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Annals of Economiz and Social Measurement. 31,1974

TOPICS IN STOCHASTIC CONTROL THEORY

IDENTIFICATION IN CONTROL AND ECONOMETRICS;
SIMILARITIES AND DIFFERENCES

By R. K. MEHRA¥

This report attempts to bridge the gap between the ceconomic and the control literatures on the subject
of system identification and parameter estimation. It is pointed out that the cmphasis m the economic
literature is on large simultancons equation models and linear estimation techniques. whereas the emphasis
in the control literature is on state rector and transfer fimction models. on problems due to partial state
obserrations and nonlinear estimation techniques. Since a step in the direction of easier communication
benween researchers in the two fields would be the use of a common model. the state-rector model of control
which has already heen used in several economie studies is proposed as a wnifying link The reletionship
of the state-vector model to the simultancous equation model and the role of process and measurement
noise in the cconometric context are discussed. Complete resulis on the identifiability of state-rector
models along with a stepwise two-stage least squares method for model structure determination and a
maximum likelihood method for parameter estimation ¢re given. The problems of closed-loop system
identification and input design are also briefly discussed.

1. INTRODUCTION

The purpose of this report is tc make an attempt at bridging the gap between
System Identification in the Control and Econometric literatures. The task is not
simple due to a relatively long histery of development of the area in both fields.
Even the word *“'System ldentification™ has different connotations in the two
fields, e.g. in control, the word generally denotes the complete three step iterative
process of model specification, parameter estimation and model verification (see
Figure 1). However, in the econometric literature, the term “Identification™ refers
mainly to identifiability questions which have to be settled before attempting
parameter estimation. In this paper, we will use the word “System ldentification™
in the context of control systems.

There are perhaps more similarities than differences between the control and
the econometric literature on the subject of system identification. Both rely heavily
on the theories of probability and statistical inference, in particular least squares
estimation, fikelihood and Bayesian inference. The differences stem mainly from
the models considered, availability of data, objectives of identification and the
specific details of estimation algorithms. We claborate on these points in the-
following sections and present a model which is gencral enough to include a large
number of problems of interest to both econometricians and control engineers.
This modelis based on the state space concept and has been studied quite thorough-
ly in the control literature. We present identifiability results on this model and
discuss the estimation techniques that have been employed. Finally, we give a few
examples and mention other related problems. To help the readers with

* The rescarch reported in this document was made possible through support extended the
Division of Engineering and Applicd Physics, Harvard University by the U.S. Army Research Office.
the U.S. Air Force Office of Scientific Research and the U.S. Office of Naval Research under the Joint
Services Electronics Program by Contracts N00014-67-A-0298-6006, 0005. and 0008. Technical
Report No. 647. Reproduction in whole or in part is permitted by the U.S. government.
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terminology, a table by Dhrymes, Klein and Steiglitz [1] has been expanded and
presented below.

Because of the author's particular background. it has been very difficult to
avoid an overemphasis on the contributions from control literature. Perhaps a
similar attempt by an cconometrician would help restore the balance by emphasiz-

ing the contributions from the econometric literature and showing their relevance
to the control problems.

2. COMPARISON OF MobELs aND EstimaTioN TECHNIQUES

Following the pioneering work of Weiner (2. 1930] on generalized harmonic
analysis of random processes and his solution to the filtering problem in the
spectr.al domain, the earlier work in control and communication used frequency
domain concepts for system identification. Mostly single-input single-output
systems with rational trangfer functions were considered. Since most of the systems
coul§ be excited by deterministic sinusoidal inputs and relatively noise-free data
obtained, little attention Was paid to the statistical propertics of the identified
parameters and transfer functions. For illustration purposes, let us consider air-
craft parameter identification, The equations of motion of a rigid aircraft are
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TERMINOLOGY OF SYSTEM IDENTIFICATION IN ECONOMETRICS AND CONTROL

TABLE 1

Control

Econometrics

Noise

White Gaussian noise
Colored noise
Measurement noise
Process noise

Record

Rationa! z-transform
Identification
Identifiable model
Unidentifiable model
Input variable

Output variable
Equation error method
Output error method
Impulse respoise model

Error

Nonautocorrelated normaily distributed error
Autocorrelated error

Error-in-variables

Disturbance term

Sample

Rational lag distributicn

Specification and estimation of a model
Justidentified or overidentified model
Underidentified model

Exogeneous variable

Endogeneous variable

Ordinary least squares or lincar regression
Nonlincar regression

Final form model

Impact, interim and total multuipliers

Markov parameters
Weighting pattern
Filtering Exponential smoothing

{lmpulsc response function

written down easily using Newton's laws of motion in terms of the aerodynamic,
gravitational and kinematic forces. The parameters relating the aerodynamic
forces to the motion variables such as linear and angular velocities are called
stability and control derivatives. For small deviations in velocities and angles
from nominal values, the motion can be described by a set of linear differential
equations of the type

(1) Ax = Fx + Gu
(2 v=Hx+ Du+v

where 4 is an inertia matrix (nonsingular), x denotes the state vector consisting of
displacements (angular) and velocities, u is the control input (elevator, rudder,
aeleron), y is the measured output that is assumed to be contaminated with noise v.
The matrices 4, F, G, H and D are assumed constant and contain unknown para-
meters that are elements of a vector 8. All other variables viz. x, u, y and v are
functions of time.

A brief survey of the methods used for estimating 6 and refinements of the
abbve model would now be presented. Greenberg (3, 1951]inanearly survey paper
describes following techniques.

(i} Sinusoidal response method
{ii) Inspection of the transient
(iti} Fourier Transform Method
(iv) Derivative method
(v} Prony’s method

Methods (i), (iii) and (iv) basically use the principle of least squares, whereas (i)
and (v) rely on the response of a linear system to a pulse-type of input. Prony’s
method s particularly interesting since it uses the fact that y{r)for a step or impulse

23
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input u(t) can be expressed as the sum of exponentials corresponding 10 e elgen-
1 an be expres: S

values of the F-matrix. e.g.

n
03) WO = ay + Z a. A+ ()
' i=1
where it is assumed that F has distinct eigenvalues. l! is c:_lsily seen that cqgati_on {3)
is similar to the distributed lag model which has received mcrcus_mg attentionin the
econometric literature in recent years [1, 4, 5}._A_nothc_r technique u:ﬁcd early on
was called Equation-Error Method [6], whigh is identical t_o regression zmalysis_
Shinbrot [7. 1951] proposed a "mclhod'—'ﬂmc?lon "appr_ou_ch in which the cquauo_ns
of motion were multiplied by special functions fo eliminate errors due to finite
data lengths and unknown initial conditions in usin_g the Fourier tr:m§form
approach. The idea scems similar to the instrume_ntal varia ble approach of Reierspl
[7] in which special matrices are used to obtain consistent cslm_mtcs. Thc_l;ncr
work in aircraft parameter identification uses nonlinear regressions techniques
variously called quasilinearization [8], moditied Newton-Raphson (9] and differen-
tial correction. These techniques also apply to nonlinear models. Most recently [10.
11, 12] maximum likelihood and Bayesian methods have been used for parameter
estimation in models of the type

(4 AX = FX + Gu + w
(5 Y=Hx+ Du+ r

where w(1) is an uncorrelated or “*white noise™ Gaussian process.

At this stage, it is appropriate perhaps to say a few more things about the
mode! of equations (4) and (5). This model, known as the “state-vector model” of
the system. has assumed central importance in the control literature following the
pioneering work of Kalman [12.1960] on the filtering. prediction and control
properties of this model. More recently. the structural and identifiability properties
of this model have been studied [14. 15]. The discrete-time equivalent of this mode|

bears close resemblance to the “simultancous-cquation - model of econometrics
[16).

(6) Discrete-time ANU+ 1) = FX) + Gu(n) + wir)
slatc-vector
(7) model| Y) = Hx(1) + Du(r) + o(n

where A(n x n), x(n x 1j, Fln x n). Gin x ML D(p < ). uiem x 1), win x 1).
Mp x 1), Hip x p). t(p x 1)and

Elwtem(s)) = o,
Eletns)) = R, ..

We assume that P <nwandr uncorrelated.

Simultancous X ,
(8) fquations ¢ [y = — Y Fatr — i) + S Bt — i) + o
model i=q =4
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where y(p = 1), Tifp = p), Bip x my ulm x 1), e{p x 1)and
Ele(t)e™(s)] = E(t — s).

To see the similarities between these models, we use the lag operator = defined
by

(9 zyt) = Wt — 1),
From equation (6),
(z7'A = FIX(t) = Gulr) + wn).
From equation (7),
(10) W) = H(z"'A — F)"'[Gu(t) + w(t)] + (1) + Dulr).

From equation (8§),
[3 -1 !

(n W) = Z l“'.z") [( Z Bi:‘)lc(t) + v(l)]
i=0 i=0

Equations (10) and (11) are same if we set
3 ) =1 i .
(12) D+H(z"A-F)"G=(Z I",-:‘) (ZB,-:‘)
i=¢ i=0
and equate the spectral density functions or autocorrelation functions of
(Hz""A = F)y"'wlt) + t(t)]

and

k AL
( Z roz') f.’(t).
i=0

The problem of obtaining (I, G, H, Q, R) from {T',. B,, E(t — s)! has received atten-
tion in the control literature and is known as the stochastic realization problem [17,
18).!

Now let us consider some special cases which will bring out the similarity of
the models (6){7) and (8) more clearly.

(1) Complete State Vector Observed without Error ( Perfect Measurements Case)
In this case, y(t) = (1) so that equation (6) becomes
(13) At + 1) = Fy(t) + Gult) + wir).

This is a simultancous equation model with “predetermined variables™ consisting
on one lag endogeneous variables y(r), exogeneous variables u(1) and uncorrelated

"In most of the control models. matrix A either turns out to be or can casily be reduced to an
identity matrix. The “reduced form™ state-vector model thus obtained can be given direct physical
interpretation so that there is very little advantage in using the “simultaneous equation’” state-vector
model. The situation in econometrics is different since ¢ priori information on parameters in the
simullancous equation model is not casily translated to the reduced form model.
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tochastic errors wif). The time-mdex. 1 on u and w can be changed to it + 1)
sto )

without effecting the model.

(ii) No Stochastic Disturbances in the State Equations (Zero Process Noise Case)

With w(t) = 0, equation (10) can be written as

(14) W)= Hiz'A — F)”'Gu(t) + t{t).

Assuming that the eigenvalues of 4~ 'F lie inside the unit circle. we can perform 3
Laurent series expansion in z and obtain

(15) W) = i Mu(t — i) + 1r(z).
i=0

Equation (15) is a distributed lag model with lag coefficients z’t.li. In the control
literature, M; have been variously called Markov parameters. 1mpulse response
function, weighting paitern etc. The problem of obtaining rpu.mces {F.. G.H!
given {M;. i =0,..., %}, assuming 4 = { known as thec minimal realization
problem was solved by Ho and Kalman [ 19. 1966]. The concepts ofc_ontrollabi!ity‘
observability and minimal realizations [20] play an important role in solving this
problem. In general, one does not obtain unique {F,G. H}, but by imposing
structural restrictions, it is possible to obtain unique {F. G. H!. In this way, one
obtains unique canonical forms for the system which also have the property of
containing the smallest numbers of unknown parameters. The extensions of these
results to the process noise case are also available and will be discussed later.

(1) Role of Process and Measurement Noise

It is seen from the above discussion that in econometric models oniy one
noise term is present. which, however, can be correlated in time. The question
arises : Is there any advantage of separating total noise into two parts? The signific-
ance of thisin the control problem derives from the fact that in many situations one
has sufficient a priori knowledge on the characteristics of w{t) and () separately.
For example, (t) being measurement noise. conies from the measuring instruments
which can be separately calibrated. On the other hand. separate identification of
w(r) and t(t) (whenever possible) provides much valuable information which is lost
if only a combination of the two is identified. The sitvation is somewhat similar to
the use of the simultaneous-equation model versus the reduced form model for
parameter estimation in econometrics.

The use of both measurement noise and process noise i econometric models
has certain applications. We mention two of these

(a) Error in variables. The state vector model of equations (6j and (7) allows
one to consider errors in output of endogeneous variables. The errors in exogene-
ous variables u(t) may be considered indirectly by adding them to process-noise
w{t). The questions of identifiability will be considered in Section 2.

(b} Random coefficients in regression models. Consider the scalar regression
model
k [
M = Zl avt — i) + .-;) bt — i) 1 o,
26
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The usual assumption in regression models is that (¢;. b;,i = L.——k.j = 0.—=1)
are constant. Suppose g;, b;are known to vary from one time-period to next and let
the increments be random, e.g.

af(t -+ 1) = a1ty + wilt).

Denote by x(1) the (k + ! + 1) vector of coefficients «,, b; at time t. Then

ir )
(17) x(t + 1) = x(1) + w0
and
(18) W) = H(Ox(0) + (1)

where H(t) = [yit — 1).—— 3(t — k). u(0).u(t — 1),——u(t — D)]. The case where H(1)
is deterministic? but time-varying has been considered extensively in the control
literature. The case of H(t) random has received less attention and needs to be
further investigated [21].

(iv) Correlated Errors and Colored Noise

In equations (6) and (7). w(t) and v(t) were assumed to be uncorrelated in time
and with each other. The correlation between w(t) and v(t) 1s easily handled by a
transformation approach in which the system (6)-(7) is replaced by another system
of equations having uncorrelated wit) and o(t). If E[w{t)c"(s)] = C(1)3, ; then the
equivalent system is

(19) Ax(t + 1) = (F — CRTYH)x(1) + Gu(t) + CR™'y(1) + 5(t)
Wity = Hx(t) + v(n
where
(20) EfntrT(s)] = 0,
E[y(tn™(s)] = (@ — CRT'CT)9,,.
The auto-correlation of w(¢) and v{r)1s handled by representing them as white

noise through a linear system and augmenting the state vector.® For example, let
u{t) be represented as

(21) Xt + 1) = F v (1) + G elr)
wit) = H, x,(t) + (1)

where x (1) is the state vector for representing w{r): &(t) and (1) are white noise
processes. Then equations (21)and (22) can be combined with (6)and {7) by using an
augmented state vector

X
(22) Xy = [ :I
X

w
Notice that even if the state vector x is completely observed. the augmented
state vector x , is only partially observed.

? This would be the case ifa, = 0.7 = 1. - -k
? This can always be done for stationary processes with proper rational spectra.
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(v} Recursive versus Simultaneous Equation Models .

In the cconometric literature. there has been a lot of discussion about the use
of recursive versus simultaneous equation models. Wold [28] has maintained that
the real world ecoromic systems are recursive in time (or causal cha_insl and that
simultaneous equation models are approximations based on ncglccm}g fz!st time-
constant phenomenon that are unobservable due to the Izlrgc s;implmg interval.
Liu {29] has emphasized the interdependence of economic \lerlflblgs and has
questioned whether the complete interdependence and snnulta_nc.ny 1s properly
considered in the proposed econometric models such as the Klein-Goldberger
modef [30]. Fisher [31] has taken an intermediate position and shown that the
economiztric models in use may be thought ol as approximations to reality as
conjectured by Wold {28} or L [29].

In the control literature, questions of this type have not received much atten-
tion. A control enginger. by training. is accustomed to thinking of the world as
recursive or causal. The concepts of state and Markov models of a system are
partly based on this notion of reality. The recent interest in large scale systems and
model-simplification techniques has led to the use of aggregation concepts (323
and asymptotic expansion methods [33]. Some of these methods lead to a set of
simultaneous equations corresponding to small time-constants in the system. The
use of simultancous equation models in control is an arca for further rescarch,

(vi) Estimation Techniquies

A large amount of the work in control is concerred with estimation techniques
as is evidenced by several survey papers including Astrom and Eykhoff [22]. The
lack of emphasis on model structure determination and identifiability may be due
to the fact that engineering models are fairly well understood and in single-input
single-output models. the identifiability conditions are not very complicated. By
and large, the models that have been considered in control apphcations are
identifiable. The main concern in control has been in devising cfficient computa-
tional methods for parameter estimation. In many applications, the estimation has
to be done on-line and this rules out iterative methods like the full-information
maximum likelihood method. Other differences in estimation methods arise from
the fact that only part of the state vector is observed and the observarions contain
measurement noise. Under these conditions. a direct application of ordinary least
squares (OLS) leads to biased estimates. The approach taken in control is to go to
nonlinear least-squares rather than modify OLS us is often done in econometrics.
Itis fair to say that the control literature has noi made full ase of linear least
squares techniques. On the other hand. much valuable experience has been
gathered on nonlinear optimization techniques applied to least squares and
maximum likelihood criteria. A combination of the experience gained in the two
fields should certainly be fruitful. Two examples of this are refs. [1] and [23].

3. IDENTIFICATION AND ESTiMATION OF STATE VECTOR MODELS

~ Inthis section, wepresent some known and some new results on the identifica-
tion and maximum likejihood estimation of state-vector models. It is hoped that
these results would find applications in the econometric literature.
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For simplicity. we would consider the reduced form state-vector model by
assumting that 4 = T and D = 0. The extensions of the identifiability results given
below to the case A # I need to be worked out. From here on, we consider the
simplified model

(23) Xt o+ 1) = Fx(t) + Gult) + wo)

(24) (t) = Hx(t) + (1),

3.1, Identifiability Results

From the work of Astrom {22]. Kalman [20]. Mchra [25. 26], Kailath [27),
Mayne [14]. Popov [15]and Tse Wcinert, et al. [29]. it is known that the following
conditions must be imposcd on the model (23)-(24) to make it identifiablc.

Condition (i). [F. G] conitrollable and [F. H] observable. i.c.

(25 Rank [G,FG. F2G.—= F" 'G) =n
(26} Rank [H'. FTHT ..., (FI 'H" = n.

These conditions are generalizations of the no pole-zero cancellation condi-
tions used in time-series analysis.

Condition (ii). All the elements of the process noise covariance matrix @ are
identifiable iff all the state variables are measured. ie. p = n. If p < n, only the
proper canonical representation of {23)—(24) given by a stcady-state Kalman filter is
identifiabie [25-271. This representation has the form

27 e+ D)= FX(t) + Guit) + FKv(n)
(28) ¥ = Hx{t) + v{t)

where E[v(t)v(s)] = Z§,,. The white noise proccss v(r) represents one-step ahead
prediction errors and is also known as the “innovation'* process.

it is further required that [F, K] be controllable.

Condition(iii). F and H are in the following canonical forms or their parameters
are consistently solvable in terms of the parameters of this canonical form.

- |

F3, Fyy 0 0
~
F, = S I —
> i
|l_ ['pl ________ an A l}lii - ﬂn_,x}
r I
]
0
F; = |
ﬂlu /fn,'if



where F,jis n; x n;

H, [ u,

F H, I

(30) n; = Rank | H"F — Rank !
[”a‘F"_l H,_ /!

where H;is i x n matrix consisting of the first i rows of H. n, represents the addi-
tional pa‘rt of the state space observed by the ith cutput over the first (i - 1)out-
puts. The set of indices (ny.ny,—=n,) have been called output numbers of the
system by Mayne [14] and are invariant under coordinate transformations. From
the observability condition,

iras
I

The canonical form of H assuming none of the output numbers are zero s

0 0 . lI'O 0 . O: :
| | i
O L 0 . 0 l | . i . .
31 H.= [ ! [ P rows,
( “loo o ! teo
| I |
| .. A o - |
g_—v—‘_/\—v\, ———
ny columns  n, columns ny
Ifn; = 0, thentheithrow of H has non-zereentries in the first My + ==+ n;_,)
columns.

The total number of unknown parametersin Feoand H is s = m+(ny + n,)
t—+(n, +-——+ np) Whichiis less than np. An observable system can be putinto
the above canonical form by using the state transformation matrix

[ Iy
hF
" m=|"
fy Fro-! h,
(32) T = hy, |,
hy -t
e

Lety = T¢



Using cquations {27)-(28).

(33) Xt + 1)y = TFT™'N'{t) + TGult) + TFKv(t)
(34) ity = HT 7 'x'(1) + v(1).
It can be shown that [39)
(35) TFT ' =F,
(36) HT '=H,_.
Also let
37 TG = G,. TK = K,.

Equations (33)-(37) represent the canonical model of the system. By using equation
(32) for transformation T, we can relate the parameters of F, G, H, K to the para-
meters of F,, H.. G, and K_ which are identifiable. The canonical set has a total of
(s + nm + np) < n(m + 2p) parameters. In addition. the covariance matrix of the
innovation process ¥(f) viz X is identifiable. The matrices Q and R are related to
X, H, F. G, K by the following matrix equations.

(38) L=HPH" +R
(39) K, =PHS!
(40) P.=F(l — KH)PFT + Q.

where P isan n x n positive definite matrix. Methods for solving equations (38)-
(40) bave been discussed by Faurre [17] and Mehra [34. 35).

Condition (ir).* The support of the spectral distribution function S, () of the
input u(f) contains more than k = [N Pi2p] points where NP is the number of
unknown parameters in F. G, and H and [a] denotes the integer part of a. The
support of S, ) is defined as

(41) Support S, (0) = {0l -1 < < 7w Ve > 0. [S(w + &) — S0 — ¢] >0}

This condition is derived in Ref. [26] and can be expressed in terms of the
autocorrelation function of u(¢). If the input is sinusoidal, then it must contain more
than k frequencies for the system to be identifiable. Such inputs have been called
“persistently exciting” inputs [22].

Condition (r). F is a stable matrix or all the roots of (z~'I — F) lie outside the
unit circle.

Remarks

(a) The Kalman Filter representation (27)-(28) of the system is both causal
and causally invertible with respect to the input-output pair v(t) and y(1). One can
write using the lag operator z, and using equations (27)-(28),

(42) W) = Hz"' T = FY'Gult) + [H(z ™' — F) 'K + I]v(t)

* This is a necessary conditicn when w{t) = 0 and u(t) is assumed scalar. For sufficiency and for
multi-input systems. further conditions are required.
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and
(@3hv(iy= |1 — H[z"'1 — FU — KHY]"'FKy() — H[="'1 = F(I — KH)) 'Gu(r).

From (43), it 1s clear that F(I - KH)ymust also be a stable matrix. Kalman (13]
has shown that under the conditions of complete controllability and ebservability
and K given by equations (38)-(40). F(I -- KH}1s a stable matnx. If K is identified
directly, this condition must be imposed separately.

(b) In the terminology of cconometrics [16]. 1if the number of unknown
parameters & in the original system {F, G. H.Q R} is exactly the same as the
number of parameters ¢ in the canonical representation {F,.G.. H.. K_. X} and
the mapping from the sets @ to © is one-to-one onto (€ ©. ¢ € D). the system is
just-identified 1 the dimension of #is less than that of ¢. and the mapping from @ to
© is onto. the system is over-identified. Finally if the dimension of 0 is targer than
that of ¢ or the mapping from @ to © is not onto. the system is under-identified or
unidentifiable.

(¢) Rothenberg [40] has shown that a necessary and suflicient condition for
focat identifiability of 8 10 8, . under certain regutarity conditions. is that the Fisher
Information matrix be nonsingular at 6,. However. this condition is not easy 1o
verify in practice, except numerically. The author has notas vet retated other condi-
tions of identitiability given by Rothenberg [40] to the above conditions.

3.2, Consistent Least Squares Estimation of Canonical Parameters and Determination

ofny.....n,

Equations (27)-(28) along with canonical forms F,and H_can be written as a
set of p difference equations in terms of the input-output \drmblu (v 1e.v). The
resutting form is known as the external model of the system. Once the system
equations are written in the external form, the applicability of regression methods
can be casily examined. We demonstrate this by considering the equation for the
first output variable y,(1). (The clements of vectors and matrices will be denoted
by subscripts.)

(44) i) = x, (0 + vylt)

y m

= g_ Bri st =0+ Y (G, e — 1)

i=1 i=1

,
+ X FK), vl = 1)+ vt
j=1

@Hxfr—N=x.,t-2)+ ¥ (Gjuft —2) + V ([l\i

.
vt

—
i=1 i

Solvingequation (45)recursively interms of x, A= 2177 (0 = ) and substitu-

tng in terms of (1 — 2),— =it — n). we gu an equation of the type

46 1,0 = Z/;,,‘I(:—,H N ER T
i=1j=1 ISR

32



where g;; and ¢;; arc defined by correspondence. Equation (46) represents an auto-
regressive moving average (ARMA) model of order », with m deterministic inputs
and p white noise inputs.

Proceeding in the same fashion. y,(t) can be written as an autoregressive model
of order n, with y,(t), u(t) and v(t) as inputs and so on. In other words, this system of
equations is recursive and we can estimate the parameters by solving p regression
problems in sequence. However, since the error terms are correlated with some of
the independent variables. OLS would give biased and inconsistent estimates. We
use the two-stage least-squares procedure of Theil [16] to obtain consistent
estimates of f and g parameters. The ¢ parameters can then be obtained fitting a
moving average model to the residuals. It is also possible to use the ihree-stage
least squares procedure [16), but we would instead use the maximum likelihood
procedure of Appendix A for obtaining efficient estimates of all the parameters.

Two-Stuge Least-Squares Estimation of Parameters

Define

y.(n;VI
Cd

,v,(N)J

where N is the total number of sample points. Equation (46) may now be written for
t=n,———Nas

y =

(47) v = [M, zMZ][g:—] +v
where
T T R T () I TN | | u>(0)
M, = wy(my), ..., uy (1) ; uy(ny), ... . uy(0)

(N — n))xn,m

(N — 1), . u (N - ny) | (N — 1),... uy(N — n) -
wyny — Do, u(0)

(..., u,ll)

"N = D) u (N — )

yin, — 1), ..., ¥(0)

y(ng ) oo (D)
M, = .
(N — nj)xn, -
N =1 (N — i)
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[—-' Z ! 'l g ‘Bl!l

v = . , 0, =

(N =mxtf ., mxl By,

Equation (47) can also be written as

(48) Yy=M0+v

0

where M = [M,:M,)and 0 = [?)—:, Notice that only M, and v are correlated
2

in equation (47). In two stage least Squares, one replaces M, by M, such that M,

is uncorrelated with the new error term. The calculation of M, is done by using the
final form of the model (or the impulsc response model) of equation (46) viz.

(49) Bl = Z Z Tttt = j) + ny(0)

j=1i=1
where ;; is obtained from
L -1 ny, m ®  m
(] + ) [},”zf') (Z 2 gﬁ‘"’) =Y X
=1 j=li=} v=1i=]
Using the stability property of the system, we will truncate the sum in equation (49)

atanappropriately large value g < (N — n,}. Thenequation (49) fort = ny,....N,
can be written

(51) y=U; +19
where
my = 1) ... w0),0,...,0
U= 1( i ) "( )
(N =) x gm (N = 1) .. w(N - g

Puny = 1) . 14,,,(0),0,...,0]
Cu N =) u N - q)
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y and n are easily defined by correspondence.
The model (51) hasthe property that U and nare uncorrelated and a consistent
estimate of y is obtained by OLS.

7 =UTU) Uy,

But § is not BLUE (best lincar unbiased estimator) since E[qq’] # o21. We
use it to obtain § which denotes the part of y that is lincarly correlated with U iec.

(52) 9= Us

We now write

. 18
(53) v = (M, zMz][ﬂ +vite
2_
where
.f'l(nl - ” f(O) <]
Mz — _f"l(nl) f(l)
'».NN -0 . BN -—n

and g = (M, — MZ)BZ. It is easily shown that (v + €) is uncorrelated with A\Adz SO
that one can use OLS to obtain consistent estimates of §.°

Hz"‘ M,TM, M‘TA:{Z . Flwl
(54) :—J =1 . -y
02 M2 M] M;‘M_) —‘MZ
Estimator (54) can also be written as
(551 [01] [M,TM, MM, ] [ M7 ]
| = . y
0, MIM, MIM, — kw'w][(M, — w)" ]

withk = land W = (M, — M,).
‘The estimator (55) is catled the k-class estimator. It reduces to OLS fork = 0
and can be shown to be related to the maximum-likelihood estimator [16].

Estimation of ny ... n,

Model (46) after replacement of y,(r — j) on the right-hand side by §,(i — j)
is in a form suitable for using step-wise regression [36] as proposed by Parzen 371
in a somewhat different context. in this procedure, the significance of various
regression terms is tested by using partial correlations and partial F-tests. Other
statistical criteria, such as Akaike's FPE (final prediction error) [38] can also b

used depending on the objective of identification (i.e. prediction, control, etc.).

Remarks

(a) The case in which there is no deterministic input u(t), the two-stage least
squares procedure cannot be used. However, in that case, modified Yule-Walker

* The estimates are efficient only e, =0.Vj,i.
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equations can be used to obtain consistent estimates of f# parameters [25]. More
efficient estimates can be obtained by using Durbin's method [51] or the Hannan--
Parzen approach [52, 371

(b) The consistent estimates of c;; or matrix K can be obtained in several ways.
Sce. e.g. Refs. [34, 23, 39].

(c) The two-stage least-squares approach can be made on-line as has already
been demonstrated by Pandya [23]. In fact, most of the linear least-squares pro-
cedures can be made recursive by expressing the inverse of the information matrix
for (N + 1) measurements in terms of the inverse for N measurements using the
matrix inversion lemma

(M™' + HTR™'H) "' = M — MHT(HMHT + R)-'HM.

4. FURTHER COMMENTS

In this section, we discuss two problems which have received considerable
attention in the control literature.

4.1. Closed-Loop or Feedback Systems

Closed-loop systems are of interest to both controi engineers and econo-
metricians. A typical closed-loop system is shown in Figure 2. In particular situa-
tions, only som- of the external inputs shown may be present. A number of interest-
ing results are available in the control literature on closed-loop system identifica-
tion. It was shown by E. Fisher [41, 1965] that in the deterministic case (i.e., no
stochastic inputs), no external input and linear system dynamics, the system is
unidentifiable with linear feedback, but is identifiable with nonlinear feedback_ It js
interesting to contrast this result with that of Reiersg] [42, 1950] who showed that
the error-in-variables simultaneous equation model of economerrics is unidentifi-
able with normal errors, but is identifiable with nonnormal errors,

Disturbance

[ Controller L\

Feedback | L —
Control —— J

Disturbance

Figure 2 Block diagram of a feedback control system
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In stochastic systems, interesting results on identifiability have been given by
Wingrove {43}, Box and MacGrcgor [44] and Phadkc and Wu [45] for the case
where both the system and controller dynamics are unknown. They have shown
that without the external input or disturbances into the system, the closed-loop
system (i.e, the system and the controller) may be unidentifiable. If one simply
cross-correlates the input sequence and the output sequence of the system (after
pre-whitening), one obtains the inverse of the controller transfer function rather
than the system transfer function. Consequently, it is necessary to have an external
input or disturbance into the system that is uncorrelated with output noise in order
to identify the system. In addition, it is alse necessary to have some time-delay or
dead-time in the loop to make the sysiem completely identifiable [43, 44, 45).

An area of active interest where closed-loop identification is essential and has
been extensively used for the last 15 years is human operator modeling [46]. Most
of the work has used spectral methods, but recently maximum likelihood estima-
tion and parametric models have been used with good success [47].

4.2. Input Design

The problem of input design has received considerable attention in the conirol
literature due to the fact that inputs can often be selected and they can have con-
siderable influence on the accuracy of parameter estimation. This problem has been
formulated in a number of different ways which include

(1) an optimal control formulation [48, 49], and
(1) a minimax approached based on the theory of optimal experiments in
regression [26, 50].

The latter approach has given very general results on the design of optimal
inputs. The two approaches have been applied to the design of control inputs
for aircraft parameier identification.

5. CONCLUSIONS

In this report, we have pointed out certain siilarities and differences between
system identinectim in the control and econometric literatures. [n particular, the
state-vector model comnn.>nly used in control is comparad with the simultaneous
equations model used in econometrics. An approach to the identification and
estimation of parameters in state vector models is presented based on canonical
forms, stepwise two-stage least squares and maximum likelihood estimation using a
Kalman filter. The problems of closed-loop identification and input design are also
briefly discussed.

Harvard University
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APPENDIX A : AN INNOVATIONS APPROACH TO MAXIMUM LIKELIHOOD
IDENTIFICATION OF LINEAR AND NONLINEAR DYNAMIC SYSTEMS

This appendix presents an approach to maximum likelihood identification of
multi-input multi-output linear and nonlincar dynamic systems with arbitrary
inputs. The approach is based on state vector formulation and uses the innovation
properties of optimai filters for these systems. Application to the identification of
the transfer function of a chemical reactor is considered.

1. Introduction

The maximum likelihood estimation of autoregressive and moving average
parameters in time series analysis has been considered by several investigators
[1,2).° The related problem of linear system identification can often be cast i this
framework. though the parameter transformations involved may be nonlincar and
nonunique. Special difficulties are encountered in handling multi-input multi-
output linear models and nonlinear models using the time-series approach. The
author [3, 4] has tried to circumvent these difficulties by working directly with the
physical models and using the innovations approach of Kailath [5, 6]. A schematic
diagram of this method is shown in Figure A.1.

¢ References for Appendix A are given separately at the end.
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Figure A.l  Implementation of maximum likelihood estimator

2. Linear Systems

Consider a discrete-time linear system’

(A1) X+ 1) = Fx(r) + Gu(ty + T'w(r)
(A.2) ) = Hxit) + o)
where

xt) = n x 1 state vector u(t) = p x 1 input vector
wi(t) = ¢ x 1 vector of random forcing functions :
MO =r x| output vectors : and (1) = r x | vector of output errors
and
E{w(t)} =0, Eiwion(x)} = Qo ,
where &, is the Kronecker delta function.
En(eT(0)) = 0
E{e(n) =0, E{r(r)r’(r)} =R$

-
-

The ML estimate of 9 is given by
(A3) 0 = Arg {m;r( log p(Y,/0)}
where
Yo= {00, .. yinp
" Continuous-time systems are handled in the same fashion, See Ref. 3.
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and
p(Yy/8) = conditional probability density of Y, given 4,
An expression for p(Y,/8) is derived as
PY0) = pl(y(), ..., {(NY8)
= PN Yy, ip(Yy \10)
= POINIYy_ L Op(UN — DYy 5, Op( Yy _,16)

N
= ) pAIY,_, 0
=1
Therefore

.
(A.4) log p(Yyif) = 3 log p(yjIY;_,, )
j=1

Consider the case in which X(0). w(t) and v{t) are normally distributed. Then
POINY; -y, 6) by a well-known property of normal distributions is also normal.
Let

(A.S) ELVGNY;_y. 60} =3¢/ - 1)
and
(A.6) Cov{y(NY;_,. 0} = B(jlj — 1),

It is known that Fjlj =1 and B(j|j — 1) can be obtained from a Kalman filter [7]
of the following form

(A.7) K+ 1) = FRUALYT + Guit)

(A.8) R/ = 2/t — 1) + Kiew(r)
(A.9) v(t) = y(t) — HR{t/t — 1)

(A.10) K(t) = P(t/t — BH"B '(t/t — 1)
(A.11) B(t) = HP(t/t - HHT + R
(A.12) Pt/t) = (I — K(OH)P(t/t — 1)
(A.13) Pt + 1/t) = FPQ/t)FT + Q7.

The tiketihood function (A.4) can now be written as
N
(Ald)  logp(Vulf) = —3 5 [vT(IB~'(jlj — In(j) + log |B(j;j — 1|].
i=1

Here (1) denotes the innovation sequence which is zero mean, Gaussian and white
[51. ML estimate & is obtained by maximizing (A.14) with respect to 0 subject to the
constraints {A.7)-(A.13). This is a very difficult optimization problem. An approxi-
mation suggested in Ref. (3) simplifies the problem tremendously. It is assumed that
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the filter gain K(1) and covariance B(t:t — 1) have reached constant values K and B
and the vector 0 consists of unknown parameters from F. G, K and Bonly. Then

N
(A.15) log p(Y,l6) = -} > IVUIBT ) + log [BJ].
J=1
Maximizing (A.15) over B, produces
PO .
(A.16) B =— ¥ v(jign(ig
N &

where « is the M, estimate of unknowns in F.Gand K. Itis given by the root of
the equation

N A ;
(A.17) Z \'T(_;')B‘i(),(i):o

-

i Co

where (0v{}):¢y is calculated from cquations (A.7)(A9). The root of equation
(A17) is found by a Newton -Raphson or Gauss-Newton iteration. Once % is
obtained, I", Q and R are obtained from equations (10)-(13). In this way, the non-
linear constraints of equations (10)-(13) are avoided during optimization. The

i€, w(f) = 0. In that case, @ = 0. K = 0 and W0 = 3{t) — Hx(1) is the output
error. A flow chart of the method is shown in Figure A2,

3. Nonlineur S ystems

Consider a nonlinear dynamic system
(A.18) X+ 1) = £, 6, “(t) + Tw(r)
{A.19) MO = h(x(t)) + v(r)

where /() and h(-)aren x 1apd r x 1 vectors of nonlinear functions. Also, wi{r)
and t(1) are Gaussian white nojse Sequences with zero mean and covariances Q and
R.

The evaluation of (he true ML estimate would require the caleulation of
POIY,_,.0) using an optimal nonlinear filter. Since this is computationally
infeasible, we approximate PO, ) by a Gaussian density with mean and
covariance obtained from an Extended Kaiman Filter [8] of the following form -

(A.20) e+ iy = J(R(/0)). 6, u(n)
(A21) /) = Le/e — 1y + K(t)v(t)
(A.22) 1) = y(1) — h(g(r/t — 1))

K(1) is calculated from equations (A.10)~(A.13) by using time-varving matrices F{)
and H(r),

3
(A.23) Hiy = &

OX = tteir - 1)

42
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(NONLINEAR) FILTER

LIKELIHOOD
FUNCTION
CALCULATION

’ T ——
SENSTTIVITY
FUNCTIONS AND
l GRADIENT CALCULATION

INFORMATION
MATRIX
¢ CALCULATION

STEP SIZE DETER~
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RAPHSON

NO
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Figure A2 Flow chart of the maximum likelihood algorithm

{A.24) Foy =<

CX|i=z200

Kailath [6] has shown that the density of the innovation v(t) tends to a Gaussian
density as the sampling rate is increased. Thus the above approximation is quite
good for high sampling rates.

4. Applications
The above method has been applied to two bench-mark problems. The first
problem involves estimation of 3 time constants, gain, dead time and variances of
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Figure A3 Maximum likelihood identification of a chemical reactor benchmark problem

input and Output noise in the transfer function of 4 chemical reactor (Figure A3),
The state variables are defined as

Y2 =13 + x,
N3 =158 + x,.
The state equations are
X, -0, 6, 0 ] X, 07
d 0 0, ¢ 0
gl = \ =t,, X |4
dey ° 2 2 24
\.3

[ 0, 0. -o, L.\-3J 0,
where 6, = l/t,, 0, = l/t,, 6, = /t;, 8, = G/ty and 6 =D.
Table A1 shows the values of trye and estimated parameters based o input

and output time histories of Figure A4. The innovations pass the whiteness test at
95 per cent confidence leve]. A sample fit is shown i Figure A's.
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The second application concerns the determination of stability and control
derivatives of an X-22 VTOL aircraft. The model is nonlinear and has flight
disturbance (gusts, etc.) forcing functions with 23 unknown parameters. For this
and other applications, see Ref [91.

TABLE A.l
TRUE AND ESTIMATED VALUES OF PARAMETERS FOR THE CHEMICAL REACTOR PROBLEMS
Parameters D T, T, T, G r
ML estimates based on 480 samplcs 4 min 4.98 5.22 1.9 1.91 0.5
ML estimates based on 240 samples 5 min 3.63 413 1.63 1.94 0.46
True values 4.2 min 39 47 29 1.9 0.5
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