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Anrals of Ecenomic and Social Measurement, 3:1. 1974

ON SOME PRICE ADJUSTMENT SCHEMES
BY MASANAO AOKI*

The paper compares a stochastic approximation price adjustment equation with three Bayesian pricing
schemes, of which two have one-period criterion functions and the third has a multi-period criterion
Sunction including a variable for a desired terminal stock level. The stochastic approximation price adjust-
ment scheme is shown 1o be the same with 1wo myopic Bayesian pricing schemes asymptotically with
probability one. The Bayesian price adjustment equation for @ multiperiod criterion Sunction, under siatic
price expectation assumption, is shown to be similar to one period price adjustment equation with probability
one except for the presence of a stock level adjustment term.

l. INTRODUCTION

Consider an organized market dealing with a single commodity where trading
takes place out of equilibrium. We suppose that prices are set either by a marketeer
(for example, a trading specialist) or by a market authority (for example, in a
centralized economy). Prices are set by such an economic agent in the face of
unknown or imperfectly known market response.

We assume that the excess demand for the commodity in response to price p
is modeled by x(p) = f{(p; 8) + ¢ where f(p: 6) is a known function of p with
unknown parameter 6 and where ¢ is noise.! For example, the economic agent is
assumed to know that f(p;8) is Lne=; in p, f(p:6) = —ap + B, where the para-
meter vector § = (x, f)is unknown except for the fact that they are positivea, f > 0.

We can investigate the pricing policy of the economic agent either by assuming
that the economic agent has his subjective estimate of x(p), in other words, subjec-
tive estimate of § and employing the Bayesian approach; or by treating 6 as an
unknown constant vector and employing a price adjustment algorithm which is of
the stochastic approximation type or other programming algorithm such as the
stochastic gradient method, [1]. The Bayesian viewpoint is used in [3] to formulate
the pricing policy.

In this paper, we first discuss the stochastic approximation adjustment in
Section 2. In this scheme, p,, | — p, is set equal to a,x(p,) where the adjustment gain
a, approaches zero as o(1/t) as t — 0.

We then compare it with a scheme in which the marketeer sets the price
which, in his estimate, clears the market, ie., he sets the price which clears his
subjective estimate of the market excess demand. Since his estimate of 8 changes
with time, the equation for updating his estimate of 8 implies a certain price adjust-
ment scheme.

We show the relatien of this equation with the stochastic approximation one.
This is carried out in Section 3.1.

* The author wishes to acknowledge helpful discussions with R. W. Clower. An earlier version
of the paper was presented at the 2nd workshop on "stochastic control,” NBER Conference on the
Computer in Economic and Social Research, University of Chicago, June 7-9, 1973. The participation
in the workshop was made possible by support from the NBER.

! We assume a finite variance for noise.

95



In Section 3.2, the price is set to minimize the conditiqnal cxpeclznior} of x(p)*.
We then compare the resulting price scheme \vnh. that m.Soctmn 2. These two
pricing schemes are therefore one-period or myopic Bz}ycs!un schemes.

In Section 4 we use a multi-period criterion function in (.h(.l excess demands
and the desired terminal stock level. We ask in what w;ty (hc pnc‘mg.schcme vyhich
results from an approximate optimization of the multi-period criterion funcuo.n is
retated to that of Section 2 and show that except for the presence ofg term to adjust
the stock level, it behaves the same as the stochastic approximation scheme for

large t.

2. PRICE ADJUSTMENT BY STOCHASTIC APPROXIMATION

In [3], we discussed the pricing policy which minimizes the expected muiti-
period cost, conditioned on the past observation. When we specialize it to a one-
period policy where p is taken to be such that Elx(p)#,) = 0,. lhgn the price at
period ¢ is adjusted (see Section 3.1 and Appendix 1 for the derivation) by

(1) Pier =p o+ kx, t =12, ..
where the adjustment gain is approximately given by
2) ke~ (1 + (p, — pYY/spyl + tl,
where
I t
(3) ﬁx = ; Z Ds
s=1
I d 5
(4) .\.'2 == (ps~_ ﬁl)‘
t s=1
o = Ela|#))
and where 5 is the agent’s knowledge at time ¢
He = {H xp_)p,-,)

il

H
so that «, is the posterior estimate of « at period ¢.

Equation (1) with the differential adjustment parameter (gain) &, is quite close
to the adjustment scheme of the Robbins-Monro stochastic approximation [10].
¢ therefore consider a price adjustment equation

{the agent’s a priori knowledge on 6!,

(3) Picy =p, + apx,

where x, = x(p,) = =ap, + B+ ¢, and where a, is specified below. We assume
1} is a sequence of independently and identically distributed random variables

with mean 0 and a finite variance a’.

Fact I {Chung)

The prices generated by (S) converge to B2 in probability as 1 - = for any
sequence of adjustment gain such that ta, — I/a, 1 - .
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Proof. This was established by Chung [6)].
We can also show that p, generated by (5) converges in mean square. Define
the variance

= E(P, - ,—’1)2
where

1_71 = E(P, ).

We use the symbol ~ to indicate the order of magnitude relation.

Fact 2 (Hodges-Lehmann)

For the adjustment parameter 4, = ¢/t, we have the order of magnitude rela-
tions for 2a¢ > 1, with a constant ¢,

(6) Epv 1) ~ Elp)irs + ol — 1798z,
Toey ~ 00 4 620t - (xc)? Qe — 1),

Equation (6) remains valid for any other choice of a, such that ta, — ¢, 22¢ > 1,
ast - om.

The Proof is due to Hodges- Lehmann [8].

The convergence with probability one also obtains for the price adjustment
equation (5).

Fact 3

With ta, — 1/a, the prices generated by (5) converge (o fi/x with probability
one. p, of (3) in conjunction (5) also converges with probability one.
Proof. With a, = 1/at, p, generated by (5) can be written as

Py = /f/d + My

where

1 r
Newr = };S; Cs-

Define {, = 3" _ &/s.t =1,... . Itis easy to verify that {(,} is a martingale and
sup, E|{,| < oc. Thus {, converges to a finite limit with probability one (Chung
[7]). By the Kronecker's lemma (Chung 7)), the convergence of {, (with probability
onc) implies that ,, , — 0 (with probability one), as r - o,

P of (3)is given as p, = f/x + Y!_, nt Since Y muisalsoa martingale
and sup, E(3" _ | n/u)? < o, Y=, 1/t = 0, with probability one, hence b — Bin
with probability one.

3. RELATION WITH ONE PERIOD BAYESIAN PRICING PoLICY

We discuss two pricing policies related to Bayesian policies involving x,
alone: i.e., we consider one-stage optimization in this section. Multiperiod pricing
scheme is considered later in Section 4.
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3.1. Consider a pricing policy wh reby the agent sets p, to make the expected
excess demand E(x |.#,) zero. We have
E(x|A;) = ro,

where
EB#) =0, = (—,. ).
From
N 0 = E(x).%)
one has
(1y po= B/, t=0.1.....

See Appendix 1 for the computation of 0.

Equation (1) is the policy such that —2p, + =0 for allt =0, 1. . In
other words. this pricing policy is the certainty equivalent policy of getting zero
excess demand.

In case of Bayesian estimate updates. the convergence with probability one is
established by the martingale convergence theorem, since {E(6]:)) with A1isa
martingale. where 4, is the a-algebra generated by #,. See Chung [pp. 312-33] . 7.

Fact 4

The Bayesian pricing policies generate p, such that p, — ff/a as,

The conditional expectations are rather difficult to compute, except for
several well known probability distribution functions.

Even though the marketeer knows that (1) is the price that clears the estimated
excess demand, he may be thercfore interested in a suboptimal pricing scheme
which is easier to implement and which has asymptotically the same behavior
as the optimal one given by (1.

The pricing equation of (4) given below is one of such schemes. It's relation to
the optimal one is clearly seen by comparing (3) with (4).

From (). wesee thatp,, , = f3,. 1/%+y . where 8, , is relaied to 0, by (2).

Afpi p,
_dtlp,

L = Ap]
2 0, =u- K,_H)[(), + ~~§{p')x, , Kijy=—"-"2 ¢
O’“\l Ar P,
1 + (p,. 1=
ol !

prz-l'pl—l)

24— -
AT = a7+ (
pr—l'l

_ Whgn 0. is expressed in terms of 9, and x,, it is seen that the one period
price-adjustment equation generating prices in the Bayesian case is aporoximately

.'l his is the same set of equations oblained by the Bayesian rule for independent Gaussian noises,
In this seclion we merely consider this sel as given. Sec [3].
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cqual to that of the stochastic approximation when some small terms are neglected.
We state 1t as Fact §.

Fact 5

The Bayesian one-period price adjustment cquation gencraies p, to clear the
estimated excess demand and is recursively obtained by

(3) Peey —p = kr'\-r
where &, is given by

1 (pr B f’r)z (pl B ﬁx)z
= 4y .
€+ Doy (1 + Dos?
See Appendix 1 for the derivation.
Motivated by this similarity in the price adjustment equations, we consider the

convergence behavior of the price adjustment equation

Pesy = p + ax,,

where
_ l (pl - ﬁr)z

@ “T0T 1)z, * (t + Das?’
with

l t
(5) ¢ = 7 2 (P — B

u=1
~ —a' . N
where §, = ( 8 ) Is generated by (2).
t

Note that the price adjustment gain (4) is k, up to the term olp, — )%y
(t + Dxs?), and that the first term of @, in (4) is the same as the stochastic
approximation price adjustment gain.

It is shown in Appendix 2 that the second term of «, is at most o(1/1), as.

Proposition |

The price adjustment equation (3), with the adjustment gain given by (4) and
(3), converges to %/ as.if f, = oft™ ') as, where f; is defined by (2}, Appendix 2.
Proof. Let r, = P. — B/ r, obeys the difference equation

(6) Ty = (1 —-:m,)r, +ﬂ‘-§,

where from (1) and (2) of Appendix 2 we see that | — ad, = 11 — f)(t + 1)
which is less than | a.s.
From (6), denoting by 8, o-algebra generated by ¢, s < 1, we have

E(r}, 118) = (1 — ag)r? + alo? <r? + alg?.
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Therefore. it Ta? < o, where ¢, = (1 + th)/(t + 1), then by Cor. 1 of [11]. r?
converges a.s., hence r, also converges as. (o a finite mndom variable.

We show in Appendl\ 2 that /, < q; /Z‘q,, where ¢! is bounded as. and

+ as. Then from Dini’s theorem (p. 125 of {IS]), %f} < = as. Thus,

—3
gé‘f < « follows if £f,/t < = as. This convergence obtains for any f, = o(t %),
P <L s

o>0.
The a.s. convergence to zero follows from Fact 1 if f; = ot ™'), as. See Claim,

Appendix 2.
Remark. Sece Proposition 1 of Appendix 2 for a proof of convergence of #, to

£€70. o
3.2. Suppose now that the agent wants to sct p, to minimize E(x}|.#) as
close to zero as possible, rather than setting E(x,[#,) equal to zevo.

This seemingly trivial modification from Section 1 introduces some complica-
tions, as we will see. Let p, = (p,. ).

We have

<7312 2 SiA
E(\ﬂ}?") = () +o° + PiND,-

Thus, the agent chooses p, given by

5-
%f, — 04y,

M b= a2 + ali,,

where from (A.3) of Appendix 1, 2,, = 1:ts] + ryand 4, = —p,/ts} + r,,, where

ry and r,, are o(1/ts}) with probability one. Substituting thesc into (7) we obtain
2

(7r = f/a, + - 5 poawd P = Bfa) + 70,

t

where ;, = 0(1/1s}) (with probability one).

Unlike the certainty equivalent pricing policy, this price given by (7) takes
into account uncertainties (cstimation error covariance) of the parameter 6. The
second term represents this correction.

From (7), p,,, is given as

2 A »

B 7 b — B

t+1 b t+1 .

Py = + + Vs
Yoy o (4] St %,

where 3, is secme higher order terms in 1/ts}. We know from (A.6) of Appendix 1 that
/’-H-l/'-xn-l = /{,/4, + k(x, — \:,)
Proposition 2

The one- perlod Bayesian price adjustment scheme which results from
minimizing E(x}[.#,) is the same as that of the certainty equivalent price adjustment
equation up to o1, ts, 2)as.

4. Open-Loor FEEDBACK PoLiCY AND OTHER POLICIES WHICH INCORPORATE
PRICE EXPECTATION BEHAVIOR

In this section we consider a criterion function involving more than one
period. We show that the approximaticn under static price expectation to the
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resultant open-loop feedback optimal pricing pelicy gives rise to a price adjustment
equation similar to (3.3). See [5], [9] for the discussion of open-loop feedback
policy. See [3] for another approximation method.

Suppose a static price expectation holds. Then the price at time 1, p,, will be
chosen to minimize the following expression :

E(J,15£)

where the criterion function is taken to be

T

Jo =Sy =S+ 4 ) N2

u=t
where S* is the desired terminal stock and Sy, , is the actual terminal stock. Here
we assume ¢ and T are sufficiently large.

Using the relation S, = 8§, — 3T x,, we express J, as

T

T 7 T
Jo=E =S -2AS, -SH Y x,+ Y Y oxx, +4Y 2
u=ft r=tu=t L=t
From
E(x,16) = 0., }
. . foru>1
E(x21H) = (05) + 6® + AP,
and
E(xx ) = 05 + 0%, + FAS, ur >t
we have

E(J 1) = (S, = % = 2S, - SHUT + 1 — 1)(0;5,)]
(T +1 =0T+ 1 =1+ A05) + FAS]
+ (A + INT + 1 = ne?.
Hence p} which minimizes the above is given by

) LBl ol 1 AS,
P a 1+ a2 /02 o |+ 0%k jal

where
AS, = (S, = ST+ 1 ~1t+ )

Note that with Z sufficiently large, AS, ~ 0. Then (6) reduces to (3.7). Substituting
(A.3b)-(A.3d) of Appendix 1 into (6), we can write p¥ as

(7) pr = ?1(1 _ 02&%) _ éf{(; _ "2’;'") + 2,

al alﬂl al 1'
ﬂx Uz(lfx/ax - ﬁx) AS: o’

St P R ) ) R A O
al tgl alﬁl al tgl al
B AS, i B, AS,

== - — b=+ =] +z
a * tsto? b a f

where z, represents various quantities of the order o(l/ts}).
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Note that except for the term AS,/%,, (7) 1s identical to (3.7). Thus, except for
this term, (7) gives rise to a price adjustment scheme quite analogous o that of
minimizing E(.\'flﬁ‘,’!. '

From the definition

T+ 1 —-1—242 i Y,

AS;;»I = T—‘I+/-."— 1 ;I"—I-i—)..

From the above and (A.4),

+ ;
2, T—-t+ 4

ésl+l=§_s'(]+£jz l

%+ %

Then

Bufo, 9 fAS fo, 1 _N 1+‘_SE b
P?‘+|—P7:;[7'+;‘" %, 1’+T—~I+/: X, o) T—1t+4,

0% f_’v*ﬁjL__'h___ﬁ) SRk
%\, o =14 /9, T

Substituting (A.S) of Appendix 1 into the above,

I AS, - I

X
- "+l wpl
T—-1t+/. g ts;

@) Py - =k, -3 +

where k, is the same as in (3.3).
Equation (8) is the price adjustment equation for this case.

5. CONCLUSIONS AND DISCUSSIONS

The paper has comparatively discussed four price adjustment equations, one
stochastic approximation type and three Bayesian schemes corresponding to
three different criterion functions.

A perhaps surprising and significant conclusion is that all these four generate
price adjustment mechanisms that are the same for large ¢ with probability one
(when the stock level adjustment is ignored).

The paper also established the convergence with probability one of the
estimates of the unknown parameters « and f. In this sense it generalizes some
results in [13], [14]. Related to the one-period policy of Section 3.1 is the estimate

of 8 generated by the Kalman filter, which reduces to the simple form given below
because there is no dynamics involved.

Oy =0, + k,, \[x, = (p,. 1]
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where
ko = ;2—'(1;') Y = cov (8|#)).
1

The observability condition requires that p, ,, # p, for all r.
Department of System Science
University of California
Los Angeles
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APPENDIX |. BAYESIAN PRICE ADJUSTMENT

The marketeer’s subjective knowledge on 6 at time ¢ is embodied in his
posterior probabiiity density function p(6|%)).
[t is computed by the Bayes rule recursively from py(8) by

pOEIP(x|A, 6, p) _ pOIA)P(<,16, p)

CEARE =
PO plx,1 . p.) p(x\A;, p)
where
P(xol0, po)po(0)
61%,) =
ABI, [ o P(x0l6, po)po(0) dO

where we compute p(x,|0,p,) from our knowledge of the probability density
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function for the noise ¢,. For example, when &, 1s Gaussian, with mean 0 and
standard deviation o, then we have

i i )
plx|0.p) = —=—- exv( <32 [x, — f8, p,)]2>.

J2no
p.) J
X,
I

It was shown in [3] that

] A
(A1) 6:+1 ={l - Knl) 01 + ;i

where
A, = cov (0)£)

Koo = A'ﬁlﬁ;/’(az + ﬁ'/\zﬁ)-

Denote the elements of A, by

Let 9, = (—}a,) and write {(A.1} in terms of components as
- - -{"
(A2) Aoy =& — ()'llpl + "Zt)

X
l + 15,'/\,13’,/(;2

. . ox, — X
= + (2 + Ay
ﬂr+1 ﬁ: (’Z:F’: 3,)1 " 17;/\,1),/0’2

where
'(-l = 131’0: = —uap + B!'

This term is zero for the pricing policy p, = f/a,, but non-zero for other policies.
We have computed in (3] that

[ =1 =1
, 5 .
4+ Z Ps 2y + Z Ps
- s=0 s=0
oA = ' '
-1
‘it Y P iyttt
\ s=0
where

V)
- 1 2
UZAllz(‘ ’

Ay iy

There is a very close and interesting relation with the so-called input-signal
syn_thesis problem of control theory. The problem is to design input signals to
excite the dynamic systems so as to minimize some measure of estimation error.
While this problem makes sense in a control context, it is not too appropriate in
an economic context, since there is a real cost and information {search) cost
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associated with changing price in an economic context. See for exampie [2] on the
search cost associated with changing price. We do not explore this aspect in this
paper, since it will be outside the immediate concern of this paper. See for example
(4]

Inverting the above matrix we obtain

A L Ayt ~(y + 2P

at A —(4, + ZP;) Ayt Zpsz

with
A=(i + EP;Z)(/-J + 1) — (4, + Zl’)z
= Ay = A+ A+ 2y pr =203 p eyt — (3 p)

For simplicity, assume 4, = 0. Then

1 1 t-1
;'ll = Z()j + t)' Ly = _ngo D
and
=1
=g+ 30
with
2
A={i + Y pijtiy+ 0~ (Zp) :
Define
1 -1
b = . Y. p,: average price over [0, — 1],
s=0
and
l -1
s2 = n (p, — p)*: sample variance over [0,t — 1].

Using these quantities, we can express the elements of A,/o? as

A=Ay + 1)/A, hyy = —th /A

and
-1

(A3a) hyy = [;., + Y pf] /A
s=0

with

A = t3E + t[h; + AP + sH] + A2y

3 It is reasonable to assume that the marketeer’s a priori knowledge of the slope of the excess
demand curve and the point of intercept are uncorrelated.
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Hence for large t if t57 — o (with Probability 1). then
\ L
(A3b) Ly = (*? + Iy,

where the remainder term is r), ~ of1/ts2) (with Probability 1),

, b
(A3c) fa= T Gty
t
. p? + s?
e = et oy
(A.3d) Ay 52 .

where r,, and r3, are both of1/ts2) with probability 1.

From the consideration of information search cost, it is reasonable to assume
that p's will not be violently changing for large 1 [2]. Then b, will be nearly a
constant and ts? will be only slowly growing for large 1. Sec Appendix 2 for precise

statements on this point. . .
Expressions similar to those below can be easily obtained for Pe = const.

From (A.3),
PP g = iy + Op, — th,}/A
=[5 + tp, — p)YA
and
Py + Ay =iy + st — thi(p, — pY/A.
We have also
Pilpje? = [ + 4507 + tp, — p)* + S

Therefore, from the above and (A.2),
(A4) %y =0~ J,

B =B, + 3,

where
&= — [f‘iiﬂ’*#:f’!_’_]_(ﬂ;ﬁ)‘_“,__q_ﬁﬁ*
e+ 1)s? + ti(p, — p)? + 2t Aap] + SE] + a1 F i)+ iypl
- — el I O R _
t+ st +(p, — p) + A+ A7+ sT) + AL+ 23V + aypin
_ (pr o ﬁr) ) A
= 0 +Ts'2(.\, N) 4+ u
and
.2 ~
(AS) o= pp—p)
YT s e S
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where u ~ o(1/ts?) and v ~ o(1/ts2) (with probability 1). Therefore,
(Pesy — PP = 0,/B, + 01/,

or

(A.6) Pivy — P = kilx, - %)

where from p, = f§,/a,, we have

1 1 (pr - ﬁr)z
(4 D+ Dy 5

(A.7) k, = + wy,

where w, ~ o(1/ts}) (with probability one).

APPENDIX 2. ALMOST SURE CONVERGENCE

The Nonlinear Recursion Equation

The equation numbers refer to equations in this Appendix unless specified
otherwise.
We have from (5) of Section 3
-1 ye
21 (ps = PSS
a, =all —D) D =531 "=
! ' ! E:=11 (p.s - ﬁl)z

where {, = £ Jjo,s = 1,....

We have
(1) +—
aa, = —— + ———
RTINS o e+ 1"
where
2) = _t (13/‘;::1 (p, — B)* + Dt
e+ i-D, '
Substituting into the recursion equation (6) of Section 3, we obtain
t 1, t .
G) r’*':r+1r'+r+ll”+r+l'f’(g’_r’)'

Note that f,is a function of ., s < t.

Since f, depends on r,, s < t and #,, (2) and (3) are rather complex nonlinear
recursion equations. We use some order of magnitude estimate of f, to circumvent
the complexity. We carry out first order analysis to see that g; is less than one
for ¢ sufficiently large and ) g} = o0 as., where g, = r, — #,. We also obtain from
the first order analysis that f, = o{t " *).

Let y, = tr,. The recursion formula (3) may be rewritten as

(4) Yoo = (1 - f;)y; + (1 + lfz)cx
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Define 7, by p, — fj/a. Letting z, = {7, its recursion equation is
(=1 (1 RN

e SRR IR RS B
Recall g, isr, — 7,. Let o, = ¢2¢,. Then its recursion equation is given by
(6) Oy =1 = flo, + (1 + tf)(eL, - )

Solving these recursion equations, we obtain

=1

(7 Vo= + Y Gl + SLX,
s=1
where
(8) (-1+].s :(l —".lrl)cLs' Cl,s = (l ‘—tl~1) “ —"'
Also
'_ll—f; '_ll-f-S/;
=z -y, + - —{..
=at L s}; s

Substituting the expression for y, into that for z,, we have

'+ ' R
7 =7z . o .SY.+ vl . “7:‘5'
(9) 1 l—'_s=| l+S L»s ugl Qu( +l{/u),=uz¢](l +r(!.u+l)
l—ll_t;
+ R
S=le+s(':.1‘|

and substituting the expression for z, into that of g,, we get

-1

”0) O-l = (.l.lal + Z “l.s+l(l + Sj;)(SCs - ZS)
s=1

t-1 1—2]_,‘ -1

S=Zl cl,s+ l(l + .S:IS)S(” + .r_;_'.T:Cu.l.rl 5=§| Crst+ 1“ -+ 5/‘)

I!

t—1

u+1

5 » 'L+,
- Z Crsoqll + ‘S:/s)zl - Z ey
s=1 u s

-1 l+u Crseall + -5.‘/.;))

( -1 l —; t!(
Lt=u+1 T B

The term €10 vanishes since o, = 0. As will be shown later f, is small for large
s, and sf; will be_shoxyn to be o(1), hence these cquations show the relative magni-
tudes of approximation conveniently.

-2 -1

DL+ Y L+ sf;)

1 s=ut]

First-order Approximation

: For eAxamp!e, colleqing terms not involving s, we obtain the €xpressions
or r, and #, when the gain 1/[(t + 1)x] is used for aq,.le.,

108



‘”: ng’L“

s—l

A“” l~l ]l 2 ,, rl ll—l l
STt e T S
since Py = ry.
We have
g =rv - po
=/
where
1"'(
= t \y Cnt
JIn _;u=1 n ;ﬁf" ry P

We evaluate how fast they approach zero. We prove two lemmas for that purpose.

Lemma |
t4273) - Qas. for arbitrarily small > 0.

Proof. The proofis by the method of subsequences. We first show that*2, -» 0
as. for appropriate chosen a. Since the variance of /,. denoted by F, is given by

I -1 1\ 1
h 2 Z 5 4+ 1) = I
we have by the Chebychev inequality
22 1
p[i[z/.,l > 8] < (jl = F;.

Choose a subsequence ¢ = n2. Then for « satisfying 0 < « < , Yol < 7
Thus applying the Borel- (‘amelln lemma, we see that 1?4, » 0as. for 0 <a < j
along the subsequence t = n*, n=1,2.... Let

D, = max |[(4, — 4,2)|
k

where k ranges over n, < k < (n + 1)%. We have

k=n?* (K*—n ) ]
var(i, — A} < o + w
\

Thus

. const.
p[lD > L/n_ ] < ——"—371 -
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With x < §.5 1:n*™** < . hence

nD, = 0as as nincreases.

Since
Pre= 020, + (1%, — 0¥ )
=n?, + ns, - Lt + (17 = nz’)}.r
where
I const.
- 2 2
var (1 — n??);, < (1* — n? ;< PRy forn? <t <y 4 )%

Therefore. each of the three terms on the right CONVETRes 1o zero. as. for ) < 4 <}
The as. convergence can be established by using a su bsequence. 1 = 53 orf = pym
form=34.. . in similar manners. With 1 = ™
. const ™ const
1ggm - T S
plin Lol > £} < iy - LTS
Thus 72, — Oas. along the subsequence r = n". = 1.2, for
0 m—1 | ]
<Y<y e = o
2m 2 2m
This establishes the assertion.
The variance of i, is
l 1= . t . " R
var () = = z (reu+ [P ~ [—2(1(ln W=2sny + </ + const)
u=1

where y = (1 ~ 1) ¢. Therefore Variu) ~ 11 and the virtually same proof of
Lemma I esiablishes ¢! T > 0as. for arbitrarity small 6. From this fact and
Lemma 1. we establish Lemma 3. We use Lemma 2 toprove Lemma 4.

Leming

4

E ‘pu - f)l)

1
23, = b forallg > as.
hi

v

Ll

Proof. Let the sum on the left hand side be named C,. Then

Cl‘l = ‘pr-l - ﬁr*!’: - F_ ip, = ﬁt-l’:'
PR

Substiture

a

Poov =Up ~p )~ |
in the above (o obtain
i N l [
C.i=¢ ~ Py - Py~ {ri\l, Po=p. > Co~1p., ~ PP

By Herating the above. we abrain the lemma.

t1o



Lemma 3

(M2 3¢ 0 for arbitrarily small é > 0, as.
From Lemma 3, we see thai

gV = olt™ V2", as.
Cor. fiso(t™ "), as.

Proof
Claim

: d & .
gy gk ~ 0 InY g2 = 0(25/1). as.
u=1 1

Proof of Claim. From Lemma 3, g7 = olt™'*?%), a.s. Thus, Y ¢} is divergent
but ¢7/3 "' g2 - 0, as.
Define a positive monotonically decreasing function h(t) and set hinm) = g2,

n=12..
From Theorem 3 in Section 3.2 of Knopp [15], we have

qu ~ '[ W) dt = o(t*).
i

Therefore

d ! hr) al
Do hoyde = 20 L A
Qi -[1 e de [ h(dt ™ Y'q:

Let
R 14
fi= [qf Y - ﬁ,)z]t/l + 1.
u=1
From Lemma 2, we see that

14 i 4
_.Sq?/qu =%ln'[ qs du

[¢

»

By Claim we see that

rf; = 0(28). a.s.

The assertion follows since f, and f, are equivalent sequences as proved at the end of
Appendix 2.

Higher Order Terms
With this first-order approximation, we are able to show that the higher order
effects on y, and z, are at most the same order of magnitudes as tirst-order effects.
For example, with tf, < k, a.s., the higher order terminr,,

t—1
z Cl.s+ lS.IsCs/r‘

s=1

Hi



shows the same convergence behavior as the first order term.

-1

2 L

s=1
since ¢, ;. 8/, < vonst., as. Actually we need only 1* =%, bounded for al] as. for
some small > 0 to obtain the results.

Convergence of Prices

Proposition |

Assume ' ~% is bounded for ali 1, as. for very small & > 0. The =/t and it
converge to zero as.. e, r, and 7, both converge to zero a.s. ’

Proof. From the expression for z, . one necds to verify the almost sure converg-
ence of I, defined below.

het == % C(t+ uD, ;..
u=1

. —

where

=1 l __,
Dl-l.u*l = Z 'y :(.s.u+l

IA
™
|
|
|
i

s=u+ | I + 5

smce.)"s > Oztnd Courr < 1orall sand u, as. Lei ¢ be a positive constant such that
L+, <alforallu as. by assumption. We have

-2 =2 2
WD~ 21y L S lv2s
..>=:1 - lu+1 fl u (n“+ l) du < o' 70 ofn).
Then for any ¢ > ¢,
'3 . l -
PAT 2+ l{/u)D,_l_u“I> ::} < ::—th~2

u=1
1

where

2 -2

ol
= u:Z. (L4 ufl?DE ) < conste' 41 4 olt)).

Take the subsequence ¢ = n*,n =12 Then
2
¥ i < 2¢? 1
2 S T Y =5 < %. where ¢ i some const.

12



Thus, h./n*> — 0 as., by Borel Cantelii lemma. Let

d = max jh, — b,

n
al<x<{nt 1)’

k

= max Z ':u(l + l!’n-l)Dl'l,u‘i-ll'
k 2

nt+1
Then
n+1)2-1
Edl < Z DG ip-1wsn
ntt1
ScHn+ 1P —n? - 1)
= 2¢'n.
Therefore,
2¢in
{ > nt] € -
pld, > n'e] e’
hence
d, - 0as
For

ny, < k < (n+ 1y,

h3 + d,
n

ik <

The identical technique proves the almost sure convergence of y,/t to zerc also.

This proves the proposition.

Concergence of Estimates

To establish the convergence of ), to 8 with the adjustment equation (2) of

Section 3, we note that

o =a(l — D)
where
Y B
=D! + D},
where

-1
§ = (s_ s,rs
D! =_;_l_’_’___ﬁ_;,_,



and
pr = aei (b= P,
' ZL:l(pu ...13()2

Claim. D} converges 10 7€ro a.s.

Proof . Let X, = Z il - ﬁ):x/Z., (P — pJ?. Thenitisa supermarlingale
and converges to a ﬁnuc random variable from Kushner's lemma (11]. The

conclusion follows from lemma 2 and the Kronecker’s lemma since Z‘ 421 > as,

Lemma

D} converges to zero as.

Proof. Let
o (ﬁ - p )‘:\
X, = o s
le Zu 1 (pu ﬁ)
Then from
.Y‘+I - Z "(_‘ﬁx - [H—])St

(ﬁl—pl+—l)§l < '(ﬁ pl +ﬁt“ﬁr+l)‘;’s
= —— 4 e ~
ZL=] (pu - ﬁl‘)z gl L,,‘:] (pu ﬁs)z

we obtain E(x,.,|%) = x, + p,, where

—p, = E[ ﬁh'l ﬁ)Ct + = ‘(ﬁtl_: &)(’s [J:’

s=1

Zu](Pu JIZul(p"_ﬁ)z
where
ﬁrH - ﬁ: = ?Ml - ?:
L (quantities dependi
T 590, + (quantities ependingon ¢,s < 1).
Thus
o I + If 102 . (ﬁn»] _ﬁr)@‘-‘s
ST TS s o Shrt L Y.~ pP
(1 + !/'):xa’ t} (F,+] r()S‘
T+ 2y, qu S~
Now, from
=1 A
(s = ), | g ¢ .
E a1 P .. o— ¥ o A—
s=1 Z:(pu - ﬁx)z'_ {E(r‘+l r (Z Z,‘ l(pu S ) } ‘
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where

U A LN PR R N &
E sgl fz= 1 (pu - ﬁs)z) ) |:E Sgl (Z:':l’(”p" - ﬁs)z) ]

= [E b (z—l“‘q) }

where the last inequality is by Lemma 2. Note that for all t > 1,
v ( } ) (1
=3 = ofl).
s=1 Zizl qnzd

z, (I-f) 04
PR TP I AL P

From (5),

%

Fevg == —

Substituting (7) and (9) into the above equation, after straightforward but tedious
caiculation we see that

R . Int
E(’Hl - r!)z = 0(13 2,))

Thus, we establish that
EY lpl <>
14
Thus x, converges to a finite random variable as. The assertion follows from the
Kronccker s lemma. Combining Claim with Lemma 4, we cstablish the next two

propositions.

Proposition

8

o, —* o a.s.t — .

Proposition
gl
Y (py — B+ 1)
In the above discussions, the distinction between f; as defined by (2) and 1,

which puts D, = Ohas been ignored. This is justified because the two sequences 1)
and { f,} can be shown to be equivalent sequences since

ar(f. f) 1 (

fi—fi»0as.  wheref, =

D,
——2 ] = olt™?).

pllf = fi>e < — S Fay
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