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Annuals of Economic and Social Measurement. 371, 1974

THE IMPORTANCE OF KALMAN FILTERING METHODS FOR
ECONOMIC SYSTEMS*

BY MICHAEL ATHANST

The purpose of this paper is to indicate how Kclnan filtering techniques are potentially useful in modelling
economic systems.

1. INTRODUCTION

The purpose of this paper is to examine problems of parameter estimation for
linear and nonlinear econometric models from the point of view of Kalman
filtering (see references [1] and {2]). It will be shown that if one makes the assump-
tions that

(1) al! endogenous and cxogenous variables can be measured exactly

(2) the structure and order of the econometric model have been fixed

(3) the variance and means of the white noise driving the econometric equa-

tions have becn estimated

(4) the parameters to be estimated appear linearly in the difference equations
then “‘on-line” estimates of the parameters of the econometric model can be
generated in a straightforward manner through the use of the Kalman filtering
algorithm.

The Kalman filter represents one of the major contributions in modern
control theory. Since its original development (references {1] and [2]) it has been
rederived from several poinis of view bringing into focus its properties from both
a probabilistic and optimization viewpoint (references {3] to [9]). Its importance
in stochastic control can be appreciated in view of the numerous applications
(references [5], [6], [9] to [16]).

In spite of the recent interest in modern control theory by mathematical
econcmists the potential advantages of Kalman filtering methods have not been
fully appreciated by economists and management scientists. One of the reasons
is that the straightforward application of Kalman filtering methods involves
estimation of state variables, whenever the actual measurements are corrupted
by white noise. In mosi economic applications, the measurements of the endo-
genous and exogenous variabies are assumed exact.

In this paper, we shall indicate that the Kalman filtering algorithm does have
potential use for an important class of economic problems, namely those involving
the refinement of the parameter estimates (and of their variances) in an econometric
model. Right at the start we should like to emphasize that the use of the Kalman
filtering techniques is viewed not as a replacement, but rather as a supplement, to

* This research was conducted ai the Decision and Control Sciences Group of the ML T. Electronic
Systems Laboratory with partial support provided by NSF under grant GK-25781. This paper was
presented at the Second Workshop on Stochastic Control and Economic Systems, University of
Chicago Business School, Chicago, Illinois, June 7-9. 1973. sponsored by the National Bureau for

Economic Research. Inc.
t Room 35-308, Departinent of Electrical Engineering. M.1.T.. Cambridge, Mass.. 02139.
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traditional econometric methods. We visualize thai the Kalman filtering methods
should become useful only after an cconometrician has constructed the mathe-
matical model of a microeconomic or macroeconormic systems. Thus it may
represent a final “tune-up” of the econometric model.

To illustrate these ideas, the paper is organized as follows. In Section 2 we
present a summary of the standard discrete time Kalman filter algorithm. In
Section 3 we consider the problem of identifying the parameters {constant or
stochastically varying) of an econometric model that involves the interrelationships
of a single endogenous variable, 1), to a single exogenous variable, u(t), through
the use of the Kalman filter. In Section 4 we consider the problem of parameter
estimation of an econometric model with several endogenous and exogenous
variables, and show that this class of problems reduces to those analyzed in
Section 3. Section S contains some additional speculative suggestions on how
these techniques can be used to reconcile “‘different” econometric models.

Before commencing the technical development the author would like to
elaborate upon two further points.

1. The author (not being an expert in the art and science of econometrics)

does not know if the same technique, under a different name and disguise,
s not available in the econometric literature : chances are that jt probably
is. If indeed this is the case, then at the very least this paper can serve the
interchange of experiences in this area between the economic and contro]
community.

2. No simulation results are available up to now to indicate the advantages
and disadvantages of using the Kalman filtering algorithm for parameter
identification in econometric models ; such a project is currently underway
in the M.LT. Electrical Engineering Department, using the econometric
model developed by Pindyck (reference [17]) as the first test case. However,
no numerical results are available ag yet.

2. SUMMARY OF THE DISCRETE KaALMAN FiLTer

In this section we provide a summary of the discrete time Kalman filter.

2.1. Mathematical Problem Formulation

Given a vector system of difference equations (state dynamics)
2.1 X(t + 1) = A(n)x(e) + B(ru(t) + L(r)(r)
where :

the time index 1 takes values 1 = Q, |, 2, ...

x(t) is an n-dimensional vector (the state of (2.1)

u(z) is an m-dimensional vector (the input of (2.1y)

Et)isa p-dimensional vector (the system noise of (2.1

A(r), B(r), Lit) are known matrices of appropriate dimensions.

Suppose that the following measurement equation holds for ; = 1.2 ..
(2.2) 21 = Cx(r) + 6)
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where

z(t) is an r-dimensional vector of actual measurements
8(t) is an r-dimensional vector (the measurement noise)
C(t) is a known matrix.

Assumptions. We assume that

(@) x(0) is a Gaussian random vector with known mean %(0) and known
covariance matrix £(0), i.e.,

(23) E{x(0)} = %(0)
(24) cov [x(0): x(0)] = E{(x(0) — R(O)(x(0) — %(0))'} = £(0),

(b) &(¢) is a Gaussian random vector with zero mean forall + = 0,1,2, ...
and independent in time (discrete white noise), i.e.,

2.5) E{&(0)) = 0
(2.6) cov [&(): &1)] = E{&(E(0)} = Z(1)s,,
where J,, is the Kroenecker deita
I fr=1
2.7 & =
0 ife#1
and E(t) is the known positive semidefinite covariance matrix of &(t).
(¢) 8(¢) is a Gaussian random vecior with zero mean for altt = 1,2 ... and
independent in time (discrete white noise), i.e.,
(2.8) E{8(1)} = 0
(2.9) cov[@(1). 6(1)] = E{®(n0'(1)} = 0(1)5,,

and (1) is the known positive definite covariance matrix of 6(r). We
assume that x(0), &(1), and @) are mutually independent for all values of
tand 1.

(d) u(¢) is a deterministic time sequence.

(¢) the matrices A(t), B(r), C(1), L(t) are all deterministic.

2.2. Problem Statement

It is desired to construct a “‘best” estimate of x(t) given past values of the
input vector

(2.10) Ut = 1) = {u@),w(1),...,u(t — 1)}
and past values of the measurement vector
(2.11) 20 2 {2(1),22), ..., z{t)}.

The best estimate is denoted by X(¢lt) and is defined as the conditional mean of
x(t) given U(t — 1), and Z(t), 1e.,

(2.12) (1)) = E{x(t)|Z(1). Ut - 1.
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2.3, Solution to the Probilem

The linearity of equations (2.1) and (2.2), together with the Gaussian assump-
tions on x(0), &(1), () implies that the conditional probability density

pIX()y Ze), Ule — 1))

is Gaussian and, hence, it is uniquely characterized by its conditional mean X(t]e)
and conditional covartance matrix Xirl)

(2.13) Z(l0) = cov [x(1): x(1){Z(e), U(t — ).

The discrete Kalman filter (sce references [1] 1o [11]) yields a powerful sequential
algorithm that can be used to generate Rirlt) and X(r)r).
The calculation of the conditional covariance matrix is done off-line.

Diitialization ar ¢ = ¢

(2.14) Z(0j0) = £(0).
Covariance prediction equation
(2.15) X+ 1) = A(E(DA (1) + LD ZE(@)L ().

Corariance update equation
{2.16) Z(r + e+ 1) =% + 1 — X + HocC (e + 1y
< QU+ DEe+ 11)e + D+ 0O+ 1y
xClt + NE(r + 1)
Filter gain caleulation
(2.17; H(r + =X + e + HCr + DO Y + 1),
The calculation of the condition mean R(t|t) is done on-line.

Initialization at ¢ = 0

(2.18) X(0/0) = %(0).

Mean prediction equation

{2.19) X+ 1r) = A(OR(1]) + B(z)u(r).
Residual (innm'ations) calculation

(2.20) M+ 1) =24 1) G+ DR + 19,
Mean update equation

(2.21) MO+ T+ 1) = %0 4 1y 4 Rt + e 41y,

~ In this section we shall consider a simple €conometric model involving the
mlerrelalion_ship of a scalar endogenous (output) variable, y(1), and a scalar
c€xogenous (input) variable, u(t). We shall assume that the current value of v(t)
depends upon lagged values of itself and of u(r). o
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To illustrate the usefulness of the Kalman filter'ng algorithrn we shall consider
three distinct cases

(a) linear model, with constant parameters

{b) linear model, with time-varying paramecters

{(¢) nonlinear model.
In each case we shall illustrate how to formulate the problem so that the general
Kalman filtering algorithm described in the previous section is directly applicable.

3.1, Linear Model with Constant Parameters

Let the input (exogenous variable) to the system be denoted by (1) and its
output (endogenous variable) by y(r): we assume that ¢ is a discrete-time index
attaining values

(3.1 t=0,1.2.....

Suppose that the system is described by the following linear time-invariant
stochastic difference equation:

n

(3.2) W)=Y ayt — i)+ Y buit — j) + 6(t).

i=1 ji=1

Let us suppose that the parameters
ay,a,.....4
(33) { 1 2 n

are known to be constant. Also we assume that the “noise” 8(t) is discrete white
noise with known statistics, i.e..

(3.4) E{6(n) =0
(3.5) E{0(n8(x)) = O3, ©>0

where 6,  is the Kroenecker delta. Furthermore, we assume that we can measure
(and store) exactly the values of the output, y(t), and of the input. u(t), at each
instant of time.

Next we shall define certain vectors which shall be used to transform the
parameter estimation problem into an equivalent filtering problem.

We define the eguivalent state vector, x(t), to be the (n + m) dimensional
vecior of the system parameters «; and b;. More preciscly,

(3.6) X(1) 2 [a,a,...abb,...b,]

where x'(#) is a row vector (" denotes transposition).
Next we define the (n + m) row vector ¢'(t) as follows:

(G CO2D0 — Dyt = 2). 3t — mut ~ Dult — 2)... ut — m)].

Using these definitions, the stochastic difference equation {3.2) can be written in
the form:

(3.8) ¥1) = c'()x(t) + 6(0) |.

53



Note that at time ¢, the numerical value of the row vector ¢'(t) 1s known from
the prior n measurements of the output and the m prior measurements of the
input. Although the Outputs are random (because of the white noise (1)), none-
theless at time ¢ they have been observed, and hence they are no lenger random.
It therefore follows that at time t, the row veetor ¢r) is a known deterministic
quantity.

We can now interpret equation (3.9} as a lincar noisy measurement equation
on the equivalent state vector x(t) where

® (1) represents the actual measurement at time .
® 8(t) represents the value of the measurement noise at time {.

Hence, if we could construct 2 linear difference equation for the equivalent state
vector x(1) we could apply directly the Kalman filtering algorithm.

Under our assumptions, the parameters a; and b; are constant. This auto-
matically implies that the equivalent state vector X(t) satisfies the trivial difference
equation

,
(3.9) x(t + 1) = x(t) l for all ¢.

Hence, equations (3.8) and (3.9) define a simple linear filtering problem as far
as the estimation of X(t) is concerned. In addition to the assumed data we also
need the prior statistical information on x(0), or equivalently the prior means and
covariance matrices of the parameters

(3.10) Ela}, Etb;}
(3.11) cova;, a;]. cov (b, b1, covia,, b

Knowledge of these quantities will then define the prior mean of the equivalent
state vector

(3.12) E{x(0)}
and its prior covariance matrix
{3.13) cov [x(0): x(0)].

Direct application of the general Kalman filtering algorithm yields the
followmg relauonshlp between successive estimates (). %(t — 1) of the equivalent
state vector and hence of the parameters q,, b,.

F\\\T
(3.14) R(O)=%(t - 1)+ h(e)[y(e) - c{DR(t — 1)
with the initial condition
(3.15) X(—1)= 1x(0)}

?)nd where the (n + m) dimensional column vector h(t) in equation (3.14) is defined
Y
_—

(3.16) !
hir) GZ{r}c(r) }

L =
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In cquation (3.16}. E(t) is the (n + m) x (n + m) error covariance matrix which
can be evaluated by means of the matrix difference gquation

! |
3 2 = — l S 3 ¥ R i E » -
(3.17) l[ (1) = Z(i ) COEG = Tiel + © L(t - Dene()e — 1)
with the initial condition

(3.18) (~1) = cov [x(0): x(0)).

Let us now discuss the interplay between this algorithm and the traditional
econometric model. It should be self evident that in order to apply this algorithm,
defined by equations (3.14) to (3.18) one must have available:

(@) the statistics (mean and variance) of the white noise (1)

(b) the general structure of the system and, in particular. the number, n, of
lags in the endogenous variable 3(t) and the number of lags. m. of the
exogenous variable (i)

(c) an initial guess for the parameters (reflected in the value of the prior
mean E{x(0)} in equation (3.15)). and an initial value of the paramecter
variances and covariances (reflected in the value of the prior covariance
matrix cov [x(0): x{0)] in equation (3.18)).

Itis precisely this information that is available from standard econometric models.
Hence, to use the Kalman filter algorithm one does need a prior economerric model.
The parameter values are then refined through the use of the Kalman filter
algorithm, and new values for their variances and covariances obtained. It is then
for this reason that we remarked in the Introduction that Kalman filtering tech-
niques should be viewed as supplementary to econometric methods, rather than
as a replacement.

3.2. Linear Model with Time-Varying Parameters

The above technique can be trivially extended to the case that the parameters
of the difference equation are viewed not as constant but rather as being time-
varying and stochastic. Traditional econometric methods do not appear well
suited for the estimation of time-varying parameters simply because one must also
identify the vaniance of the driving white noise 6(7). One can use the standard
econometric techniques to process the economic data to arrive at constant param-
eter estimates. Using these now as constituting prior estimates, one can relax the
constraint of constant parameters, and utilize the Kalman filter to arrive at
time-varying parameter estimates.

The technical means by which this is communicated to the mathematics 1S
as follows. Each parameter a;, b; now is viewed as being time-varying and, at the
simplest level, is supposed to satisfy an equation of the form

aft + 1) = a(t) + ()

(3.19)
bt + 1) = by1) + &,(1)

where the £(t) are zero mean white noise sequences. Thus, each parameter can
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hange in time in & stochastic manner. The prior informatton about the variability
chan d . , oy , . .
of;acgh parameter aboutits mean value (as determined by the standard econometric
model) is used to select (subjectively !'!) variance levels for the white noise levels

A We should like to stress that the smnda.rd Ka!man filtering z}lg()ritllm cannot
he used to estimate the statistics of the white noise sequences ¢(t). Rather. one
has to postulate that they have zero mean anfi const.ant.varmnce .(although this
stationary assumption is not crucial). and assign subjective numerical values for
e "zl,";]l:[:;cs;valent state vector x(1) is still modelled by equation (3.6), and ic
row vector ¢'(t) is still defined by equation (3.7). Then the measurement equation
(3.8) relating the current measurement y{¢) to the current value of the equivalent
state vector still holds.

In this case, the stochastic variability of the parameters can be modelled at
the simplest level by the vector difference equation

(3.20) int + 1) = x{t) + &)
rather than by equation (3.9). One assumes that
(3.21) E{gmn} =0
(3.22)

cov [§(1): &(7)] = Z9,,

where E can be selected diagonal, but, at the very least, positive semi-definite.
Under these assumptions, the equivalent state estimate (1) is still given by

equation {3.14), and the vector h{1) is still given by equation (3.16). The only

equation that changes is the covariance equation (3.17). The correct covariance

equation for this time varying parameter case is

1
() = — Y e T
()= Z(t — 1)+ COEE - 1)+ Ele(r) + ©

(3.23)
X (X = 1)+ Ele(ne’(t)[Er — 1) + =]
—

with

(3.24) X(~1y= cov [x(0): x(0)].

Ronghly speaking, the covariance matrix = of the white noise &() increases
the parameter uncertainty at each instant of time,

3.3. The Nonlinear Model Case

Up to now we have assumed that the difference equation relating the input
sequence u(r) to the output séquence y(f) was linear.

Thisisnot a necessary assumption as far as the Parameter estimation problem

to have the parameters to be estimated appear
- To make this point precise. suppose that we
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have a difference equation of the form

Q
(3.29) YO =3 afft) + o)

i=|

where the g; are the parameters i0 be estimated, and where f;(t) are functions that
are allowed to depend nonlinear! y upon

Y =1yt = 2),. ... 9t — n)
u(t — i), u(t — 2,....u(t —m) ‘

The important thing is that prior measurcments of the input and output sequence
uniquely and exactly define the numerical values of the fi(1).
If this is the case, we once more construct the equivalent state vector x(r)

(3.26) X{) £ [aa, . .. ay)
and if the g; are constant we have

{3.27) X(t + 1) = x(1).

We define the row vector c(t) by

(3.28) ) =LA .. 1]
so that equation (3.25) takes the form of

(3.29) MY = e(Ox(n) + &)

Once more equations (3.27) and {3.29) define a linear filtering problem for
x(7) and the Kalman filter algorithm given by equations (3.14) to (3.18) can be
used.

4. MULTIVARIABLE PROBLEMS

Complex microeconomic and macroeconomic systems are in general charac-
terized by several endogenous and exogenous variables. We shall denote the
endogenous (output) variables by

(4.1) Yalt) ya(e) oy yalt)
and the exogenous (input) variables by
4.2) uyt), uy(e), ... uyle).

Once more we can consider both linear and nonlinear econometric models.
For the sake of exposition we shall only analyze linear models.
In linear econometric models one relates the current value of each endogenous
variable y,(1),i = 1,2,...,N to
(a) linear combinations of lagged values of (possibly all) endogenous variables
ylht=t—-1Lt-2...t—n
(b} linear combinations of lagged values of (possibly all) exogenous variables
wl(thyt=t-—-1,¢t—-2,. ..t— m;
(¢) and in the presence of additive discrete white noise a41).
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in order to write the structure of the econometric model in a compact ferm we
dl fine the endogerous N-dimensional column vector y{f) as the one naturaily
€ . o Y - 1o 2 —_ At
defined by the endogenous variables y,(1). ¥o(f). ..., ywt0)- LC. ¥(1) = [y ((0)yy0) .
yalt)] Siﬁilarly we define the M-dimensional exogenous vector u(t) by
N . 3
(4.3) u(e) = [1‘1(1)“2(’)-~~ “\!‘”]-
Using the above notation a linear econometric model with constant parameters

can be written using the vector difference equation
(44) ¥ = Ayt — D+ Ayt — )+ ...+ Ayt —n + Bt — 1)
+ Bou(t - 2) + ... + Buit —m) + §(0)

where 8{r) is the N-dimensional vector defined by the scalar white noise sequences

(4.5) 0'(r) = [6,(1)8,(0). .. O5(1)]
and
(4.6) n= max, Mm = Mmaxm;

! [
and where ihe constant parameters appear as clements of the matrices
ALA, LA,
B,.B,.....B,

(Note that because of the variability of the lags appearing in each endogenous
equation many of these matrices may have several zero elements.)
The available econometric methods provide at the very least

4.7)

® mean values for all parameters
® their variances (and perhaps covariances)
® the covariance matrix of 8{r)

We now introduce the following notation. Let

al denote the j-th row vector of the matrix A,
bi" denote the j-th row vector of the matrix B;.

Using this notation we can write the general econometric relation (4.4) as follows.
Fori=12_.. . N

(4.8) vy =Y aiye - jy+ ¥ bjulr — k) + 640).
i=1 k=1

Fo-r each i, we can now define an equivalent state vector x,(t) which contains all
unknown parameters in the i-th endogenous equation (4.8).

(49) X0 = [af,a%,... " By bS, b))

We also define the row vector ¢'(t) (independent of i) by combining all appropriate
past measurements of all endogenous and exogenous variables

(@10) ¢ 2 [y - ny( - 2y = nu'e — Du'le — ). u(e — m)).
S8



Using this noiation. we writc cquation {4.8) in the form

(4.11) Y& = (Ox(0 + 64r) |: P=1,2..... n

which represents a linear noisy measurement refationship in the equivalent state
vector x(r). Once more, the assumption that the parameters are constant leads to
the trivial difference equation

{(4.12) X{t + 1) = x(1)

for the parameters associated with the i-th equation (4.8).
Hence, exactly the same techniques as those described in the previous section
3.1 can be used to determine the appropriate parameter estimates

(4.13) R(:  i=12....N
and the corresponding error covariance matrices
4.13) Xy i=12..N
namely :

FIS) R0 = R0 = D+ O — CORY = D]: &(=1) = E!x(0))

(4.16) hit) = al Z(t)e(r)

|
4.17 M=t = 1) =
@ID - B =z ) c{OZ{t — De(t) + 0,

(4.18) Z(—=1) = cov[x0): x,(0)).

Lt — De@le(nx(r — 1)

Once more the standard econometric medel is necessary to specify

L. the prior estimated white noise variances 6,

2. the prior parameter estimates E{x,(0)}

3. the prior parameter covariance matrices cov[x,(0): x,(0)].
The estimate generation of all parameters in the econometric model, then reduces
to running N independent Kalman filters.

[t is self evident that the remarks made in Section 3 regarding time-varying
parameters and/or nonlinear models are also applicable to this multivariable
case.

5. RECONCILIATION OF DIFFERENT ECONOMETRIC MODELS

In this section we shall examine an extension of the previous results, which
may be of potential usefulness in reconciling different econometric models. As we
have remarked, different assumptions and statistical techniques enter in the
construction of economet ric models. Herice, it is not surprising that the predictions
and forecasts of econometric models are variable. Reference [18] contains several
papers dealing with this question, where attention was focused upon comparisons
of quarterly econometric models of the limited states. See also reference [19].
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1t is, of course, extremely difficult to draw any precise conclusiox‘lﬁ about the
“goodness™ of any given economeltric mod‘cl, sincs: they are usuall‘y dlﬂcrc-n-t from
the aggregation viewpoint, and they differ in the time series techniques utilized to
estimate the parameters. Thus. this is not the type of problem that we shall address
in this paper. L

What we shall examine is the problem of estimating the p;.nram'clers-of a
single econometric model starting from N econometric models with “‘identical™
structure, but different parameter values.

In order to make precise the concepts and calculations involved. we shall
outline the method and objectives in a mathematical framework. Then we shali
explain what one may have to do when one deals with “‘real‘“ cconomeiric models.
The ideas will be illustrated by considering linear time-invariant econometric
models involving the interrelationship of a single endogenous variable, y{t). and a
single exogenous variable, (1), of the type described in Section 3. The technigues are
also applicable to multivariable models of the type discussed n Section 4. in view

of the decompcsition properties.
Suppose that the true econometric model is of the form

n m
(5.1) M =Y aple — i)+ Y budt — j) + 6(t)

i=1 j=1
where a; and b; are the truc unknown parameters, and #(r) is the actual white
noise.

Let us now suppose that different econometricians have constructed N
different econometric models that in their view represent a “"good ™ approximation
to the truc system (5.1). We shall let k = 1,2, ..., N index these distinct econo-
metric models. Thus. each of the models constructed is described by the equation

n

(5.2) i =Y dyie — b+ Y Pt — j) + 8,0

i=1 i=1
where, for the sake of simpiicity, we assume that
(5.3) E{6(} =0  forallk
(54 E18.(08(1)} = ©,4,..

In addition to the estimates a*, b% of the parameters. each econometric model also
provides us with the variances and possibly covariances. of the parameters : these
would also differ from model to model.

‘ Now imagine that a central agency, e.g., the Federal Reserve Board. would
like to ma‘kc some econometric predictions, and that it has these N different
models at its dl§posal. Roughly speaking. it may be interested in “combining”
all these models into a single one : this may correspond to obtaining new estimates
for the parameters of‘the model (5.1). on the basis of information already available
b)" t‘h‘e N econometric models. The central agency may have some prior prob-
abilities

(5.3) P,(0). P0)...., Py(0)

that reflect their subjective prior confidence on the accuracy of each econometric
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model. One simple way then would he to construct new parameter estimates by
weighing the different coefficients, i.c.,

N

(5.6) a; = Z P{0)ab. {5.6)
k=1

However, this technique may strongly be influenced by the prior biases of the

agency as expressed by the prior probabilities P,(0).

A more sophisticated way is to utilize the Kalman filtering algorithmdescribed
in Section 3, together with a hypothesis testing algorithm, with cach econometric
model corresponding to a distinct hypothesis. We describe below how this can
be accomplished.

Following the techniques of Section 3 each econometric model is described
by its equivalent state vector x,(¢) satisfying the trivial difference equation

(5.7) Xt + 1) = x,(0)
and the equivalent measurement equation
(5.8) M) = cle)xg(t) + 8,(1)

where ¢'(1) is common to all models and given by equation (3.7). Each model is
characterized by different values of

(5.9) Eix, (00}
(5.10) cov [x,(0) 1 x, (]
(5.11) Q,

where (5.9) implies that the numerical parameter estimates of the parameters of
each model are different, equation (5.10) reflects the fact that the variances of the
parameter estimates are also different, and (5.11) implies that the estimated
variance of the driving white noise also differs from mode! to model.

The problem faced by the central agency is to construct an estimate &(1) of
the parameters associated with the overall model (5.1). This estimate %(¢) can be
constructed by the following algorithm

N

(5.12) k(=3 R(OP(O)

k=1

where

%,(1) is the estimate generated by the Kalman filter matched to the k-th
econometric model [see equations (3.14) to (3.18)].

B(1) is the posterior probability, given measurements up to time ¢, that the
k-th econometric model is the correct one.

The optimality of the estimate (5.12) is most clearly understood if one makes
the following assumptions. All random variabies are Gaussian. Then &(r) is the
true conditional mean given the measurements up to time t, X,{¢) is the conditional
mean under the hypothesis that the k-th model is the correct one, and Py(t) is the
conditional probability that the hypothesis of the k-th model being the correct
one is vaiid (see reference [20]).
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Since we have already given the algorithm that generates the individuai model
estimates &,(f) using the Kalman filtering algorithm of Section 3, we shilil now
describes how one generates the probabilities P(r). Use of Bayes rule yields the

equation
Y ()| H )P ()
(5.13) P = - DT
Y p(Y()H)PAO)
Jj=1

In equation (5.13) the P,(0) are the prior probabilities reflecting the initial con-
fidence of the central agency upon the k-th econometric model. The term p(Y (1) H,)
is the probability density function of observing the entire sct of measurements

(5.14) Y(6) = Deh e — 1), oot — Dol — 2),
under the assumption that the k-th model is the correct one.

Let p(Y(1jiH,) denote the conditional density function, so that P(Y()|H,)
can be obtained by the integration of p(Y(1)|H,). We write

(5.15) Y(0) = {y(0), Y(t — 1)}

and, hence, by Bayes rule
(516) p(Y(OIH,) = p(y(e), Yit — DIH) = py{iY (e — 1) H)p(Y(t — 1){H,).

Equation (5.16) provides a recursive relationship between the conditional density
functions p(Y()|H,) and p(Y(t — 1}|H,): hence, given p(Y(t — 1)|H,). the only
additional quantity to be evaluated is

5.17) p(yIY(t — 1), Hy)

so as to compute p{Y(1)|H,).

Under the Gaussian assumptions, the density (5.17) turns out to be Gaussian,
and hence uniquely characterized by its mean and covariance matrix. The condi-
tional mean is

(5.18) EQOIY( = 1) H) = Rt — 1)

where %,(t — 1) is the estimate generated by the Kalman filter matched to the
k-th econometric model. The conditional covariance matrix is given by

(5.19) cov [ (0); O Y(t — 1), Hy) = (Nt — Nc'{) + O,

where the covariance matrices L,(t — 1) are also generated by the Kalman filters
(see references [20] to [22]).

In summary, the use of the N Kalman filters can be used to generate:

I. The probability that each econometric model is the correct one.

2. A weighted probabilistic average for the parameters of the econcmetric
model to be used by the central agency, based upon the individual param-
eter estimates of each econometric model.

Although the theory and algorithms are relatively straightforward, much

research needs to be done before one can use this method to *‘reconcile™ and
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“combine™ acrual econometric models. because existing econometric models can
be drastically different in their structural and aggregation properties. The methed
described does not seem to extend itself naturally if one wants to reconcile. say,
a linear and a nonlinear econometric model.

However. it may be possible to compare different linear econometric models.
with different dependence on lagged endogenous and exogenous variables. In this
case, the central model must contain all lagged variables appearing in all models.
Ifin a particular econometric model, a lagged variable does not appear. then it
should be introduced with a zero coefficient. To be specific. suppose that in the
k-th econometric model the dependence on y{r — 3) is absent. We can introduce
this dependence by adding the term fi,y(r — 3). 1.,

(5.20) y(1} = original terms + fi,y(t — 3).
The fact that the prior model did not include this term is communicated by setting
(5.21) E{ff} =0

However. one must subjectively use a non-zero initial variance E{fiz} whose size
reflects the feelings of the central agency on the importance of this term. Then
the k-th Kalman filter will generate a non-zero estimate of f, .

If this procedure is adopted, then each individual econometric model can
indeed be made to have the same structure, and the techniques described in this
section can be used. However, no numerical sirnulations are available at this time
so as to make a definitive judgement even on the potential usefulness of this
technique from an econometric viewpoint.

Massachusetts Institute of Technology
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