0glylghqg udwlrv E� iru wkh sdudphwhuv s @ =4/

! @ =358/ �w @ =34/ � @ =34<8/ �S @ =3498 dqg � @ 5 dqg iru wkuhh ydoxhv ri � @ 3> 43> 53=

Zh fdq vhh wkdw dv wkh dyhuvlrq wr vwdwh xqfhuwdlqw| lqfuhdvhv/ wkh frqglwlrqdo sulfh0glylghqg

udwlr pryhv iurp ehlqj qhjdwlyho| vorshg zlwk uhvshfw wr �� wr ehlqj srvlwlyho| vorshg1 Khqfh/

lqfuhdvhv lq frqvxpswlrq jurzwk zrxog uhgxfh wkh sulfh0glylghqg udwlr lq wkh edvh fdvh � @ 3

exw lw zrxog lqfuhdvh lw iru � @ 531

Wdeoh 4 ehorz vkrzv wkh h�hfw ri eholhi0ghshqghqw xwlolwlhv rq h{shfwhg uhwxuqv/ wkh lqwhuhvw

udwh ohyho dqg wkhlu yrodwlolwlhv1< Lq wkh fdoleudwlrq/ lqyhvwruv* srvwhulru glvwulexwlrq � +w, lv dovr

dvvxphg qrupdo dv lq +74, zlwk fhqwhu � @ 3=34<8/ exw L ydu| lwv glvshuvlrq/ fdoo lw �Z/ ehwzhhq

�Z @ =34 dqg �Z @ =338 wr vkrz wkh h�hfw ri kljkhu ru orzhu xqfhuwdlqw|1 Qrwlfh lq wkh wdeoh

wkdw qhjdwlyh hqwulhv iru wkh �yrodwlolw|� vlpso| lpso| d qhjdwlyh fruuhodwlrq zlwk frqvxpswlrq

jurzwk1

Iluvw ri doo/ frqvlghu wkh uhvxowv iru � @ 3= Wklv fruuhvsrqgv wr vhw0xs dovr vwxglhg lq

Yhurqhvl +5333, dqg pd| vhw wkh ehqfkpdun1 Lq doo fdvhv/ zh vhh wkdw dv wkh frh!flhqw ri ulvn

dyhuvlrq � lqfuhdvhv/ wkh htxlw| suhplxp �uvw lqfuhdvhv exw wkhq ghfuhdvhv wxuqlqj qhjdwlyh

<Wkh uhsruwhg qxpehuv duh rewdlqhg xvlqj wkh irupxodv iru h{shfwhg uhwxuqv/ yrodwlolwlhv dqg lqwhuhvw udwhv

rewdlqhg lq forvhg irup lq wkh suhylrxv vhfwlrq1 Prqwh Fduor vlpxodwlrqv frq�uphg wkh uhvxowv lq wkh wdeoh1
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iru kljk ohyhov ri �1 Vlploduo|/ wkh ohyho ri yrodwlolw| lv �uvw ghfuhdvlqj dqg wkhq lqfuhdvlqj lq �/

zkhq htxloleulxp uhwxuqv ehfrph qhjdwlyho| fruuhodwhg zlwk frqvxpswlrq jurzwk1 Erwk wkhvh

h�hfwv duh gxh wr wkh zhoo0nqrzq zhdowk h�hfw ri wkh srzhu xwlolw| ixqfwlrq= Zkhq lqyhvwruv

gr qrw nqrz wkh jurzwk udwh ri glylghqgv/ wkh| ohduq derxw lw wkhuhe| lqgxflqj d srvlwlyh

+lqvwdqwdqhrxv, dxwrfryduldqfh lq wkhlu h{shfwhg jurzwk udwh ri frqvxpswlrq1 Dv lw lv zhoo

nqrzq +vhh h1j1 Fdpsehoo +5333,,/ dv zh lqfuhdvh wkh frh!flhqw ri ulvn dyhuvlrq/ wkh lqfuhdvh

lq wkh ghvluh wr vprrwk frqvxpswlrq pdnh lqyhvwruv gxps vwrfnv zkhq wkh| rewdlq jrrg qhzv

rq glylghqgv dqg ex| vwrfn zkhq wkh| rewdlq edg qhzv derxw glylghqgv1 Wklv jhqhudwh d zhdn

ru hyhq qhjdwlyh fryduldqfh ehwzhhq uhwxuqv dqg frqvxpswlrq jurzwk/ wkhuhe| |lhoglqj wkh orz

ru hyhq qhjdwlyh ulvn0suhpld1

Lq wkh iroorzlqj/ L zloo �{ wkh frh!flhqw ri ulvn dyhuvlrq � @ 5/ vr wkdw wkh hodvwlflw| ri

lqwhuwhpsrudo vxevwlwxwlrq lv derxw 18/ dv pdq| vwxglhv vkrz1 Zh fdq qrz vhh wkdw dv zh

lqfuhdvh �/ l1h1 wkh fxuydwxuh lq n +�, wkdw phdvxuhv wkh �dyhuvlrq wr vwdwh0xqfhuwdlqw|/� wkh

htxlw| suhplxp lqfuhdvhv/ wkh yrodwlolw| ri vwrfn uhwxuqv lqfuhdvhv/ wkh ulvn0iuhh udwh ghfuhdvhv

exw lwv yrodwlolw| ohyho lv X0vkdshg1 Vr/ iru h{dpsoh/ lq fdvh L zkhuh s @ =5 dqg �Z @ =34 zh

�qg wkdw iru � @ 3 zh kdyh H ^U` @ =36(/ �- @ 6(/ u @ 6=79( dqg �o @ =336/ zkloh wkh

qxpehuv ehfrph H ^U` @ ;=4(/ �- @ 57(/ u @ 8=6( dqg �o @ �=38 iru � @ 831 Zh fdq dovr

vhh wkdw ghfuhdvlqj wkh iuhtxhqf| ri vkliwv wr s @ =4 +fdvh LL, zh rewdlq d orzhu htxlw| suhplxp

ri 915(/ d orzhu yrodwlolw| 4;1:(/ wkh vdph lqwhuhvw udwh exw zlwk kljkhu lqwhuhvw udwh yrodwlolw|

�o @ �=34<( +exw orzhu lq devroxwh ydoxh,1 Ghfuhdvlqj wkh glvshuvlrq �Z ri wkh glvwulexwlrq

� +w, kdv dovr vlplodu h�hfwv +fdvh LLL dqg LY,= Erwk wkh htxlw| suhplxp dqg wkh yrodwlolw|

ghfolqh/ wkh lqwhuhvw udwh ghfuhdvhv exw lwv yrodwlolw| lqfuhdvhv +exw ghfuhdvhv lq devroxwh ydoxh,1

-�� �
��
�$ �
�� ,����%��
�� ����

Lq wklv vhfwlrq L hvwlpdwh wkh vlpsoh prgho lq wkh suhylrxv vhfwlrq xvlqj txduwhuo| gdwd rq

uhdo frqvxpswlrq jurzwk iurp 4<7904<<<1 Frqvxpswlrq gdwd duh iurp wkh QLSD wdeohv dqg

lqfoxgh rqo| qrq0gxudeohv dqg vhuylfhv1 Qrplqdo shu0fdslwd gdwd kdyh ehhq gh dwhg xvlqj

wkh FSL lqgh{1 Hvwlpdwhv duh rewdlqhg e| Pd{lpxp Olnholkrrg e| dsso|lqj vwdqgdug uhjlph

59



vzlwfklqj phwkrgv wr wkh �glvfuhwl}hg� prgho glvfxvvhg deryh143 c44 Wkh uhvxowv duh uhsruwhg lq

Wdeoh 51 Wr jdlq lq hvwlpdwlrq h!flhqf|/ wkh phdq � ri wkh mxps glvwulexwlrq i � Q �
�> �2w

�
kdv ehhq vhw htxdo wr wkh orqj0uxq phdq frqvxpswlrq jurzwk145

Wdeoh 5 vkrzv wkdw wkh +dqqxdol}hg, vzlwfklqj suredelolw| s @ 3=4;49/ lpso|lqj d �mxps�

hyhu| �yh |hduv dssur{lpdwho|1 Wklv lv txlwh lq olqh zlwk wkh dyhudjh ohqjwk ri d errp dqg

uhfhvvlrq1 Wkh dqqxdol}hg yrodwlolw| ri frqvxpswlrq jurzwk kdv ehhq hvwlpdwhg dw �S @ 3=3467/

voljkwo| ehorz wr wkh vdpsoh vwdqgdug ghyldwlrq ri frqvxpswlrq jurzwk/ zklfk lv htxdo wr

3=34981 Ri frxuvh/ wklv lv wr eh h{shfwhg zkhq wkhuh duh mxpsv lq wkh guliw dv sduw ri wkh

yduldelolw| ri frqvxpswlrq lv qrz fdswxuhg e| wkh mxpsv wkhpvhoyhv1 Ilqdoo|/ zh vhh iurp Wdeoh

5 wkdw li d �mxps� rffxuv/ wkh qhz guliw lv fkrvhq dffruglqj zlwk wkh glvwulexwlrq i � Q �
�> �2w

�
zlwk �w @ 3=38661 Wklv lv d udwkhu odujh ydoxh zklfk lpsolhv wkdw jlyhq wkh dyhudjh jurzwk

udwh ri frqvxpswlrq htxdo wr � @ 3=34<8 wkh qhz guliw lv lq wkh udqjh ^�=3;:4> 3=4594` zlwk
suredelolw| <8(1 Iljxuh 5 sorwv wkh ghqvlw| glvwulexwlrq1 Dowkrxjk vxfk d zlgh udqjh lq wkh

vwdwlrqdu| glvwulexwlrq ri wkh guliw sdudphwhuv lv suredeo| gxh wr wkh �uvw ihz |hduv lq wkh

vdpsoh/ wkh| vwloo lqglfdwh wkdw d vrphzkdw odujh �xqfhuwdlqw|� pd| hqvxh gxh wr �mxpsv� lq

wkh guliw udwh ri frqvxpswlrq1 Qrwlfh dovr wkdw wkh sdudphwhu �w lv vljql�fdqw dw wkh 8( ohyho/

hyhq diwhu fruuhfwlqj wkh vwdqgdug huuruv iru khwhurvnhgdvwlflw| dqg dxwrfruuhodwlrq1 Ilqdoo|/ lw

43Frpsduhg wr vwdqgdug uhjlph vzlwfklqj prghov dv lq Kdplowrq +4<;<,/ glvfuhwl}lqj wkh vwdwh0vsdfh zlwk d

odujh qxpehu ri vwdwhv pdnhv lw pruh �olnho|� wkh qhhg wr ghdo zlwk wkh vlqjxodulwlhv1 Wkh Olnholkrrg ixqfwlrq

whqgv wr n" dv R 3< � ru jw 3< f1 Dv uhfrpphqghg lq wkh olwhudwxuh +vhh Kdplowrq +4<<7,,/ wkhvh sureohpv

duh w|slfdoo| dyrlghg e| uhvwulfwlqj wkh sdudphwhuv wr olh lq d frpsdfw vhw wkdw grhv qrw lqfoxgh wkh vlqjxodu

srlqw1
44 L vkrxog qrwlfh wkdw wkh prgho ghvfulehg lq wklv sdshu lv vhw lq frqwlqxrxv wlph/ zkloh wkh hfrqrphwulf

phwkrgrorj| lv vhw lq glvfuhwh wlph1 L dfnqrohgjh wkdw d eldv pd| uhvxow lq wkh hvwlpdwhv/ exw nhhs qrqwkhohvv

wkh suhvhqw dssurdfk iru vlpsolflw|1 Lq dgglwlrq/ wkh pdlq srlqw lv wr vkrz krz xqfhuwdlqw| fkdqjhv ryhu wlph

dqg krz wklv d�hfwv dvvhw sulfhv ehfdxvh ri �xqfhuwdlqw| dyhuvlrq1� L dp frq�ghqw wkdw xvlqj frqwlqxrxv wlph

hvwlpdwlrq phwkrgv wr fruuhfw iru wkh eldv zrxog uhvxow lq vhfrqg rughu lpsolfdwlrqv iru wkh hpslulfdo uhvxowv

ghvfulehg ehorz1
45 L dovr hvwlpdwhg wkh ixoo prgho lqfoxglqj wkh phdq > ri wkh glvwulexwlrq s 1 Wkh hvwlpdwhv ri wkh rwkhu

sdudphwhuv zhuh yhu| vlplodu wr wkh rqhv rewdlqhg lq Wdeoh 5/ zkloh > ' 3f�ff2D +dqqxdol}hg, zdv irxqg wr

eh qrw vljql�fdqw +w0vwdw durxqg 5,1 Wkh vdph lpsolfdwlrqv derxw vwrfn uhwxuqv dqg sulfhv zhuh rewdlqhg dv lq

Wdeoh 6 e| dvvxplqj wkh kljkhu glvfrxqw udwh � ' f�fS1
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lv nqrzq lqghhg wkdw frqvxpswlrq jurzwk zdv pxfk pruh yduldeoh dqg yrodwloh iru wkh suh0zdu

vdpsoh/ zklfk xqiruwxqdwho| lv qrw dydlodeoh dw wkh txduwhuo| iuhtxhqf|1 Krzhyhu/ li djhqwv

xvhg sdvw gdwd wr ghwhuplqh wkh mxps glvwulexwlrq i / wkh| zrxog kdyh suredeo| hvwlpdwhg d

glvwulexwlrq hyhq pruh glvshuvhg wkdq wkh rqh L rewdlqhg1

Iljxuh 6 uhsruwv wkh hyroxwlrq ri wkh srvwhulru glvwulexwlrq � +w, @ +�� +w, > ===> �? +w,, iurp

4<7904<<<146 Lw lv udwkhu lqwhuhvwlqj wr qrwh wkh zlgh  xfwxdwlrqv lq wkh glvshuvlrq ri wkh

srvwhulru glvwulexwlrq ryhu wlph1 Wkh lqwxlwlrq lv udwkhu vlpsoh= Zkhq d mxps rffxuv +ru

djhqwv eholhyh lw rffxuuhg, lw wdnhv vrph wlph wr ohduq wkh qhz guliw1 Gxulqj wklv shulrg ri

wlph wkh srvwhulru glvwulexwlrq zlghqv1 Wklv h�hfw lv hyhq pruh hylghqw lq Iljxuh 7/ zklfk

sorwv wkh wlph vhulhv ri phdq guliw udwh H ^�` @
S?

�'� �� +w, �� +sdqho D, dqg wkh urrw phdq

vtxduh huuru ri djhqwv glvwulexwlrq UPVH @
s
Y +�, zkhuh Y +�, @ H

�
�2
�� �H +�,2

�
+Sdqho

+E,,1 Wkh �jxuh fohduo| vkrzv d kljk yduldelolw| ri h{shfwhg guliw lq wkh �uvw wzr |hduv ri wkh

vdpsoh dffrpsdqlhg e| d kljk urrw PVH1 Wkh �xqfhuwdlqw|� ghfuhdvhg lq wkh 83v dqg 93v exw

uhfryhuhg lq wkh :3v dqg hvshfldoo| wkh ehjlqqlqj ri wkh ;3v1 Kljkhu xqfhuwdlqw| zdv djdlq

uhdol}hg lq wkh <3v1 Lw lv wr wklv xqfhuwdlqw| wkdw wkh djhqwv lq wkh hfrqrp| duh dyhuvh wr1

Jlyhq wkh hvwlpdwhg sdudphwhuv iru wkh xqghuo|lqj frqvxpswlrq surfhvv/ zh qhhg wr dvvhvv

wkh vl}h ri wkh htxlw| ulvn suhplxp/ yrodwlolw|/ ulvn0iuhh udwh dqg lwv yrodwlolw|1 E| fkrrvlqj wkh

sdudphwhu ydoxhv � @ 43/ � @ 4=; dqg ! @ 3=37 L rewdlqhg wkh xqfrqglwlrqdo prphqwv iru vwrfn

uhwxuqv dqg lqwhuhvw udwh dv uhsruwhg lq Wdeoh 61 Wkh h{shfwhg h{fhvv uhwxuq lv derxw 8159(/

voljkwo| ehorz wkh htxlw| suhplxp lq dfwxdo gdwd ri derxw 91;(/ zkloh wkh �wwhg ydoxh ri wkh

yrodwlolw| lv derxw 4:1:(/ zklfk lv voljkwo| deryh wkh dfwxdo ydoxh ri 481<9(1 Wkh dyhudjh ohyho

ri wkh lqwhuhvw udwh lv derxw 415(/ zklfk lv udwkhu forvh wr wkh vwdqgdug 5( ohyho frqvlghuhg

�uhdvrqdeoh/� dowkrxjk wkh yrodwlolw| ri +fkdqjhv, lq lqwhuhvw udwhv lv derxw 31388:/ zklfk lv

vrphzkdw deryh wkh uhdol}hg rqh ri 3135591

46Jlyhq wkh glvfuhwl}dwlrq phwkrgrorj| xvhg wr hvwlpdwh wkh prgho/ wkh srvwhulru glvwulexwlrq fdq eh frpsxwhg

hdvlo| e| Ed|hv odz +vhh h1j1 Kdplowrq +4<;<,,=

Z� E|n �� '
e
3

4

5�5
E{SE|n��3wl�

5

dZ E|�\o�S?

�'� e
3

4

5�5
E{SE|n��3wm�

5

dZ E|� \o�

zkhuh {S E|� ' *? ES E|n ���3 *? ES E|�� lv wkh uhdo frqvxpswlrq jurzwk dqg \ lv qrz wkh wudqvlwlrq suredelolw|

pdwul{ iru wkh glvfuhwh wlph fdvh1
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Wr hpskdvl}h wkh prgho delolw| wr pdwfk dovr frqglwlrqdo prphqwv/ Iljxuhv 8 sorwv wkh

dfwxdo h{0srvw vwrfn uhwxuq yrodwlolw| iurp 4<79 wr 4<<< dqg wkh rqh lpsolhg e| wkh prgho iurp

frqvxpswlrq gdwd1 Wkh h{0srvw yrodwlolw| lv frpsxwhg dv wkh vwdqgdug ghyldwlrq ri gdlo| vwrfn

uhwxuqv lq wkh uhohydqw txduwhu zkloh wkh prgho yrodwlolw| lv wkh rqh lpsolhg e| irupxod +6;,

iru wkh srvwhulru suredelolw| � +w, lq wkh vdph txduwhu1 Fohduo|/ wkh prgho ryhusuhglfwhg wkh

yrodwlolw| dw wkh ehjlqqlqj ri wkh vdpsoh dqg xqghusuhglfwhg wkh yrodwlolw| dw wkh hqg ri wkh

vdpsoh1 Krzhyhu/ ryhu wkh 83 |hduv ri vdpsoh/ wkh yrodwlolw| pryhg lq d vlplodu idvklrq dv wkh

rqh lq wkh gdwd1 Iljxuh 9 sorwv wkh wlph vhulhv ri sulfh0glylghqg udwlrv lpsolhg e| wkh prgho1

Dowkrxjk wkh pdwfk lv qrw dv jrrg dv lq wkh fdvh ri yrodwlolw|/ L qrwlfh wkdw wkh prgho jhqhudwhg

sulfh0glylghqg udwlr kdv wkh vdph glvshuvlrq +dw ohdvw xqwlo wkh plg <3v, ri wkh uhdol}hg rqh

dv lw  xfwxdwh ehwzhhq 48 dqg 751 Rqh ri wkh sureohpv zlwk wklv sulfh0glylghqg udwlr dv lv

hylghqw iurp wkh sorw lv wkdw lw lv wrr yduldeoh frpsduhg wr wkh uhdol}hg rqh1 Lw wxuqv rxw wkdw

wklv lv gxh wr wkh udwkhu kljk ydoxh ri wkh mxps suredelolw| s +@ =4;49,1 Dv s pryhv forvhu wr

3=4/ wkh pdwfk ri wkh sulfh0glylghqg udwlr lpsuryhv vxevwdqwldoo|1

. ,��	���
���

Lq wklv duwlfoh L uh0lqwhusuhwhg vwdqgdug d{lrpv lq wkh wkhru| ri fkrlfh gholyhulqj d vwdwh0

ghshqghqw xwlolw| lq rughu wr jlyh d irxqgdwlrq wr d �eholhi 0ghshqghqw� xwlolw| ixqfwlrq/ wkdw lv/ d

xwlolw| ixqfwlrq uhsuhvhqwlqj suhihuhqfhv vxfk wkdw fkdqjhv lq vxemhfwlyh eholhiv rq dq xqghuo|lqj

vwdwh jhqhudwh fkdqjhv lq suhihuhqfh rughulqjv ryhu sul}hv1 L vkrz wkdw wklv lqwhusuhwdwlrq

qdwxudoo| ohdgv wr d qrwlrq ri �dyhuvlrq wr vwdwh0xqfhuwdlqw|� dqg wkhq fkdudfwhul}hg wkh +eholhi0

ghshqghqw, xwlolw| ixqfwlrqv glvsod|lqj frqvwdqw uhodwlyh dqg devroxwh ulvn dyhuvlrq1 Vlqfh

srvwhulru suredelolwlhv hqwhu olqhduo| lq wkh xwlolw| ixqfwlrq/ wklv dssurdfk lv sduwlfxoduo| xvhixo

wr vwxg| g|qdplf v|vwhpv zkhuh djhqwv xsgdwh wkhlu vxemhfwlyh suredelolw| glvwulexwlrq rq d

dq h{whuqdo vwdwh +zklfk wkh| fdqqrw frqwuro,1

Lq dq h{fkdqjh hfrqrp| zkhuh wkh �vwdwh� lv wkh xqghuo|lqj guliw udwh ri wkh hfrqrp|/ L dujxh

wkdw dyhuvlrq wr vwdwh xqfhuwdlqw| fdq eh qdwxudoo| lqwhusuhwhg dv dyhuvlrq wr orqj uxq ulvn1 Wklv

lv ehfdxvh wkh guliw udwh ri frqvxpswlrq lv uhvsrqvleoh iru wkh orqj0whup dyhudjh frqvxpswlrq

sdwk1 Dv d frqvhtxhqfh/ dq �xqfhuwdlqw| dyhuvh� lqyhvwru lv dyhuvh wr wkh glvshuvlrq ri orqj0
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whup dyhudjh frqvxpswlrq sdwkv1 Lq rwkhu zrugv/ zkloh �ulvn dyhuvlrq� dssolhv wr wkh orfdo

yrodwlolw| ri frqvxpswlrq/ �xqfhuwdlqw| dyhuvlrq� dssolhv dovr wr wkh glvshuvlrq ri guliwv/ zklfk

e| wkhlu rzq qdwxuh kdyh d orqjhu whup frqqrwdwlrq1

Lq wklv vhw xs/ L rewdlq forvhg irup vroxwlrqv iru dvvhw sulfhv1 Vshfl�fdoo|/ L rewdlqhg

lqwhusuhwdeoh irupxodv iru vwrfn uhwxuqv dqg lqwhuhvw udwhv/ vkrzlqj wkdw kljkhu xqfhuwdlqw|

whqgv wr udlvh wkh htxlw| suhplxp dqg wkh dyhudjh yrodwlolw|/ ghfuhdvh wkh lqwhuhvw udwh dqg

jhqhudwh yrodwlolw| foxvwhulqj1 Wkh uhdvrq iru wklv ehkdylru lv wkdw xqfhuwdlqw| fkdqjhv wkh

pdujlqdo xwlolw| ri lqyhvwruv +iru jlyhq frh!flhqw ri uhodwlyh ulvn dyhuvlrq,/ pdnlqj vwrfn uhwxuqv

uhdfw pruh wr qhzv rq frqvxpswlrq1 Wklv lqfuhdvhv wkh htxlw| suhplxp dqg wkh ghpdqg iru wkh

ulvn0iuhh dvvhw +zklfk ghfuhdvhv wkh lqwhuhvw udwh,1 L �qdoo| vkrz wkdw d vlpsoh dqg sduvlprqlrxv

sdudphwul}dwlrq ri wkh prgho pdnhv lw srvvleoh wr pdwfk wkh xqfrqglwlrqdo �uvw dqg vhfrqg

prphqwv ri vwrfn uhwxuqv dqg wkh ulvn0iuhh udwh1 Lq dgglwlrq/ zkhq �wwhg wr uhdo frqvxpswlrq

gdwd/ L vkrz wkdw srvwhulru glvwulexwlrqv frqwdlq d jrrg ghdo ri xqfhuwdlqw| rq wkh fxuuhqw

guliw ri frqvxpswlrq/ d �qglqj zklfk vwuhqjwkhq wkh qrwlrq wkdw lqyhvwruv pd| eh �dyhuvh� wr

wklv glvshuvlrq1 L dovr vkrz wkdw wkh wlph0vhulhv ri prgho0jhqhudwhg frqglwlrqdo yrodwlolw| dqg

sulfh0glylghqg udwlrv duh eurdgo| frqvlvwhqw zlwk wkh rqhv revhuyhg lq wkh gdwd1

D �qdo uhpdun lv lq rughu= Wkh dvvhw sulflqj prgho suhvhqwhg lq wkh suhylrxv sdjhv dvvxphv

wkdw wkh �vwdwh� lv wkh guliw udwh ri frqvxpswlrq iru wkh hfrqrp|1 Wkh prgho fdq eh uhdglo|

h{whqghg wr dffrxqw iru pdq| rwkhu vrxufhv ri xqfhuwdlqw|/ vxfk dv lq dwlrq udwhv ru srolwlfdo

rxwfrphv1 Wkh nh| lqjuhglhqw wr vroyh wkh prgho lv wkdw suredelolwlhv xsgdwh lq d olqhdu idvk0

lrq li wkh xqghuo|lqj hqylurqphqw lv Pdunryldq1 Khqfh/ frpsxwlqj h{shfwdwlrqv lv uhodwlyho|

vlpsoh1 Rwkhu srwhqwldoo| lqwhuhvwlqj dssolfdwlrqv ri wkh vhw0xs sursrvhg lq wklv duwlfoh duh ohiw

iru ixwxuh uhvhdufk1
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Deho/ Dqguhz +4<<3, �Dvvhw sulfhv xqghu kdelw irupdwlrq dqg fdwfklqj xs zlwk wkh Mrqh0

vhv/� Dphulfdq Hfrqrplf Uhylhz Sdshuv dqg Surfhhglqjv/ ;3/ 6;0751

Ednvkl/ Jxugls dqg ]klzx Fkhq +4<<9, �Wkh vslulw ri fdslwdolvp dqg vwrfn pdunhw sulfhv�

Dphulfdq Hfrqrplf Uhylhz/ ;9/ 4/ 466048:1

Eduehulv/ Qlfkrodv/ Plqj Kxdqj dqg Wdqr Vdqwrv +5333, �Survshfw wkhru| dqg dvvhw sulfhv/�

iruwkfrplqj lq wkh Txduwhuo| Mrxuqdo ri Hfrqrplfv1

Euhqqdq/ Plfkdho dqg \lkrqj [ld +5334, �Vwrfn sulfh yrodwlolw| dqg wkh htxlw| suhplxp�

Mrxuqdo ri Prqhwdu| Hfrqrplfv/ Iruwkfrplqj1

Fdjhwwl Pdufr/ Oduv S1 Kdqvhq/ Wkrpdv Vdujhqw dqg Qrkd Zlooldpq +5333,/ �Urexvwqhvv

dqg sulflqj zlwk xqfhuwdlq jurzwk/� Zrunlqj Sdshu/ Xqlyhuvlw| ri Fklfdjr1

Fdpsehoo/ Mrkq \1 +4<<9, �Xqghuvwdqglqj Ulvn dqg Uhwxuqv/� Mrxuqdo ri Srolwlfdo Hfrq0

rp|/ 437/ 5 5<;06781

Fdpsehoo/ Mrkq \1 +4<<<, �Dvvhw sulfhv/ frqvxpswlrq dqg wkh exvlqhvv f|foh� lq Mrkq

Wd|oru dqg Plfkdho Zrrgirug hgv1 Kdqgerrn ri Pdfurhfrqrplfv/ Yro1 4 +Qruwk Kroodqg/

Dpvwhugdp,1

Fdpsehoo Mrkq \1 dqg Mrkq Frfkudqh +4<<<, �E| irufh ri kdelw= D frqvxpswlrq0edvhg

h{sodqdwlrq ri djjuhjdwh vwrfn pdunhw ehkdylru/� Mrxuqdo ri Srolwlfdo Hfrqrp|/ 43:/ 53805841

Frqvwdqwlqlghv/ Jhrujh +4<<4, �Kdelw irupdwlrq= D uhvroxwlrq ri wkh htxlw| suhplxp sx}0

}oh/� Mrxuqdo ri Srolwlfdo Hfrqrp|/ <;/ ;750;951

Gdylg/ Doh{dqghu +4<<:, �Ioxfwxdwlqj frq�ghqfh lq vwrfn pdunhwv= Lpsolfdwlrqv iru uhwxuqv

dqg yrodwlolw|/� Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/ 65/ 7/ 75:07951

Hsvwhlq/ Odzuhqfh dqg Wdq Zdqj +4<<7, �Lqwhuwhpsrudo Dvvhw Sulflqj Xqghu Nqljkwldq

Xqfhuwdlqw|/� Hfrqrphwulfd/ 95/ 5/ 5;606551

Hsvwhlq/ Odzuhqfh dqg Vwdqoh| ]lq +4<;<, �Vxevwlwxwlrq/ ulvn dyhuvlrq/ dqg wkh whpsrudo

ehkdylru ri frqvxpswlrq dqg dvvhw uhwxuqv/� Hfrqrphwulfd/ 8:/ <6:0<9<1

Jloerd Lw}dfn dqg Gdylg Vfkphlgohu +4<;<, �Pd{plq H{shfwhg Xwlolw| zlwk Qrq0Xqltxh

Sulru/� Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ 4;/ 47404861

Jloerd Lw}dfn dqg Gdylg Vfkphlgohu +4<<6, �Xsgdwlqj Dpeljxrxv Eholhiv/� Mrxuqdo ri
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Hfrqrplf Wkhru|/ 8</ 6607<1

Kdplowrq/ Mdphv G1 +4<;<,/ �D qhz dssurdfk wr wkh dqdo|vlv ri qrqvwdwlrqdu| uhwxuqv dqg

wkh exvlqhvv f|foh1� Hfrqrphwulfd/ 8:/ 68:06;71

Kdqvhq/ Oduv S1/ Wkrpdv Vdujhqw dqg Wkrpdv Wdoodulql Mu1 +4<<<, �Urexvw Shupdqhqw

Lqfrph dqg Sulflqj/� Uhylhz ri Hfrqrplf Vwxglhv/ 99/ ;:60<3:1

Lqjhuvroo/ Mrqdwkdq H1/ +4<;:,/ Wkhru| ri Ilqdqfldo Ghflvlrq Pdnlqj +Urzpdq ) Olwwoh0

�hog,1

Ndudw}dv/ Lrdqqlv dqg Vwhyhq H1 Vkuhyh +4<<;,/ Phwkrgv ri Pdwkhpdwlfdo Ilqdqfh/ Vsulqjhu0

Yhuodj/ Qhz \run1

Nuhsv/ Gdylg P1 dqg H1O1 Sruwhxv +4<:;, �Whpsrudo uhvroxwlrq ri xqfhuwdlqw| dqg g|qdplf

fkrlfh wkhru|/� Hfrqrphwulfd/ 79/ 4;805331

Olswvhu/ U1V1/ D1Q1 Vklu|d|hy +4<::,/ Vwdwlvwlfv ri Udqgrp Surfhvvhv= L/ LL/ Vsulqjhu0Yhuodj/

Qhz \run1

Oxfdv/ Urehuw H1 +4<:;, �Dvvhw Sulfhv lq dq H{fkdqjh Hfrqrp|/� Hfrqrphwulfd/ 79/ 475<0

47781

Pdhqkrxw/ Sdvfdo +4<<<, �Urexvw sruwirolr fkrlfh dqg dvvhw sulflqj/� Zrunlqj sdshu/ Kdu0

ydug Xqlyhuvlw|1

P|huvrq/ Urjhu E +4<<4, Jdph Wkhru|= Dqdo|vlv ri Frq lfwv/ Kduydug Xqlyhuvlw| Suhvv/

Fdpeulgjh/ Pdvvdfkxvhwwv1

Vnldgdv/ Frvwlv +4<<:, �Vxemhfwlyh Suredelolw| xqghu Dgglwlyh Djjuhjdwlrq ri Frqglwlrqdo

Suhihuhqfhv� Mrxuqdo ri Hfrqrplf Wkhru|/ :9/ 5/ 57505:41

Wlpphupdq/ Doodq +5334, �Vwuxfwxudo Euhdnv/ Lqfrpsohwh Lqirupdwlrq dqg Vwrfn Sulfhv�

Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ +iruwkfrplqj,1

Yhurqhvl/ Slhwur +4<<<, �Vwrfn pdunhw ryhuuhdfwlrq wr edg qhzv lq jrrg wlphv= D udwlrqdo

h{shfwdwlrqv htxloleulxp prgho/� Uhylhz ri Ilqdqfldo Vwxglhv/ Yro1 45/ 81

Yhurqhvl/ Slhwur +5333, �Krz grhv lqirupdwlrq txdolw| d�hfw vwrfn uhwxuqvB� Mrxuqdo ri

Ilqdqfh1

Zhlo/ Sklolssh +4<;<, �Wkh Htxlw| Suhplxp Sx}}oh dqg wkh Ulvn0iuhh Udwh Sx}}oh/� Mrxuqdo

ri Prqhwdu| Hfrqrplfv/ 57/ 73407541
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\dq/ Krqj +4<<<, �Xqfhuwdlqw| jurzwk survshfwv/ ohduqlqj dqg dvvhw sulfhv/� Xqlyhuvlw| ri

Fdoliruqld dw Ehunhoh|1
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L vwduw e| lqwurgxflqj vrph qrwdwlrq= Iru hyhu| �qlwh vhw ]/ ohw �+], eh wkh vhw ri suredelolw|

glvwulexwlrqv ryhu ]/ wkdw lv

�+], @

;?=t = ] $ U�~�m
[
+M~

t +|, @ 4 dqg t +|, � 3

<@>
Ohw F eh wkh vhw ri srvvleoh sul}hv +@ frqvhtxhqfhv @ frqvxpswlrq, wkh ghflvlrq pdnhu frxog

jhw1 Ohw � eh wkh vhw ri srvvleoh vwdwhv1 L gh�qh d orwwhu| wr eh dq| ixqfwlrq i wkdw vshfl�hv d

qrqqhjdwlyh uhdo qxpehu i +fm�, iru hyhu| f 5 F dqg iru hyhu| � 5 �/ vxfk wkdw
S

SM� i +fm�, @ 41

Wkdw lv

O @ ii = �$ �+F,j

L zloo ghqrwh e| ^f` wkh orwwhulhv jlylqj suredelolw| rqh wr wkh sul}h f 5 F1
L zloo dvvxph wkdw frqglwlrqdo rq hdfk hyhqw V 5 �/ wkh djhqw zloo eh deoh wr udqn orwwhulhv

frqglwlrqdo rq wkh hyhqw V ehlqj wuxh1 Wkdw lv/ jlyhq dq| wzr orwwhulhv i dqg j 5 O/ L zloo

ghqrwh i "7 j wr phdq wkdw wkh djhqw vwulfwo| suhihuv wkh orwwhu| i wr wkh orwwhu| j li wkh hyhqw

V zhuh wuxh1 Vlploduo|/ i �7 j ghqrwhv zhdn suhihuhqfh1 L zloo ghqrwh � wkh vhw ri doo hyhqwv lq

�1

Ilqdoo|/ iru hyhu| wzr orwwhulhv i dqg j dqg vfdodu � 5 ^3> 4` L zloo ghqrwh e| i�j @ �i .

+4� �, j wkh orwwhu| dvvljqlqj suredelolw| �i +fm�,.+4� �, j +fm�, wr hyhu| f 5 F dqg iru hyhu|

� 5 �1

Wkh iroorzlqj duh P|huvrq +4<<4, d{lrpv

D{lrp 414= +d 0 Frpsohwhqhvv, i �7 j ru j �7 i dqg +e 0 Wudqvlwlylw|, i �7 j dqg j �7 k

wkhq i �7 k=

D{lrp 415= +Uhohydqfh, Li i +=m�, @ j +=m�, iru doo � 5 V/ wkhq i �7 j1

D{lrp 416= +Prqrwrqlflw|, Li i "7 k dqg 3 � � ? � � 4/ wkhq i�k "7 i�k1

D{lrp 417= +Frqwlqxlw|, Li i �7 j dqg j �7 k/ wkhq wkhuh h{lvwv � 5 ^3> 4` vxfk wkdw

i�k �7 j1

D{lrp 418= +d 0 Remhfwlyh Vxevwlwxwlrq, Li h �7 i dqg j �7 k dqg � 5 ^3> 4`/ wkhq
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h�j �7 i�k1 +e 0 Vwulfw Remhfwlyh Vxevwlwxwlrq, Li h "7 i dqg j �7 k dqg � 5 +3> 4`/ wkhq

h�j "7 i�k1

D{lrp 419= +d 0 Vxemhfwlyh Vxevwlwxwlrq, Li i �7 j dqg i �A j dqg V _ W @ B/ wkhq

i �7�A j> +e 0 Vwulfw Vxemhfwlyh Vxevwlwxwlrq, Li i "7 j dqg i �A j dqg V _ W @ B/ wkhq

i "7�A j>

D{lrp 41:= +Lqwhuhvw, Iru hyhu| vwdwh lq � 5 �/ wkhuh h{lvw sul}hv | dqg } vxfk wkdw

^|` "w ^}`

Ehiruh vwdwlqj wkh uhsuhvhqwdwlrq wkhruhp/ L qhhg wkh iroorzlqj gh�qlwlrq=

Gh�qlwlrq= D Frqglwlrqdo Suredelolw| Ixqfwlrq rq � lv dq| ixqfwlrq � = � $ �+�, vxfk

wkdw iru hyhu| V 5 �/ � +=mV, lv d zhoo gh�qhg suredelolw| ixqfwlrq/ vxfk wkdw � +�mV, @ 3 li

� @5 V dqg
S

wM7 � +�mV, @ 41

Wkh iroorzlqj uhsuhvhqwdwlrq wkhruhp lv suryhg e| P|huvrq +4<<4,/ dprqj rwkhuv1

Wkhruhp 4= D{lrpv 414 0 41: duh vdwlv�hg li dqg rqo| li wkhuh h{lvwv d xwlolw| ixqfwlrq

x = F ��$ U dqg d frqglwlrqdo suredelolw| ixqfwlrq � = � �$ �+�, vxfk wkdw

+L, pd{SM� x +f> �, @ 4 dqg plqSM� x +f> �, @ 3

+LL, Iru doo U>V> W vxfk wkdw U � V � W � � dqg V 9@ B zh kdyh

� +UmW , @ � +UmV,� +VmW ,

+LLL, Iru doo i> j 5 O dqg iru doo V 5 � zh kdyh

i �7 j +,
[
wM7

� +�mV,
[
SM�

i +fm�,x +fm�, A
[
wM7

� +�mV,
[
SM�

j +fm�,x +fm�, +75,

Surri = Vhh P|huvrq +4<<4,1 �

Iru frpsohwhqhvv/ L dovr vwdwh wkh d{lrp wkdw surylghv vwdwh0lqghshqghqw xwlolw| ixqfwlrqv

dqg wkh uhsuhvhqwdwlrq wkhruhp=

D{lrp 41;= +Vwdwh Qhxwudolw|, Iru hyhu| wzr vwdwhv � dqg ��/ li i +=m�, @ i
�
=m���/ j +=m�, @

j
�
=m��� dqg i �w j wkhq i �w� j1

Lq wklv fdvh/ zh kdyh wkh iroorzlqj=

Wkhruhp 5= D{lrpv 414 0 41; duh vdwlv�hv li dq rqo| li wkhuh h{lvwv d xwlolw| ixqfwlrq

x = F $ U dqg d frqglwlrqdo suredelolw| ixqfwlrq � = � �$ �+�, vxfk wkdw +L, dqg +LL, lq

Wkhruhp 4 duh vdwlv�hg dqg lq dgglwlrq
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+LY, Iru doo i> j 5 O dqg iru doo V 5 � zh kdyh

i �7 j +,
[
wM7

� +�mV,
[
SM�

i +fm�,x +f, �
[
wM7

� +�mV,
[
SM�

j +fm�,x +f,

Surri = Vhh P|huvrq +4<<4,1 �

Rqh lpsruwdqw fdyhdw lv wkdw wkh uhsuhvhqwdwlrq +75, lv qrw xqltxh lq wkh vhqvh wkdw dovr d

frqglwlrqdo suredelolw| v|vwhp e� +=m=, dqg d vwdwh ghshqghqw xwlolw| ixqfwlrq ex +=m=, uhsuhvhqwv
wkh vdph frqglwlrqdo suhihuhqfhv ryhu orwwhulhv li +dqg rqo| li, wkhuh h{lvwv d srvlwlyh qxpehu

D dqg d ixqfwlrq E = V $ U vxfk wkdw

e� +�mV, ex +fm�, @ D� +�mV,x +fm�, .E +�,

+vhh P|huvrq +4<<4/ Wkhruhp 415,,1 Krzhyhu/ Vnldgdv +4<<:, surylghv d vhw ri d{lrpv deoh wr

xqltxho| lghqwli| wkh frqglwlrqdo suredelolw| dqg wkh vwdwh0ghshqghqw xwlolw| ixqfwlrq +vhh klv

Wkhruhp 4/ srlqw +d, iru d uhsuhvhqwdwlrq dv lq +75, dqg srlqw +e, iru wkh xqltxhqhvv ri wkh

suredelolw| dqg xwlolw| uhsuhvhqwdwlrq,1

�2 ���
��
" �1  ����� ��  �����
�
���

Surri ri Sursrvlwlrq 4= +d, Xvlqj wkh gh�qlwlrq zh kdyh

C2X +f> �,

Cf2
@ �DCX +f> �,

Cf
+76,

Vlqfh X +f> �, @
S

wMX X +fm�,� +�, zh kdyh
CX +f> �,

Cf
@

[
w

� +�,
Cx +fm�,
Cf

CX +f> �,

Cf
@

[
w

� +�,
C2x +fm�,
Cf2

Khqfh/ zh fdq uhzulwh +76, [
w

� +�,

�
C2x +fm�,
Cf2

.D
Cx +fm�,
Cf

�
@ 3

Wklv lv wuxh iru doo � +�, li dqg rqo| li

C2x +fm�,
Cf2

@ �DCx +fm�,
Cf
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Wklv lv vlpsoh vhfrqg rughu gl�huhqwldo htxdwlrq/ zkrvh vroxwlrq lv

x +fm�, @ n� +�, . n2 +�, h
3�S

+e, Xvlqj wkh gh�qlwlrq zh kdyh

�fC
2X +f> �,

Cf2
@ �

CX +f> �,

Cf
+77,

Khqfh/ +77, fdq eh uhzulwwhq

[
w

� +�,

�
Cx +fm�,
Cf

� . f
C2x +fm�,
Cf2

�
@ 3

Vlqfh wklv pxvw krog iru doo �/ zh pxvw kdyh

Cx +fm�,
Cf

� . f
C2x +fm�,
Cf2

@ 3

Ohw Y +fm�, @ YLES�w�
YS

/ vr wkdw
CY +fm�,

Cf
@ �Y +fm�,

f
�

Wkh vroxwlrq wr wklv gl�huhqwldo htxdwlrq lv

Y +fm�, @ n2 +�, f
3�

Khqfh/ lqwhjudwlqj Y +fm�, ryhu f zh rewdlq

X +fm�, @
;?= n� +�, . n2 +�,

S�3�

�3� li � 9@ 4

n� +�, . n2 +�, oq +f, li � @ 4

�

Surri ri Sursrvlwlrq 5= Iurp wkh surri ri sursrvlwlrq 4 +e, lw lv lpphgldwh wr vhh wkdw

zh frxog ohw � eh ixqfwlrq ri �/ l1h1 � @ � +�,/ rewdlqlqj wkh uhsuhvhqwdwlrq

X +fm�, @
;?= n� +�, . n2 +�,

S�3�Ew�

�3�Ew� li � +�, 9@ 4

n� +�, . n2 +�, oq +f, li � +�, @ 4

�

Surri ri Sursrvlwlrq 71 Wr suryh wklv sursrvlwlrq/ L qhhg wkh iroorzlqj ohppd �uvw=

6:



Ohppd 5= Ohw q� @ fq�� dqg gh�qh wkh pdwul{ �q @

�. gldj
�
�q� > ===> �

q
?

�
zlwk �q� @ ��� .

�
2� +� � 4,�2S 1 Wkhq iru x A w zh kdyh

H ^q� +x, mI +w,` @
�[
&'�

q& +w,
�[
�'�

z +�,3��& z�� +�, h
/�Eq�E�3|�

zkhuh $� +�, duh wkh hljhqydoxhv ri �
�
q dqg z�� +�, duh dvvrfldwhg hljhqyhfwruv dqg z +�,3��� @

^Z3�`�� 1

Surri ri Ohppd 5= E| Lwr*v ohppd

gq� @ fqg�� . �fq3���gf.
4

5
� +� � 4,��f

q32gf2 . �fq3�g��gf

@ fq ^��`� gw. fq����giZ . �fq3���f�� +�,gw. �fq3���f��giZ
.
4

5
� +� � 4,��f

q32f2�2� . �fq3���f�� +�,��gw

@

�
^q�`� . �q��� +�, .

4

5
� +� � 4,q�2� . �q��� +�,��

�
gw

.q� +�� +�, . ��, giZ
zkhuh q @ +q�> ===> q?,1 Qrwlfh wkdw e| Ohppd 4=

�� +�,�� @

3C�� � ?[
�'�

����

4D 4

�(
� �� @ �� �

?[
�'�

����

Khqfh

gq� @

�
^q�`� .

4

5
�� +�� � 4,q��

2
S . ��q���

�
gw. q� +�� +�, . �S, giZ

Zh fdq zulwh wklv lq yhfwru irup= ohw q @ +q�> ===> q� , eh d 4�Q yhfwru/ zh wkhq kdyh

gq @ q�gw. q	+�,giZ +78,

zkhuh

�q @ �. gldj
�
�q� > ===> �

q
?

�
�q� @ ��� .

4

5
� +� � 4,�2S

dqg 	+�, lv vrph erxqghg q� 4 yhfwru1

Ohw hq +x, @ H ^hq +x, mI +w,`
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Zh fdq zulwh +78, lq lqwhjudo irup

q +x, @ q +w, .

] �

|

q +v,�qgv.

] �

|

q +v,	 +� +v,, giZ +v,

Wdnlqj h{shfwdwlrqv rq erwk vlghv dqg xvlqj wkh idfw wkdw wkh vwrfkdvwlf lqwhjudo kdv }hur

h{shfwdwlrqv/ zh wkhq kdyh hq +x, @ q +w, .

] �

|

hq +v, �qgv
Wklv fdq zh uhzulwwhq dv

ghq @ hq�qgw
Wkh vroxwlrq wr wklv v|vwhp ri ruglqdu| gl�huhqwldo htxdwlrqv zlwk lqlwldo frqglwlrq hq +w, @ q +w,

lv hq� +x, @ �[
&'�

q& +w,
�[
�'�

z +�,3��& z�� +�, h
/�Eq�E�3|�

zkhuh $� +�, duh wkh hljhqydoxhv ri �
�
q dqg z�� +�, duh dvvrfldwhg hljhqyhfwruv dqg z +�,3��� @
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Wdeoh 4= Fdoleudwlrq H{huflvh

Fdvh L Fdvh LL
s @ 3=5/ �Z @ 3=34 s @ 3=4/ �Z @ 3=34

� � H^gU` �- u �o � � H^gU` �- u �o
318 3 3133358 313639 313679 31336 318 3 3133368 31375< 313679 31336
318 4 313338 313695 313679 31335 318 4 31333: 3137;4 313679 313359
318 43 31339 313;: 313674 03133:: 318 43 313399 313<89 313674 0313349
318 83 313<;4 316469 313654 031399; 318 83 313<94 3163:7 313654 03135;4
318 433 3169<< 318<:< 3135<9 03163:5 318 433 316879 318:65 3135<9 0314778
318 533 416;<4 4147:: 31357: 04515837 318 533 416488 413;9< 31357: 09143;<
4 3 313335: 313498 313775 313394 4 3 313335: 313498 313775 313394
4 4 313338 31354< 313774 31338 4 4 313338 313547 313774 313389
4 43 313387 313:37 313765 031337: 4 43 31338 313984 313765 313347
4 83 313<55 315;:5 3136<5 031396; 4 83 313;68 315934 3136<5 0313584
4 433 316838 3188< 313675 0316376 4 433 316497 31837; 313675 0314749
4 533 416554 413;8 313577 045157:< 4 533 414<4< 31<:;4 313577 0914397
5 3 0313336 03133;7 313965 313454 5 3 031333< 031358< 313965 313454
5 4 0313334 0313367 31396 313444 5 4 031333; 031354: 31396 31344:
5 43 31336< 313747 313945 313347 5 43 313348 313496 313945 3133:8
5 83 313;47 315746 313864 03138:< 5 83 31395: 314;8: 313864 03134<5
5 433 316499 317<54 31376 0315<;9 5 433 315896 316<;7 31376 031468<
5 533 4153:9 31<::; 313568 04515764 5 533 41335 31;446 313568 0914349
7 3 0313366 03137<8 314336 313575 7 3 031338< 0313;<: 314336 313575
7 4 0313366 0313785 313<<< 313565 7 4 0313395 0313;97 313<<< 31356;
7 43 031333; 0313395 313<96 313467 7 43 03133:4 0313896 313<96 3134<8
7 83 313955 3149:< 313;35 0313797 7 83 3135;; 313::< 313;35 03133:9
7 433 315947 316;98 3139 0315;:: 7 433 314997 31579 3139 031458
7 533 4135;< 31;447 31353< 04515678 7 533 31:64: 318::4 31353< 0913<6
9 3 03133;6 0313;7 314696 313696 9 3 0313475 0314765 314696 313696
9 4 03133;7 0313;34 31468: 313686 9 4 031347; 0314738 31468: 31368<
9 43 03133:6 0313788 314636 313586 9 43 03134;9 0314497 314636 313647
9 83 31376< 3143;< 314394 0313684 9 83 0313375 0313438 314394 313369
9 433 315479 316359 313:8< 0315::7 9 433 313;6< 3144;6 313:8< 031447:
9 533 31;;9< 319;4: 3134:6 045155:6 9 533 317;;6 316:86 3134:6 0913;8:
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Wdeoh 4 +fqwg1,= Fdoleudwlrq H{huflvh

Fdvh LLL Fdvh LY
s @ 3=5/ �Z @ 3=338 s @ 3=4/ �Z @ 3=338

� � H^gU` �- u �o � � H^gU` �- u �o
318 3 313335 3135 313679 31333; 318 3 313335 313564 313679 31333;
318 4 313335 313547 313679 313338 318 4 313335 313577 313679 313339
318 43 31333; 313675 31366: 031334< 318 43 31333< 313696 313674 0313337
318 83 3133:: 313<45 31346; 031349: 318 83 3133:9 313;<< 31356< 03133:
318 433 313598 31497; 03138<< 031399; 318 433 31358; 31493; 0313466 0313644
318 533 314338 316537 0319;8; 031<9;7 318 533 313<<; 3164;5 031659; 0317;
4 3 313336 313498 313775 313348 4 3 313336 313498 313775 313348
4 4 313336 3134:< 313775 313346 4 4 313336 3134:: 313775 313347
4 43 31334 3136 313764 0313345 4 43 31333< 3135;: 313769 313337
4 83 3133:< 313;7; 31355; 031348< 4 83 3133:6 313:;8 31365< 0313396
4 433 313598 31489< 0313849 0313994 4 433 31357; 31479: 031337< 0313637
4 533 314344 31646< 0319:;; 031<9:: 4 533 313<;9 316395 03164<; 0317:<6
5 3 313336 313436 313965 31336 5 3 313335 31338< 313965 31336
5 4 313337 313448 313964 31335; 5 4 313335 3133: 313964 31335<
5 43 313344 31355; 31394< 313336 5 43 31333; 313499 313956 31334<
5 83 3133;4 313:6< 313738 0313477 5 83 313399 31393< 313839 031337;
5 433 313599 314767 0313685 0313979 5 433 313564 31457; 313448 03135<
5 533 314357 316359 031997; 031<996 5 533 313<:6 315;:8 031638< 0317:;
7 3 3 313335 314336 313394 7 3 0313339 03133;< 314336 313394
7 4 313334 313346 314335 31338; 7 4 0313338 03133; 314335 31339
7 43 31333< 313445 313<;7 313366 7 43 3 0313336 313<;< 31337<
7 83 3133;4 31389< 313:84 0313449 7 83 313386 3136: 313;85 031334<
7 433 31359: 314558 0313364 031394< 7 433 31353< 313<8< 313769 0313595
7 533 31439 315;87 03196:; 031<96< 7 533 313<; 31596: 0315:;< 0317:88
9 3 031333; 03133:9 314696 3133<4 9 3 031334< 03134<5 314696 3133<4
9 4 031333: 031339: 314694 3133;; 9 4 031334< 03134;8 314694 3133<
9 43 313335 313355 31466< 313396 9 43 0313347 031344< 314677 3133:<
9 83 3133:: 31377 3143;8 03133;: 9 83 31336: 313546 3144;9 31333<
9 433 31359< 3143: 3135:< 03138<6 9 433 3134<9 313::< 313:78 0313569
9 533 314437 315:6 031944< 031<94: 9 533 314355 31585: 031585< 0317:66

Wklv wdeoh uhsruwv wkh fdoleudwlrq h{huflvh iru wkh eholhi0ghshqghqw prgho sdud0

phwul}hg dv lq vhfwlrq 91 Wkh sdudphwhu � ghqrwhv wkh frh!flhqw ri uhodwlyh ulvn

dyhuvlrq zkloh � ghqrwhv wkh frh!flhqw ri dyhuvlrq wr vwdwh xqfhuwdlqw|1 Wkh sd0

udphwhu s ghqrwhv wkh frqvwdqw suredelolw| ri vkliwlqj rxw ri dq| vwdwh zkloh �Z

ghqrwhv wkh glvshuvlrq ri wkh srvwhulru eholhi glvwulexwlrq � @ +��> ===> �?, gh�qhg
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rq wkh sdudphwhu vsdfh �1 Qhjdwlyh hqwulhv iru wkh yrodwlolw| lpso| d qhjdwlyh fr0

yduldqfh zlwk frqvxpswlrq jurzwk1 Wkh phdq ri wkh suredelolw| glvwulexwlrqv �

dqg i lv � @ =34<8/ zkhuh i @ +i�> ==> i?, lv wkh glvfuhwl}hg qrupdo glvwulexwlrq iurp

zklfk qhz guliwv duh fkrvhq xsrq d vkliw rffxuv1 Wkh glvshuvlrq ri i lv �w @ =34

+qhz guliwv zrxog eh lq wkh lqwhuydo ^�=3338> =36<8` zlwk <8( suredelolw|, zkloh wkh

yrodwlolw| ri frqvxpswlrq jurzwk lv vhw htxdo wr �S @ =34981 Ilqdoo|/ wkh xwlolw|

lqwhuwhpsrudo glvfrxqw udwh lv ! @ =358=
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Wdeoh 5= PO Hvwlpdwhv ri Mxps Prgho

Sduphwhu s �S �w �

Hvwlpdwh 314;49 313467 313866 3134<8

w0vwdw1 4169; <159: 51389 0

Wklv wdeoh uhsruwv wkh Pd{lpxp Olnholkrrg dqqdxol}hg hvwlpdwhv ri wkh vwdwlvwlfdo

prgho �orj +f|n�, @ �| . �S%|n�/

�|n� @

;?= �| zlwk sure1 4� s

�|n� zlwk sure1 s

zkhuh �| � Q
�
�> �2w

�
1 Hvwlpdwhv duh rewdlqhg e| glvfuhwl}lqj wkh lqwhuydo ^�3=7> 3=7`

lq q @ 533 lqwhuydov dqg dsso|lqj vwdqgdug PO hvwlpdwlrq phwkrgv iru uhjlph0

vzlwfklqj prghov1 Vwdqgdug huuruv duh +Qhzh|0Zhvw, fruuhfwhg iru khwhurvnhgdv0

wlflw| dqg dxwrfruuhodwlrq1 Wkh sdudphwhu � kdv ehhq �{hg wr wkh orqj0uxq dyhudjh

ri frqvxpswlrq jurzwk wr jdlq lq hvwlpdwlrq h!flhqf|1
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Wdeoh 6= Gdwd dqg Prgho

Gdwd Prgho

H^U` 3139;: 313859
�- 3148<9 314::3
u 3135@ 313455
�o 313559 31388:

Wklv wdeoh uhsruwv wkh h{0srvw phdq h{fhvv vwrfn uhwxuqv/ lwv yrodwlolw|/ dqg wkh

yrodwlolw| ri wkh uhdo0lqwhuhvw udwh +dvvxplqj d frqvwdqw ulvn suhplxp,1 Wkh wdeoh

dovr uhsruwv wkh prphqwv lpsolhg e| wkh prgho �wwhg lq Wdeoh 5/ zlwk xwlolw| sdud0

phwhuv � @ 43/ ! @ =37 dqg � @ 4=;1 Wkh srvwhulru glvwulexwlrq xvhg wr frpsxwh wkh

xqfrqglwlrqdo h{shfwhg uhwxuqv lv � � Q
�
�> �2Z

�
zkhuh � lv wkh orqj0whup dyhudjh

ri frqvxpswlrq jurzwk dqg �Z @ 3=3498 zdv wkh dyhudjh Urrw Phdq Vtxduh Huuru

rewdlqhg e| vlpxodwlqj wkh surfhvv iru eholhiv iru 8333 shulrgv1 Doo wkh prphqwv

kdyh ehhq wkh frpsxwhg xvlqj wkh irupxodv lq wkh wh{w1

d= Wkh ydoxh ri wkh uhdo udwh kdv qrw ehhq hvwlpdwhg1 D ydoxh dssur{lpdwho| ri 5(

lv frqvlghuhg dssursuldwh lq wkh olwhudwxuh1
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Iljxuh 4= Frqglwlrqdo Sulfh0Glylghqg Udwlrv
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Iljxuh 5= Wkh Mxps Glvwulexwlrq
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Iljxuh 6= Wlph Vhulhv ri Srvwhulru Glvwulexwlrq rq Frqvxpswlrq Guliwv
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Wklv �jxuh sorwv wkh wlph vhulhv ri wkh srvwhulru glvwulexwlrq � +w, rq wkh guliw udwh ri frq0

vxpswlrq �| frpsxwhg xvlqj uhdo frqvxpswlrq jurzwk gdwd iurp 4<79 wr 4<<< dqg wkh POH hvwl0

pdwhv lq Wdeoh 51 Xsgdwlqj rffxuv e| vwdqgdug Ed|hv uxoh dffruglqj wr wkh irupxod �� +w. 4, @q
h3

�
2j2

E{SE|n��3w��
2

^� +w,�`�

r
@
qS?

�'� h
3 �
2j2

E{SE|n��3w��
2

^� +w,�`�

r
zkhuh wkh wudqvlwlrq pd0

wul{ lv jlyhq e| � @ si . +4� s, L dqg i @ +i�> ===> i?, lv wkh glvfuhwh yhuvlrq ri d qrupdo

glvwulexwlrq1 Wkh qxpehu ri srlqwv lq wkh glvfuhwl}hg julg lv q @ 5331
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Iljxuh 7= H{shfwhg Jurzwk Udwh ri Frqvxpswlrq dqg lwv Urrw Phdq Vtxduh Huuru

+D, Dfwxdo dqg H{shfwhg Uhdo Frqvxpswlrq Jurzkw
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+E, Urrw Phdq Vtxduh Huuru ri H{shfwhg Frqvxpswlrq Jurzwk
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Sdqho +D, sorwv wkh wlph vhulhv ri uhdo frqvxpswlrq jurzwk iurp 4<79 wr 4<<< dqg

wkh h{shfwhg frqvxpswlrq jurzwk rewdlqhg iurp wkh �wwhg srvwhulru suredelolwlhv

� +w, dv ghvfulehg lq wh{w dqg lq Iljxuh 51 Sdqho +E, sorwv wkh wlph vhulhv ri wkh

Urrw Phdq Vtxduh Huuru ri wkh h{shfwhg frqvxpswlrq jurzwk1

8:



Iljxuh 8= Dfwxdo dqg Prgho0Lpsolhg Yrodwlolw|
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Wklv �jxuh uhsruwv wkh sorw ri wkh frqglwlrqdo yrodwlolw| lpsolhg e| wkh prgho +vrolg

olqh, dqg wkh h{0srvw lqwhjudwhg yrodwlolw| frpsxwhg iurp FUVS0gdwd rq vwrfn

uhwxuqv +gdvk0grwwhg olqh,1 Wkh frqglwlrqdo yrodwlolw| lpsolhg e| wkh prgho lv frp0

sxwhg dsso|lqj wkh irupxod surylghg lq wkh wh{w dqg dw hyhu| w lw rqo| ghshqgv rq

wkh srvwhulru glvwulexwlrq � +w, lq Iljxuh 51
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Iljxuh 9= Dfwxdo dqg Prgho0Lpsolhg Sulfh0Glylghqg Udwlrv
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Wklv �jxuh sorwv wkh wlph vhulhv ri wkh sulfh0glylghqg udwlr rewdlqhg iurp FUVS0

gdwd dqg wkh prgho0lpsolhg sulfh glylghqg udwlr1 Wkh odwwhu lv rqo| d ixqfwlrq ri

sdvw frqvxpswlrq dqg lw lv jlyhq e| wkh irupxod S +w, @G +w, @
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