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Abstract
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agents from holding these extreme portfolios, can explain the lack of international risk
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1 Introduction

Both nontraded factors and nontraded goods are important elements in explaining balance of
payment adjustments, real exchange rates, capital flows, portfolio allocation, and many other
phenomena.! However, nontraded goods and nontraded factors are often abstracted from
an open economy model due to the technical difficulties. For this reason, the transmission
mechanism of productivity shocks in a model with nontraded goods and nontraded factors
has not been studied extensively. In some papers, a numerical solution is used to answer
specific questions of interest, but this solution method often makes it difficult to uncover the
underlying mechanism. This is the first paper to solve the optimal portfolio choice problem
with both nontraded goods and nontraded factors in a general equilibrium setting.

The contribution of this paper is twofold. The primary contribution is a closed form
solution for the optimal portfolio, which sheds new light on international risk sharing. The
secondary contribution is a new insight about international business cycle models with non-
traded goods and nontraded factors that arises from solving a model analytically. Although
the model does not incorporate other important features such as sticky prices and invest-
ment, it nests a few important previous models of international portfolio allocation. As
my model generalizes the past results, it serves as a stepping stone to more sophisticated
models, which may not have a closed form solution.

The role of nontraded goods has been studied to explain deviation from purchasing power
parity, low cross-country consumption correlation,? home bias, and other puzzles.? Backus
and Smith (1993) build a two-country endowment economy model with nontraded goods,
which can explain some of these puzzles in principle. However, the model introduces another
puzzle (Backus-Smith Puzzle); namely, a perfect correlation between relative consumption
across countries and real exchange rates, which is not observed in the data. Stockman and
Tesar (1995) build a two-country production model with nontraded goods and investment
to replicate many features of both cross-country and within-country correlations. They
succeed in matching saving-investment correlation, trade balance-output correlation, and

consumption-output correlation by introducing taste shocks. However, their model over-

IFor example, Obstfeld and Rogoff (2005a) (2005b) emphasize the role of nontraded goods in current
account adjustments. Evans and Hnatkovska (2005) study capital flows under different asset market settings
with nontraded goods. Burstein, Neves and Rebelo (2003), Burstein, Eichenbaum and Rebelo (2005),
Burstein, Eichenbaum and Rebelo (2006), Benigno and Toenissen (2006), and Corsetti, Dedola and Leduc
(2006) try to explain real exchange rate behavior by including nontraded goods. All of them use numerical
solution.

2Backus, Kehoe and Kydland (1992) build international business cycle model which predicts near unity
cross-country consumption correlation but find that consumption correlation is lower than output correlation
in data.

3See Lewis (1995) and Lewis (1999) for various puzzles.



predicts cross-country consumption correlation like other international real business cycle
models.* My model setup is close to that of Stockman and Tesar, which features imper-
fect substitution between home traded goods and foreign traded goods, nonseparable utility
between consumption and leisure, and complete asset markets.

I focus on the general form of utility function because Lewis (1996) finds that non-
separability and certain asset market frictions may be necessary to explain international
consumption risk sharing.> Unlike Stockman and Tesar and others, I abstract from invest-
ment in order to solve for allocation in a closed form. While the lack of investment goods
is an obvious shortcoming of my model, it allows me to solve analytically for the optimal
allocation as a linear function of productivity shocks.® This solution in turn sheds light
on the cross-country transmission mechanism of productivity shocks.” However, I find that
nonseparability does not alter the business cycle behavior of the model enough to explain
existing puzzles though it certainly changes many moments significantly.

The role of nontraded goods in portfolio allocation has not been studied in great detail
either. Stockman and Dellas (1989) made an earlier contribution to solve for the optimal
portfolio with nontraded goods. They studied an endowment economy with separable utility
between nontraded and traded goods. Their optimal equity portfolio is a combination of a
well-diversified portfolio in traded good sector equities and a complete home bias portfolio

8 One of the most important theoretical works on this

in nontraded good sector equities.
issue is Baxter et al. (1998). They study portfolio allocation in an endowment economy, and
find that the optimal portfolio of traded good sector equities is a diversified world portfolio,
while optimal holdings of nontraded good sector equities can exhibit either home bias or anti-
home bias depending on the elasticity of substitution between traded and nontraded goods.
They also incorporate nontraded factors by introducing human capital whose returns are
perfectly correlated with the returns to domestic physical capital without including leisure
in the utility. They concluded that the presence of nontraded goods cannot explain home

bias because the optimal portfolio of traded good sector equities is well-diversified in their

model.?

4Devereux, Gregory and Smith (1992) utilize nonseparable utility to explain cross-country consumption
with a single good model. Tesar (1993) adopt a production economy to explain these puzzles in her model
with a single good. For small open economy, see Engel and Kletzer (1989) and Balsam and Eckstein (2001).

5However, Lewis also finds that nonseparability alone is not enough to explain the lack of risk sharing

SHeathcote and Perriy (2004) assume Cobb-Douglas aggregation but include capital accumulation.

"For example, the potential reason Stockman and Tesar (1995) fails to generate country specific variation
in consumption of traded goods is their Cobb Douglas aggregation of home traded goods and foreign traded
goods.

8Tesar (1993) has also discussed equity portfolio but the portfolio is suboptimal.

9 Another important work in this area is Kollmann (2006a), who corrects the solution of portfolio choice
problem with nontraded goods by Serrat (2001). Kollmann shows that the optimal portfolio of traded



The role of nontraded factors has received slightly more attention in the literature.'®

Jermann (2002) incorporates endogenous labor supply into international portfolio allocation
but abstracts from the nontraded good sector. Nevertheless, he finds that if the utility func-
tion exhibits nonseparability between consumption and leisure, then the optimal portfolio
can differ substantially from a well-diversified portfolio. In addition, Engel and Matsumoto
(2006) show that home bias may be optimal to hedge labor income risk in a sticky price
model. In their paper, they find that the elasticity of substitution between home traded
goods and foreign traded goods plays an important role in portfolio allocation. These stud-
ies suggest that general utility function and nontradables are important in explaining home
bias.

While it is important to incorporate a general utility function in a model, it has to be
simple enough to allow for an analytical solution. In order to establish a benchmark case
and to solve a model analytically, I assume complete asset markets. While this assumption
may be relaxed in the future, without understanding complete market settings, it is difficult
to judge which form of incompleteness is more appropriate.

In my model, agents have nonseparable utility between leisure and consumption. The
consumption basket is a CES aggregate of traded goods and nontraded goods, and a traded
good basket is also a CES aggregate of home traded goods and foreign traded goods. I
solve for the optimal international portfolio allocation as a function of model parameters
to analyze the determinants of portfolio allocation. I find that the elasticity of substitution
between home traded goods and foreign traded goods does not enter this function unless it is
unity. In case of unity, the portfolio weight for traded good sector equities is indeterminant.
This indeterminacy may be eliminated when one introduces sticky prices as presented in
Engel and Matsumoto (2006), who show that a slight degree of price stickiness can generate
home bias if the elasticity is unity.

Most important, the optimal portfolio of traded good sector equities is no longer a well-
diversified world portfolio unlike the results of Stockman and Dellas (1989) or Baxter et al.
(1998) once nonseparability is introduced. So we have to ask the same question again, ‘Can

the presence of nontraded consumption goods or nontraded factors of production explain a

goods equities is still well-diversified under Serrat’s assumption. Pesenti and van Wincoop (2002) also study
optimal portfolio choice with nontraded goods in a partial equilibrium model. Hnatkovska (2005) studies
asset allocation under incomplete market setup. Home bias in consumption is also related. Heathcote and
Perriy (2004) use simple utility but included capital accumulation. Kollmann (2006b) studies the effects of
home bias in consumption on portfolio. On the other hand, van Wincoop and Warnock (2006) find that
home bias in consumption does not help explain home bias in portfolio in a partial equilibrium setup.

10Using a simple model, Baxter and Jermann (1997) predicts that international diversification puzzle is
worse than we think. On the other hand, Bottazzi, Pesenti and van Wincoop (1996) find that labor income
can help explain home bias in the data.



high degree of “home bias” displayed by investor portfolios?” The answer is ‘it depends’ on
the model parameters once we assume nonseparability.

The characteristics of portfolios of both nontraded and traded good sector equities in
my model look similar to the portfolio of nontraded good sector equities in Baxter et al.
(1998). That is, the optimal equity portfolios of both sectors are sensitive to the elasticity of
substitution between traded goods and nontraded goods. In addition, the optimal portfolios
in my model are sensitive to the coefficient of relative risk aversion and the elasticity of
substitution between leisure and consumption. The optimal share of foreign equities can take
any value from negative infinity to positive infinity depending on the model parameters. This
in turn suggests that the introduction of some frictions in asset markets such as short-selling
constraints, which prevents agents from taking these extreme asset positions, can explain
the lack of international risk sharing even if the asset market structure is complete. This
theoretical implication is in line with the empirical results in Lewis (1996), who cannot reject
the null hypothesis of complete markets with capital market frictions and nonseparability
in utility.

I explain the model setup briefly in section 2 and then the solution in section 3. I discuss

calibration in section 4, portfolio allocation in section 5, and conclusion in section 6.

2 The Model

The model is a completely-technology-shock-driven two-country two-sector production stochas-
tic general equilibrium model. Prices are assumed to be flexible. Given this, the model fea-
tures a standard international real business cycle model setup with nontraded goods except
for endogenous portfolio choice. Since the model replicates the complete market allocation
in a linearized solution, it has similar business cycle properties to those of Stockman and
Tesar (1995) or Tesar (1993). However, I abstract from investment but introduce the utility
function and the aggregation of traded goods in a more general way. By doing so, I incorpo-
rate the insights from both Lewis (1996), who finds nonseparability in utility function is one
of the important elements to explain international consumption risk sharing and Jermann

(2002), who finds that nonseparability can potentially explain home bias in equities.

2.1 Households

In this paper, there are two countries, Home and Foreign, with population “n” and “1-n”,

respectively. Except for the difference in size, they have symmetric preferences and identical



technology. The representative household j in Home country solves

max F; max U(Cs(j),Ls(7) ], s.t. budget constraint,
(i) 1ct<j),Lt(j)7,..S§ < ©) (J)> g

where U is a well-defined utility function with Us > 0, and U, < 0. Ci(j) denotes the
consumption basket of Home agent j, and L.(j), the labor supply. I define utility function
quite generally because nonseparability is an important feature to explain risk sharing and
asset allocation as emphasized in Lewis (1996) and Jermann (2002).

C¢(j) is a consumption basket of a representative Home household defined as

Ci(4) (1)

w/(w—1)
Cr.a() = (R Cna ()0 4 (L= m)oCpa () 0) (2)

0/(6—1)
{Ul/ch,t(j)(e_l)/G + (1 - n)l/GCT,t(i)(e_l)/ﬂ

where 6 > 0 is the elasticity of substitution between traded goods and nontraded goods and
w > 0 is the elasticity of substitution between Home produced traded goods and Foreign
produced traded goods. I assume identical utility function for Foreign households to exclude
home bias in traded goods consumption. As I will show later, it is also important to have
general CES aggregation instead of Cobb Douglas aggregation to examine asset allocation
and the transmission mechanism. C},; is the consumption basket of Home produced traded

goods and C'y; is that of Foreign produced traded goods defined as follows:

r n A/(A=1)

Chali) = [ [ ch,tu,z')“-”“di} , (3)
L 0
r 1 A/ (A1)

Cra) =|-m= [ ,cf,tu,z')“—”/*di] , (4)
- A1)

i) =| [ cN,tu,z‘)(“Wdi} 7 )
LJO

where A denotes the elasticity of substitution among varieties, with A > 1.1* CPI can be

written as

H1—0 510\ /(10

Po= (0P +a-mp”) (6)

1T use monopolistic competition in this model but it is equivalent to having firms with fixed capital and
Cobb Douglas production functions.




where

1/(1=X)

N - N 1/(1-w) N 1
Pr, {nPf};“’—k(l—n)P};“} . P [ /0 PNyt(i)l’\di] : (7)

r/(H) .
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where , PN,t(i) is the nominal price of Home nontraded good, Ph,t(i) is the price of Home
traded good i sold in Home, and Py (i) is the price of Foreign traded good i sold in Home.
I use asterisks to denote foreign prices and quantities.

Let S; be the Home currency price of Foreign currency. Then the real exchange rate is

_ Sy
Q¢ = 2 9)

Since all prices are flexible in this model, nominal prices and the nominal exchange rate are
indeterminant but relative prices can be determined. I denote relative prices to CPI in each

country as

for any nominal values, Z;, including wage, equity prices and firms’ profits.

2.2 Asset Market

I assume that agents can choose holdings of 4 mutual funds, which pay the profit of home
or foreign firms in the traded good or nontraded good sector. Households choose portfolios
paying dividends at time t before the realization of time ¢ shocks.

Let va denote the ex-dividend equity price of a Home firm in Home currency. Let
7..h,t(j) denote the number of shares owned by individual j of Home firms producing traded
or nontraded goods. Let +; = (VT’h’tﬁT,f’t,7N7h,t,’yN,f’t)’, and E; be defined analogously
where ﬁT,h,t is the nominal profit (dividend) of Home firms producing traded goods. There-
fore, the budget constraint of Home household j in real terms can be written as

NN
t

C) + e G) Xi = Wi(G)Lo(G) + % GY (X, + T0y) (10)



2.3 First Order Conditions

Since households is identical in each country, I will omit index j from now on. Given prices

and the total consumption basket Cy, the optimal consumption allocation are

Cni :ﬁ(PN,t)fe Ct, Cri=(1-n) (PT,t)fe Ct, (11)
Cha =n< ;i)w Crt, Cre=(1- )(Z’;)_w Cr., (12)
)=+ (B T ot = (Pj;;’(f))_k Cror  (13)
Cni(i) = (P;At[(:)> Cnit (14)

Labor supply conditions, and Euler equations are also standard:

UL(Ct7Lt)
W, = — 2L\ ) 15
‘ Uc(Cy, Ly) (15)
BUc(Cty1, Lit1)
X =F, X II . 16
ot t Uc(Cy, Ly) ( ot+1l T .,.,t+1) (16)

2.4 Firms and Technology

The production functions for firms producing traded goods and nontraded good are respec-

tively

Yr(i) = Ap Ly (i), Yn.(i) = AnLn(3), (17)

where A ; is technology level in each sector, and L ; is labor hours used in each firm.

Technology is assumed to be sector specific. I assume that labor is mobile between the

two sectors within a country. Therefore, wage rate will be the same across two sectors. I

assume that the logarithm of technology level in each sector and each country follows i.i.d.
12

process.

Firms set prices in each period to maximize profits after the realization of shocks:

P () = s——=7— (18)

Because firms in each sector are identical, I omit index i. Home firms profit in each period

12 As it turns out, the model is almost static and the solution depends on current productivity level only.



is simply:

1
o= P oY o =W il o= 37 Wil . (19)

2.5 Market Clearing Conditions

Good market clearing conditions are
nAp Ly, =nChy + (1 — n)C’;,t, nAn Lyt =nCny (20)
Also the labor market clearing condition is
Ly =Lny+ Ly, (21)

where Ly, = [i Ln(i)di, and Ly = [T Ly, (i)di.

Asset market clearing conditions are

myrpe+ (L=n)yppe=n myrge+Q—n)ypp, =1-n, (22)

YNt + (L =n) Y ne = 1, N+ (L=n)yy pe = 1. (23)

3 Solution

I follow Baxter et al. (1998), Jermann (2002), or Kollmann (2006b) by first guessing the real
allocation which replicates complete asset market allocation and then finding the supporting
portfolio. The complete market assumption implies

_SiP_ UelCr L)

Q="p = Uc(Ct, Ly)

(24)

While « is a part of the solution, which depends on initial conditions, it is not important
for asset allocation; therefore, I assume « = 1 for simplicity.!® In the initial period, t =0, I

assume Ay = Art = Ay, = AT, = 1. T use log approximation to solve for an equilibrium.

3.1 Solution for the Complete Asset Market Allocation

In this subsection, I discuss key aspects of the solution. I describe details in Appendix.

Lower-case letters refer to log deviations from the initial state. World variables are defined

13 This is equivalent to setting arbitrary weights for Home and Foreign in the social welfare function. This
equilibrium can be supported by the wealth transfer in the initial period.



as 2}V = nzy + (1 — n)x} and relative variables as zf* = 2z, — 2. This in turn means

that @, =z} + (1 —n)afl. Let v = SLGHE o0 = —Tghipl ¢ = YeLElC and

8*U

= _UccGL)C yhere X is the initial state value of X ;and Uxy = 3557 14 The following

P= Uc(C,L)

set of equations describes key relative variables.

cft :/%YTNU“J%J + %(w -1 - n)a%tv (25)
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where

kon =1+ oc(1=0+n0) + 1+ (w—-1)A=n)Y,  wer =—(nP + do),
iy =n—p(1—04+n0) —[1+ (w—1)(1—n)lor,  krr =p+ndr,
KQN =pkeN + ¢ckin = p+ngc + [1+ (w = 1)(1 = n)](Yp — dcor),
KQT =pkcr + dokrr = —(Yp — dcdr)n,

K =kprken — KeTKLN

=p+noL +n(nY + éc) + (1 —nw +n0l(Yp — ¢réc).

The following section examines implications of the general CES specification in traded

good aggregation and of nonseparability in utility. First, in order to understand the implica-

MSuppose
1 1 p—t 1 p=1 ME}—_{’)
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-0
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tions of the general CES, I examine a special case of CES, Cobb Douglas, and point out its
limitations.'® With Cobb Douglas, w = 1, country specific productivity shocks in the traded
good sector, a%t, will not affect total consumption unlike nontraded good sector produc-
tivity shocks, aﬁt. This is true not only for total consumption but also for other variables
including traded good consumption and real exchange rates. Stockman and Tesar (1995) find
that their model is missing some source of nation specific variation in consumption of traded
goods. However, this is partly because they assume the elasticity of substitution between
home traded goods and foreign traded goods to be unity. As the value of w is commonly
believed to lie between about 0.8 and 6, the Cobb Douglas specification seems reasonable.
However, as shown here, if the productivity shocks in the traded good sector is more volatile
than in the nontraded good sector, the Cobb Douglas assumption eliminates variation in
consumptions resulting from the productivity difference in the traded good sector.

In addition, there is no Balassa-Samuelson effect if w = 1. With typical values for other
parameters, w > 1 is a necessary condition for real exchange rates to appreciate in response
to positive productivity shocks in the traded good sector. Both relative consumption and
real exchange rates are linear functions of the relative nontraded good sector productivity if
w = 1. This leads to a perfect correlation between relative consumption and real exchange
rates even with nonseparable utility function.

The general CES specification is also important for matching the basic moments of the
data. In order to have non-unity consumption correlation it is necessary to have Var(clt) >
0. In order to reduce consumption correlation, Var(cf) has to increase more than Var(c")
with changes in parameter values. With high w, it is easy to generate low consumption
correlation when variance of a,%t is high. If Armington elasticity is as high as w = 6, then
it is not so hard to match consumption correlation per se.

While qualitatively, Cobb Douglas specification can be quite different from the general
CES specification, the difference may be small quantitatively if w is close to one and/or
the relative productivity shocks in traded good sector is less volatile than other shocks.
However, Cobb Douglas specification can eliminate the transmission of relative productivity
shocks to consumption and real exchange rates.

Second, nonseparability implies nonzero ¢¢ and ¢r. The condition, ¢ # 0, is necessary
in order to break the perfect correlation between relative consumption and real exchange

rates in this class of models because otherwise ¢; = pcf’. Except for this, nonseparability does

15 Assuming the other extreme case, namely perfect substitution between home traded goods and foreign
traded goods, is becoming less common since two-way trade contradicts the assumption of w = oo

11



not seem to play an important role in the transmission mechanism in qualitatively. However,
as it turns out, it plays an important role in portfolio allocation. In addition, nonseparability
can of course alter the business cycle properties though it may not be significant enough to

solve existing puzzles in open economy macroeconomics.

4 Calibration

While the model is quite simple, it is worth examining basic moments of the model. I focus on
the cross-country consumption correlation and the correlation between relative consumption
and real exchange rates (the Backus Smith puzzle). Tables 2 and 3 show moments from the

data and the model.

Table 1: Benchmark Parameter Values for Calibrations

Parameter o “w o7 L 0 n w n

1. Stockman and Tesar 5.17 1.0 0.24 024 044 05 1.0 0.5

2. Estimated VCV 5.17 5.0 0.3 0.3 044 05 2.0 0.5

4.1 Stockman and Tesar Specification

First, I follow the parameter values in Stockman and Tesar (1995). The detailed specification
is based on the the specific utility function described in footnote 14. Iset o = 5.17, 6 = 0.44,
the weight for nontraded goods in consumption, n = 0.5, the elasticity of substitution
between leisure and consumption, ;1 = 1 and the elasticity of substitution between Home
traded goods and Foreign traded good, w = 1, following Stockman and Tesar (1995). I also
6

use the variance covariance matrix from their estimation.!

E(d’a) from Stockman and Tesar:

8.364 3.227 0 0
, 3.227  3.378 0 0
E(d'a) = ; (30)
0 0 14.281 —-1.217
0 0 —1.217 10.668

_ (W W R R
ar = (aN,tv Ar s AN aT,t)-

16Detailed parameter values can also be found in Table 1.
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With their parameter values, the consumption correlation across countries is 0.59 in my
model, which is lower than that in their model (0.78) but traded good consumption corre-
lation is 0.89 in my model, which is higher than the data moment. Then, I use alternative
parameter values to reduce consumption correlation. As discussed above, w = 1 eliminates
transmission of country specific technology shocks in the traded good sector. w = 2, in fact,
reduces the cross-country consumption correlation to 0.51 and the consumption correlation
in traded goods to 0.81. However, this effect is not so big partly because w = 2 is not
quantitatively so different from w = 1. Larger effect can be found when we use u = 5.17
In this cases, the consumption correlation is reduced to 0.39, which is lower than the data
moment, but the traded good consumption correlation is still as high as 0.58. If two alterna-
tives are combined, then we can get the significantly lower consumption correlation of 0.17
and the traded good consumption correlation of 0.30. While changing w to non-unity as
suggested by the theory in fact reduces the consumption correlation in this case, it is hard
to solve the Backus Smith puzzle because the correlation between relative consumption and

real exchange rates remains close to unity.

4.2 Alternative Variance Covariance Matrix

One potential problem in this calibration is that the variance covariance matrix from Stock-
man and Tesar refers to the total factor productivity while in my model it should refer to

labor productivity. Therefore, I estimate a variance covariance matrix of labor productivity

using OECD data.'® E(a’a) from OECD data:

0.999 1.568 0 0
B(d'a) = 1.568 10.894 0 0 , 31)
0 0 0.692 0.714
0 0 0.714 6.054

where, a; = (ajv\‘{t, %Vlf + aﬁ’t, a%t). I also calculate variance covariance matrices of total
factor productivity based on the results from Stockman and Tesar (1995)!°, Tesar (1993),
and Benigno and Toenissen (2006). The variance covariance matrix based on Benigno and

Toenissen is very different from the other two due to the estimation method and data. Even

17Jermann (2002) picked = 5 as his baseline because empirical studies find p in the range (0,5), but
others including Stockman and Tesar, Backus et al. (1992), and Benigno and Toenissen (2006) use Cobb
Douglas specification, which implies p = 1.

18The data set and program can be obtained from the author.

197 calculate it with Q(4,3) altered to —0.15.
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Table 2: Calibration 1: Stockman and Tesar VCV

Data Model?
Us* USSP @6 aebe

Parameters
I 1.00 1.00 5.00 5.00
n 0.50  0.50 0.50 0.50
w 1.00 2.00 1.00 2.00

Standard Deviation
Consumption(c¢) 1.06 1.34 0.80 120 149 153 1.75 191

Output(y) 1.61 210 100 1.39 1.61 1.83 170 1.97
Labor(l) 1.32  1.76 068 1.15 092 1.03 086 1.11
Wage(w) 111 139 117 1.68 235 235 244 243
(en)© 086 1.13 0.60 1.11 197 202 219 235
(cr) 1.13 148 094 125 1.19 1.22 144 159
(yn)© 1.08 148 0.60 1.02 197 202 219 235
(yr) 3.03 397 211 263 201 300 217 3.56
Domestic Corr.
p(c,y) 0.82 080 081 0.85 085 061 082 045
p(c,1) 0.58 0.57 058 0.73 -1.00 -0.97 -1.00 -0.96
p(y, 1) 082 0.80 0.60 0.63 -0.84 -0.41 -0.79 -0.20
p(w, 1) 0.10 -0.05 -0.10 0.13 -1.00 -0.89 -0.99 -0.84
plen,cr) 065 059 078 0.79 0.77 079 086 0.89
p(yn,yr) 072 071 063 0.64 032 003 022 -0.16
p(n,lr) 0.74 070 0.55 0.67 027 003 031 -0.08
Cross Country
pc,c*) 0.49  0.60 0.59 051 039 0.17
p(y,y™) 0.79  0.68 0.36  0.06 047 0.11
p(cN,cN) 0.39  0.67 040 033 031 0.4
pler, c) 0.46  0.49 089 081 058 0.30
p(1,17) 0.65  0.66 052 021 021 -0.27
plw, w*) 011 0.21 0.65 0.65 0.53 0.54
p(yn,yn) 0.63  0.50 040 033 031 0.4
p(y L Yr) 0.75  0.71 -0.34  -0.70 -0.30 -0.74
p(cf, q) 1.00 098 1.00 0.95

# Bandpass(1.5 8) filtered series.

b First difference series.

¢ (G6 countries consist of Japan Germany, France, Italy, UK, and Canada.

4 In the model section, other parameter assumptions are taken from Stockman and
Tesar (1995). o = 5.17, v = 0.24, 6 = 0.44 and the variance covariance matrix
=T Q) 'VIe](I — Q)" from Stockman and Tesar (1995). Other parameters
are listed in Table 1.

¢ In theory yn = ¢y but data are not.
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though my estimates are based on labor productivity instead of total factor productivity,
they are quantitatively in the middle of their estimates. However, they are qualitatively
closer to Benigno and Toenissen (2006) since they indicate more volatile traded good sector
productivity than Stockman and Tesar and generate stronger correlation between traded
and nontraded good sector productivity.

In this calibration with the alternative variance covariance matrix, I set the share of
working hours in non-sleeping hours L = .3, which implies C' = 0.3. These values are fairly
standard. I also set the share of consumption in utility s. = 0.3. This implies v = 0.3.
There is not consensus in the literature on the elasticity of substitution between leisure
and consumption. Given this, I pick g = 5 in combination with the Armington elasticity,
w = 2, because this configuration generates lower consumption correlation than that in
the original Stockman and Tesar specification. I set 0 = 5.17, the elasticity of substitution
between nontraded and traded goods, 6§ = 0.44, and the weight for nontraded goods, n = 0.5,
following Stockman and Tesar.

With this new specification, the consumption correlation is 0.86. The increase from the
previous calibration is mostly due to the variance covariance matrix different from that in
Stockman and Tesar. On the other hand, the correlation between relative consumption and
real exchange rates becomes as low as 0.52 although it is still positive. This relatively low
correlation is owing to w # 1 as well as higher volatility in traded good sector productivity.

The elasticity of substitution between nontraded goods and traded goods, €, can also
be an issue. Ostry and Reinhart (1992) estimate 6 in the range 1.22-1.28 for all regions
and 0.66-1.44 for each individual region. Stockman and Tesar (1995) find that 6 = 0.44
and claim that 6 tends to be low among industrialized countries. Mendoza (1995) estimates
0 = 0.74 for industrialized countries. I use # = 1.2 as an alternative value. Higher 6 also
reduces the correlation between real exchange rates and relative consumption to 0.44.

I try w = 6 as an alternative value. While Armington elasticity, w = 6, might be too
high for a two country model without nontraded goods, it may not be a bad assumption
if we include the nontraded good sector because expenditure switching effect is smaller in
the presence of nontraded goods.?° In this alternative specification, we can achieve negative
consumption correlation of -0.06 although the correlation between real exchange rates and
relative consumption (0.64) is higher than that in the previous case of § = 1.2.

However, the correlation between consumption and labor hour is still negative. This

is because households try to split the benefit of higher productivity by increasing both

20See Ruhl (2005) for detailed discussion about the Armington elasticity.
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Table 3: Calibration 2: Alternative Variance Covariance
Matrix®

ParametersP
o 5.17 5.17 5.17 1.00 1.00 1.00
n 0.50 0.50 0.50 0.50 0.50 0.50
w 2.00 2.00 6.00 2.00 2.00 6.00
0 0.44 1.20 0.44 0.44 1.20 0.44

Standard Deviation
Consumption(c) 1.31 1.30  1.84 247 247  2.69

Output(y) 1.61 1.62 246 2.67 2.67 3.36
Labor(l) 076 076 1.59 0.63 0.63 1.71
Wage(w) 1.96 1.96 197 196 1.96 1.96
(en)d 0.86 1.03 159 1.96 139 224
(er) 1.88 295 226 3.04 408 3.20
(yn)4 0.86 1.03 159 1.96 139 224
(yr) 293 371 588 378 4.67 6.46
Domestic Corr.
o(c,y) 064 063 -0.26 0.89 0.89 0.39
p(c,1) -0.97 -0.97 -095 073 074 -0.12
o(y,1) -0.45 -0.44 055 0.96 0.97 087
p(w,1) -0.88 -0.88 -0.33 081 0.8 0.38
plen,er) 079 -049 0.82 095 051 094
(N, lr) -0.59  -0.02 -0.94 -0.49 -0.26 -0.74
o(yn, yT) 021 -0.57 -0.69 0.69 0.37 -0.05
Cross Country
p(c, c®) 086 087 -0.06 0.95 0.95 0.65
oy, y*) 023 022 -047 0.67 0.66 0.05
plen, ciy) 061 065 -0.53 0.89 0.68 0.44
pler, ck) 094 098 035 097 099 077
o(l,1%) 058 060 -0.64 0.25 024 -0.83
p(w, w*) 096 096 095 096 0.96 0.95
(YN, yx) 061 065 -0.53 0.89 0.68 0.44
plyr, vi) -0.20  0.25 -0.80 027 0.52 -0.56
p(cf, q) 052 044 064 0.86 084 0.71

& Variance covariance matrix is base on my estimates.
b Other parameters are listed in Table 1.
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consumption and leisure. To better match this aspect of the data, I use o = 1.2! With
this specification, the correlation between consumption and labor hours becomes positive.
However, with w = 6, this becomes negative again. Moreover, when all three alternatives
with ¢ = 1, international correlations matches data poorly. Perhaps, introducing demand
shocks instead of simply changing parameters may help generate positive correlation between
consumption and labor hours and match other features of the data at the same time.

The model behaves quite differently depending on the variance covariance matrix. Ob-
served varieties in the correlation between real exchange rates and relative consumptions
may be simply due to the difference in the shock process. My model with the alternative
variance covariance matrix can generate relatively low correlation between real exchange
rates and relative consumption compared to other complete market models. It can also
generate negative cross-country consumption correlation. However, notice that there is only
one case where the cross-country consumption correlation is smaller than the cross-country
output correlation and this is with Stockman and Tesar variance covariance matrix.

The cross-country consumption correlation can be smaller than the cross-country output
correlation, if and only if Var(cff) > Varyf?). Increasing w tends to reduce cross county
consumption correlation per se but it may not reduce it enough in comparison to output
correlation. This is because higher w also generates higher relative output volatility, hence
higher output correlation. In fact, within usual parameter ranges, it is always the case that
ker < kpr + K/(w—1). That implies that the coefficient on relative productivity in traded
good sector, aff, is greater for output equation (27) than for consumption equation (25).
From these equation, it becomes clear that Koy > krny + K is a necessary condition for
Var(cf) > Varyf). This in turn implies that the variance of the relative productivity in
the nontraded good sector must be greater than that in the traded good sector. On the other
hand, this kind of variance covariance matrix tends to generate higher correlation between
relative consumption and real exchange rates.

Overall, it is apparent that one of the simplest international business cycle models with
relatively general utility function performs poorly as the model cannot match the key mo-
ments of the data simultaneously. This is not surprising since this model is driven only
by labor productivity shocks. Demand shocks such as monetary shocks and government
spending shocks seem to be needed to match the data. However, this model still provides a
useful insight into the international transmission mechanism of productivity shocks. For ex-

ample, the general CES specification can recover many transmission channels eliminated by

21This implies that the period utility is a log function.

17



Cobb Douglas specification. Nonseparability in utility is a necessary condition for non-unity
correlation between relative consumption and real exchange rates. Nonseparability can also

alter business cycle properties quantitatively.

5 The Optimal Portfolio

I demonstrate the existence of the supporting equity portfolio in this economy for the allo-
cation derived under the complete asset market assumption except for some combination of
the parameter values. The literature has not paid enough attention to the case of nonex-
istence. However, this case might be important in explaining the lack of international risk
sharing. Before going to the discussion of nonexistence of the supporting portfolio, first I
show the supporting portfolio when it exists.

Households first allocate a portion of equity portfolio, 1, to nontraded good sector and
1 — n to traded good sector. Note that n is also the weight of nontraded goods in total
consumption. This allocation is obvious because the value of firms depends on the future
sales and profit margin but the margin in each sector is identical and the future sales share
of each sector is the same as the consumption share. Then, home households allocate a
portion, dp, of nontraded good sector equity portfolio to Foreign equities and dr of traded
good sector equity portfolio to Foreign.2? For example, the optimal weight on home traded
good sector equities in total equity portfolio of home residence is n x (1 — d7). Using the

above notation, the relative budget constraint becomes as follows:

el —n(pnt +yne) — (L —0)(prs + yr.e)]

Zﬁ@vn(l = OloNs +yne + @) — (Pne +yne)] (32)

+

T 0r (L= = Olpr +yrs + ) = (Pre +yre)]

The left hand side of this equation is the difference between consumption expenditure of
home households and home households income if there were no assets traded under the
optimal allocation. In order to achieve the optimal allocation, the assets trade should offset
this difference. The right hand side is the value that Home households gain from asset trade
as home households exchange dy of home firm equities in nontraded good sector to acquire
dn of foreign firm equities in nontraded good sector and so on. For example, pi , +y7, + gt

is the revenue of the foreign firms in traded good sector in terms of home consumption goods

22Tn order for equity market to clear, 07 = 155,07
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and 1 — (¢ is the capital share. Hence, the profit is the product of two.?? Then, the equity
portfolio weights 07 and dn can be determined from this equation (32) because it must hold
Vaﬁ,t and a%t.

Let me rewrite the above equation in terms of [, ¢/, and exogenous variables , a%l ,, and

R
ar ;-

(1= n)(peit + dol + YU + dref + 1 — )
=0nn(1 = Ol = 0)(pei” + doli® + UIf + orel —aR,) — peit — dcl +¢f] - (33)
+0r(1 =m0 = )1 - w)(WIf + ¢ref’ — afty)
Since I and ¢l are given by equations (25) and (26), it is straightforward to solve for

6y and dp except for the case with w = 1, for which 7, portfolio weight for traded good

sector equities, cannot be determined.

. a-me -2
6T:1—C 1+ 1/1p+1 forw#1 (34)
1=m@—-1)1+4+1/e1w)+n {p -1+ l/sl,w)}
+1
o a-mO-1% 014 1/a)
P P
6N:1—C 1+ | (35)
(== (4 1)+ [ = (14 1/e1)
where €;, = L, is a Frisch elasticity of labor supply. When the denominator is
Yp — dcoL

zero, then there is no supporting portfolio.

There are four important implications regarding the portfolio portfolio allocation. First,
when the elasticity of substitution between home traded goods and foreign traded goods
is unity, or w = 1, the result is similar to Cole and Obstfeld (1991), where they find that
there is no gain from equity trade. However, the existence of nontraded good sector with
w = 1 has an interesting implication. If there is only one mutual fund for each country,
which implies 67 = 6%, then the equity portfolio weight for foreign equity as a whole is
ON. If @ = 1 for example, then the portfolio weight is super home biased, meaning that
home would go short in foreign equity. Also, as shown in Engel and Matsumoto (2006), if
w is close to unity, then price rigidity is an important factor in determining equity portfolio

allocation. Since empirical estimates of w are often close to one, short-run effects of price

23While there are capital gains from the portfolio, flexible price assumption allows me to focus on income
from dividends. In appendix, I describe budget constraint in terms of the total return.
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rigidity deserve closer attention.

Second, w has quite an important role in terms of determinacy of the traded good sector
equity portfolio but does not have any further effect on the portfolio weight in case w # 1.
This is because the shocks from the relative productivity in the traded good sector are
transmitted to consumption and labor with the common coefficient, w — 1, as in equations
(25) and (26). In other words, by defining af* = (w — 1)aF, w becomes a part of an
exogenous variable. Because complete market supporting portfolio offsets the effect from
relative shocks, w does not enter into the portfolio function itself. The traded goods equity
portfolio, 7, with no nontraded good sector, n = 0, is then identical to that in Jermann
(2002) who assumes homogeneous traded goods, i.e. w = oo. However, my finding shows
that his result is robust to variations in the elasticity of substitution between home goods
and foreign goods except for the Cobb Douglas case.

Third, the optimal portfolio is extremely biased towards either Home or Foreign under
nonseparability as depicted in figure 1-3. Baxter et al. (1998) find that optimal equity port-
folio in the traded good sector is a world diversified portfolio. In my setting with production
economy and separable utility, the portfolio allocation of traded good sector is similar to
that of Baxter and Jermann (1997), where home owns more foreign equity. However, once
I introduce nonseparability, then the equity portfolio in the traded good sector behaves
similarly to the nontraded good sector. As shown, the existence of nontraded good sector
affects equity portfolio in traded good sector. Most important, with nonseparability, I can
overturn the previous result that the optimal portfolio of traded good sector equities is well-
diversified. We can no longer dismiss the claim that existence of nontraded goods explains
the home bias puzzle since the validity of the claim depends on the model parameters.

Finally, I should note that the denominator in equations (34) and (35),

1—n)O0—-1)1+4+e10)+n % —(1+enw)

can be zero with the reasonable values of parameters. As ¢, does not depend on 6, this
denominator is a linear function of # and can become zero as 6 changes its value. It is
easy to see with separable utility that zero denominator case is empirically relevant. The
denominator can be rewritten as (¢ + 1)[(1 —n)(0 — 1) +n(1/p — 1)] under separable utility.
What is the reasonable parameter value? The nontraded good sector weight, n, is typically
0.5 to 0.8, the estimate of the elasticity of substitution between traded and nontraded

goods, 6, ranges from 0.44 to 1.44 as discussed above, and the inverse of the elasticity of
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intertemporal substitution of consumption, p, ranges from .5 to 10. With these parameter
values, the sign of denominator can be either positive or negative. This can generate an
extremely biased portfolio. Baxter et al. (1998) find similar results regarding the nontraded
good sector equity portfolio. They show that the equity portfolio in the nontraded good
sector is extremely sensitive to the elasticity of substitution between traded and nontraded
goods.?* However, in the case of nonseparability, this sensitivity is also true of the portfolios
of both traded and nontraded good sector equities as depicted in figure 1. The portfolio is
also sensitive to the changes in other parameters as demonstrated in figure 2 with respect
to p and in figure 3 with respect to 0. The denominator becomes zero when the relative
return of traded good sector equities and that of nontraded good sector equities are linearly
dependent. In case of separability, this happens when the relative return of nontraded good
sector equities is constant. When the denominator is zero, then there exists no supporting
equity portfolio.

The nonexistence of the supporting portfolio and extremely biased portfolio around this
nonexistence point has further implications. Even if the number of assets is sufficient to span
all the shocks, it may not be possible to achieve the complete market allocation since small
market frictions such as short-selling constraints can prevent agents from holding the com-
plete market allocation supporting portfolio that requires an extreme short position. In fact,
there are many different assets in reality but asset returns might be highly correlated with
each other and the optimal portfolio without market frictions might require an extremely
biased position in one of the assets. In this case, transaction costs or some other frictions
could explain imperfect risk sharing. This suggests that in building a model with incomplete
asset markets, it is more realistic to assume certain frictions rather than arbitrarily missing

assets as has been common practice.

6 Conclusion

This paper presents a two-country two-sector production economy model with flexible prices.
This model nests the models of Stockman and Dellas (1989), Baxter et al. (1998), and
Jermann (2002) as special cases. I find that the presence of nontraded goods and nontraded
factors with nonseparable utility can be a potential solution to the equity home bias puzzle.
The optimal portfolio of traded good sector equities is no longer a well-diversified world

portfolio, overturning the finding of Stockman and Dellas (1989), and Baxter et al. (1998).

241f ¢ = 0, then the portfolio will coincide with that in Baxter et al. (1998).
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Therefore, further research is needed to determine whether nontraded goods can indeed
explain the home bias puzzle.

Since the optimal portfolio that supports the complete market allocation in the model
is often extremely biased, the lack of international risk sharing in reality may be due to
minor market frictions, which prevents agents from taking these extreme positions, rather
than due to missing asset markets. This suggests that a realistic incomplete market model
should adopt market frictions rather than eliminate an asset arbitrarily. This theoretical
conclusion is in line with the empirical findings by Lewis (1996).

Another important finding of my paper regarding international portfolio choice is that
the elasticity of substitution between home and foreign traded goods is an important factor
for determinacy of the traded good sector equity portfolio. If the elasticity is unity, then the
terms of trade play the role of insurance and any traded good sector equity portfolio will
support the optimal allocation.?® This issue is discussed in Engel and Matsumoto (2006)
who find that if the elasticity between home and foreign traded goods is close to unity then
the price stickiness plays an important role for the optimal portfolio choice. This calls for
introducing price rigidity in a model.

However, this model performs poorly in matching international real business cycle fea-
tures. For example, while nonseparability can alter business cycle property, it does not seem
to provide a solution to the Backus-Smith puzzle at the same time matching data moments.
This is not surprising as the model is driven solely by productivity shocks. Nevertheless, the
closed form solution provides some insights into the international transmission mechanism.

Future work should take into account these findings. Nonseparability, which does not
help match business cycle properties in a simple setup, can be a potentially important
factor in explaining portfolio choice. Introducing market frictions in a model seems to be a
more reasonable way to explain the lack of international risk sharing than eliminating assets.
Price rigidity can be an important factor to explain home bias if the elasticity of substitution
between home and foreign traded goods is close to unity. Finally, while Armington elasticity

does not enter the portfolio weight function, it plays a role for determinacy of portfolio.

25However, there is an exception for this: when nontraded good sector equity portfolio cannot support
the optimal allocation then no portfolio can support the optimal allocation.
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Figure 2: Equity Portfolio u
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Figure 3: Equity Portfolio o
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Table 4: List of Parameters

variables

home population

discount factor

coefficient of risk aversion and inverse of the intertemporal substitution with respect
to contemporaneous utility

elasticity of substitution between consumption and leisure

utility weight on consumption

coefficient of risk aversion and inverse of the intertemporal substitution with respect
to consumption

coefficient of risk aversion and inverse of the intertemporal substitution with respect
to labor

steady state share of working hours in non-sleeping hours

elasticity of substitution between traded goods and nontraded goods

share of nontraded goods in consumption basket

elasticity of substitution between Home goods and Foreign goods

degree of monopolistic power (also related to the labor share)

1

the labor share in the national income;{ ~ %

€ DT QA w3

N E I N
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A Equilibrium Conditions

First, it turns out to be convenient to rewrite the budget constraint:

Ci(j) +Vig1 + Hy = Vt—lRtJrHt—lR,‘gH (36)
where
H; = Z B°Dy 44 sWigsLits (37)
s=1
H, +W,L,;
RHE DTV 38
C T H (38)
SN
Vi =ve41(5) (X1) (39)
X, +1I1 Q¢
R ; =—2 L = Ry 40
P e (10)
X
’77.,t+1 _7;7t+1_’ Lt (41)
’Yt+1X.,.,t
Ry =%'R._; (42)

denoting human capital, return on human capital, financial wealth, return on equity, and

return on portfolio. Let

UC(Ct+s+k7 Lt+s+k)
D S S - 43
brs stk Uc(Ctis, Lits) (43)
Py =Qi Py, (44)
UL(CtaLt)
Wy =—— 212 45
" =Uc(Cr. L) (45)
AW
_ 4
Pt =X"14r, (46)
W,
_ 4
P A—1An, (47)
1—w
AW\ A QW
1—w t tVVg
=n [ ——— 1— - 4
Pre n<>\—1AT,t) o n)</\_1 AT > 9
1=nP\ + (1—n)Pp’ (49)
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A.1 Linearization

Prices can be expressed as

PN,t =Wt — N ¢t

Ph,t =Wy — Q¢

Pft =wi —ap; + ¢
Pt =npht + (1 —n)pyry

0 =npn,t + (1 —n)pre

Optimal consumption allocation can be expressed as

Chit = — W(ph,t - pT,t)CT,t
Crt = — w(pf,t - pT,t)CT,t
Crt = — 9PT,tCt

cnt = — Opn e
Goods market clearing conditions can be expressed as

Ynt = an, + I =cn

Ynt = art +lry =ncp e + (1 —n)cj, ,
Labor Market Clearing Conditions

e =nlne + 1 —n)lry

_ Urr(C,L)L _ Uecr(C,L)L _ Ugr(C,L)C
Let ¢ = tLJi(C*,E) »Po =~ tcfé(c,i) » 0L = EZ(C,L) Uc(C,L)

First order condition for labor supply is
wy = Ply + dcle + drer + per
Optimal risk sharing conditions implies

q = plee — ¢f) + dc(le = 1})
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Using 14 equations (50)-(64) and their foreign counterparts, I can solve for 13 unknown
home variables {c;, wy, I, Ch,t>Cf,t5 CT,ty CN,t5 LNt ZT’t,ph,t,pf7t7pT7t,pN,t}, their foreign coun-
terparts and ¢: given ary,an: and their foreign counterparts. By Walras’s Law, foreign

counter part of equation (64) is redundant.

A.2 Solution: World Variables

Combining goods market clearing condition, the world labor hours and world consumption

can be solved as a function of world technology level:

1—dr —
Vo PPl + (1= ma) (65)
v LY+ de [na}/\fv,t + (1 - 77)‘17‘/!{15] (66)

“ :¢+¢C+¢L+P

Note that na%t +(1=n gfft is weighted average of world productivity level.

Combining each country’s traded goods market clearing condition I get
w w w w w
ap; + lT,t = —0(w; — aT,t) +c

Using above world traded goods market clearing conditions, I get labor hours in traded good

sectors and consumption of traded goods:

1—¢r—p

W0 — Dn(aV, —a¥ ) + AW (1= )V 67
T,t ( n( T,t N,t) w+¢c+¢L+p[n Nt ( n) T,t] (67)
1+9+d¢c
w w w w w
cr, =0n(ar, —a + an,+ (1 —n)a 68
Tt 77( Tt N,t) 7/)+¢C+¢L+P[n Nt ( 77) T,t] ( )
Nontraded goods can be solved in a similar way:
1—¢r—0p
W, =0-1)1-n) ¥, —ad¥,)+ aw, + (1 —nay, 69
Nt ( )( n)( Nt T,t) ¢+¢c+¢L+p[n Nt ( n) T,t} (69)
14+9Y+¢c
W w w w w
ey, =0(1—n)(ay, —a + an;+ (1 —n)a 70
Nt ( )( Nt T,t) ¢+¢c+¢L+p[n Nt ( n) T,t] (70)
A.3 Solution: Relative Variables
I make use of complete market condition:
@ = peft + delft. (71)
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By taking the difference of variables, I can solve for allocation:

i =Pl =) =0)+n] —[1—n)w—-1)+ 1L nalt
L+ dc) +non +p+ (L—n)n +w)(pv — dcdr) T !
n (nor +p)(1 —n)(w—1) oF
Ny +éc) +noL+p+ (1 —n)nd +w)(py — dedr)
o Lrocll—n)1=0)+ i+ (1= -+ 10 .
L+ ¢0) + 0oL+ p+ (1 =)0 +w)(pd — ¢odr) |
i (o + )1 = )l — 1) o
n(m + éc) +nér +p+ (1 —n)(nd +w)(pp — pcopr)

Or
RCN RKer
et =N ot 4+ T 1)1 ), (72
KLN KLT
I} :7776”13,15 + 7(“’ =11 - 77)@% (73)
where

ken =14+ ¢c(1 =0 +n0) +[1 + (w0 — 1)(1 = )], ker = —(Y + o),
kpn =0 —pl—=0+n0) =1+ (w—-1)A—n)dr,  kLr=p+noL
K =kprkeN — KCTKLN

=p+néL +n(nY +oc) + (1 —n)(n +w)(py — pcdr)

Then, substituting these into equation (71)

RQN

RQT (
K

qt :Pcf + (bclf = naﬁ,t + K w—1)(1- n)a%t (74)

where

KQN =pkcN + ¢ckn = p+noc + [1 + (w —1)(1 = n)](¥p — ¢cdr)

KQT =pkct + ¢ckrr = —(Yp — dcdL)n

33



For consumption of traded goods and nontraded goods:

R R
Crte =C — Oqq

(75)
KCN KON KcT RQT
= (%X - 02 ) paft, - (SSF + 072 (1= m)(w - Daf,
1 1—77 1—n
C%,t :%C?_ n CITZ,t :Cf eqtR
K 1—-7n kK K 1—-7n kK (76)
CN — N cT - T
=(K = 9?{)77@%,5—&-([(—1— ; 02)(1—77)@_1)@%

The relative labor hours of both sectors expressed using other endogenous variables are

Iy == w(Vl +¢ref)) + (w — Daf, (77)

1N == 0 + ol + dref + pef') + cff — (1 - 0)ay, (78)

B Supporting Portfolio

B.1 Returns on Assets

So far I solved real allocation using complete market condition. I will find supporting
portfolio for the complete market allocation. I will first solve for the returns on assets and

then show the supporting portfolio.

B.1.1 Return on Human Capital

Recall

oo

Hy = BT EDiyo41Wigsr1Lisor (79)
s=0

In linear form:

6 o0
hy = T Z LB (dt 4541 + Wigsp1 + list1)
5=0

where d; 11541 = p(er — crys+1) + ¢o(ly — li4s+1); therefore,

"= % DB (pee + Geli) + Er($lesors + Srerrors + lipsin)] (80)
s=0

Return on the Human capital is defined as follows:

Hy + Wi Ly

L
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In linear form,

r{f =Bhi + (1= B)(we + 1) — hy—s
=pAcy + ¢ Al + (1 - 3) ZﬂSEt(¢lt+s + drciqs +ligs)-
s=0

where, By X,y = B Xy ys — Ero1 Xips.

B.1.2 Returns on Equities

Dividend of each sector can be written

TT,ht =Wt + 74,
* *
ot =Gt +w + 7y,

TNt =Wt + Nt

The stock price of the home firms, for example, can be written,

1 _ o0
T ht = Tﬂ Z Bttt [(per + Pcli) + By (Ylirs+1 + Prcirst1 + L ptst1)]

s=0

Therefore, I can write returns on equities as

oo

"ot =pAc + oAl + (1 = ) Z BB (Ylpgs + Grcers + Lits)
s=0

e =PAC 4+ G Al + (1= )Y BBl + St + i)
s=0

rope =pAc + G Al + (1= B8) Y B E (Gl + drei, +10y)
s=0

Note that there is no ex-ante excess returns.

B.1.3 Solution: Portfolio Allocation

Given the same markup rate across sectors, the share of the firms in each sector should

equal to the consumption weight. In addition, as consumption basket and ex-ante value of

each firm in each sector are identical between Home and Foreign, the optimal share should

be symmetric. The portfolio weight of each sector must be  and 1 — 7. Let d7 be the time

invariant portfolio weight of Foreign equities in the traded good sector equities of Home

household and d be the portfolio weight of Foreign equities in the nontraded good sector.
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In order for equity market to clear, we need 6" = -0 I will find this class of portfolio

which satisfies the budget constraint with complete market allocation. Then, this portfolio

supports complete market allocation.

First, portfolio returns of Home and Foreign household are

Ty :(1 — 77)[(1 — 5T)TT,h,t + 5T7’T,f,t] + T)[(l - 5N)7"N,h,t + 5N7"N,f,t] (90)

e =1 =017 e + (1= 07)r7 4 o] +0lONTN pe + (1= NN f.4)- (91)
Let
= = = =

be the return of Home equities in each sector relative to that of Foreign equities.

The budget constraint can be linearized as follows:

e+ % (1= Que + Chae] = ﬁ[(l = Qre +ve-1) + C(rf 4 he—1))- (92)
Then, the relative budget constraint is
cft o 125 (1= Of o GhET = 510 = O o)+ St A (o9

With §* = $%-6. and the sector weight of n and 1 — 7, it is trivial to see that world budget

constraint holds.

Note that
— B« 3
hit = ﬁi Z (e + Gel{) + B g1 + drefgin + 1 )] (94)
5=0

f‘:*ﬂZ S“{ (peft + ¢elf))
ﬁ =0

1

+(1- )(1— -

1
+n (1 - 1—n§N> Ey (U g1+ drel g + ZJI\%/',t+s+1)}

br) Bt + bucn + ) 09
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By substituting these and rearranging, I get

or(1—n)(1 — w) (WU + dref — afly)
+ onn[(1 = O) (W1 + preff — af,) — 0(peft + dcli) + ¢ff] (96)

1—n
Zﬁ(Pcf‘Hﬁclf+Wf+¢ch+lf’—Cf’)

Substituting ¢f?, and If* using equations (72) and (73), we can express above only by af ,
and aff,. If w = 1, then we cannot determine the traded good sector equities portfolio.

However, if w # 1, then there exists the unique portfolio that satisfies the budget constraint:

= il LwAl (97

" o if, w#1 97
1-¢ Z(¢+1)+[(0—1)(1_n)_n][1+¢/)—p<bc<bL]
- (-o-n2e - LD Ty o bo]

61\/:1_2 1+ P p : f(b : o)
Z(¢+1)+[(9—1)(1—n)—n][1+PpCL]

with exception when denominator becomes zero. Otherwise, this portfolio supports the

complete market allocation.
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