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THE APPLICABILITY OF THE KALMAN FILTER IN THE
DETERMINATION OF SYSTEMATIC PARAMETER VARIATION

rY DAvVID A. BELSLEY*

The basic optimality theorem for the Kalmen filter is stated and generalized to account for a conditional
niean varying systematically with respect to additional variates z. The relevance of the resulting “staie”
estimator is discussed in the context of determining systematic parameter variation in a linear regression
model. The Kalman filter is seen 1o have esseniiaily the same drawbacks as the moving-window technigue
discussed in an earlier study.

In the context of a regression model with time-varying parameters
(h W) = X(0P(1) + ).

an increasingly popular model for the parameter variation is the Kalman Filter
which specifies that fit) changes state according to the dynamic transition equaticn

(2) pit + 1) = Of(r) + ult).

Thur KALMAN FILTER

The relevant theorem suggesting the use of the Kaiman Filter is

Theorem | :
Given (1) and (2) with

(3) Ei{t)e'(t) = R,
Eu(tis (1) =9
Ee(t)e'{t) = R,.
¢ and & multivariate normal.
then, the estimator of f(t + 1) that minimizes
(4) Eg[a'(Bit + 1) — Bt + 1))
for any symmetric, nondecreasing function g, is given by the recursive system
B + 1) = o) + K [o) — X(OAW]
where
(5) K(t) = GPOX' (O [XOPON' (1) + R,] !
P + 1) = [® — K(Ox(D)P()P + R,
and where ® may be a function of time [1, Ch. 7).
* Research supported by National Science Foundation Grant GJ-1154x to the National Bureau
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This model has been treated by Duncan [31. Sarris [10}. (117, szi .Mchra [4].
[S1,[6]. and even for b constant over tme. it would seem to offer an etlicient means
of approximating complex parameter variation in many economic circumstances.

Thi KALMAN FILTER AND SysTeMaTIC PARAMITER VARIATION

In many other circumstances. however. it is reasonable to assume that at least
sorie component of $(t) varies systematically with respect to additional variates, -
Such systematic parameter variation is treated by Quandt [7). [8]. [9] and by
Belsley [2]. .

The above theorem may be generalized to take into account a systematic
component of parameter variation in the following 1. p. 234):

Theerem 2

Given the system

(6) MO = X)) + )
it + 1) = Dp(1) + Twir) + r(t)
17) Er(t)'(s) = d. R,
Er{t)e(s) = o, R,
Eq)e'(s) = R,

where 4, is the Kronecker delta, then the estimators of Blr + 1), optimal in the
sense of (4). are determined from the following recursive system

B+ 1) = Ofit) + Tingy) + K[y — x'(0pu)

where

K(t) = [OP(t)x 1) + R [x@0)P(Ox«) + R,]7!
Pie+1) = OP(1) 4 R, — K([R, + XOPON' ()] K (1),

LiNEAR SySTEMATIC PARAMETER VARIATION

It is of interest to note here that the preceding Theorem 2 covers the case of
linear systematic parameter variation treated by Belsley in [2]. but seems to offer
no particular advantage over the moving-window technique suggested there.

In 2] Belsley treats model (1) with

(8) Bty = Tz(r) + u(t)
where I'is a matrix of parameters and the z(t) are additiona] v
determining Br).

The elements of I are estimated (and the relevance of the -'s tested) by using
an estimated time serics of the Bit)'s obtained indcpendently ofthe s by q moving-
window regression applied to (1) without regard to parameter variation. This

techmque is shown (o have a bias thay becomes sma
VAriates move over time. [See 2, p. 491].

ariates systematically

ller the more slowly the z
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The Belsley model can be cast into the general Kalman framework of Theorem
2 if u(t) is assumed to be distributed with independent increments. for then we may
write from (8),

(9) pir + 1) = ) + TAze + 1+ el
where
() = At + 1)
Erv(sp(t) = o, R;.

The model (1) and (9) clearly fits into Theorem 2 with & = [ and w(t) = Az(t + 1),

1t would scem that the general Kalman technique would offer an alternative
means of estimating the fit) time series required in [2]. But the Kalman technique
clearly requires knowledge of the z's from the outset, and hence is not appropriale
for testing among alternative z's when the exact z variates arc not known.

For slowly moving z series {Az(t) small), however, {9) is approximated by (2),
and under these conditions the estimator of Theorern I, which does not require
knowledge of the z's, may offer a good means of determining a f() scries for test-
ing alternative z’s. This method should be compared to the moving-window
method used in [2]. It is interesting to note that the “slowly moving z'" require-
ment is exactly that nceded to justify the moving-window technique as a good
approximation.

Boston College, and
National Bureau of Economic Research
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ANNOUNCEMENT
Workshop on Macroeconomic Simulkition Teaching Games

A Workshop on Macroeconomic Simulation Teaching Games will be held at
10:00 a.m. on October 26, 1973. at the National Bureau of Economic Rescarch.
Inc., 261 Madison Avenue. New York, New York. 10016. The Workshop will
provide users of macroeconomic simulation games an opportunity to exchange
information about their experiences and problems with cconomic models.
computer programs, and teaching exercises.

Interested individuals are invited to attend. cor can contact F. Trenery
Dolbear, Jr., Brandeis University, to indicate their interest in this area. The work-
shop is being held under the auspices of the NBER Conference on the Computer
in Ecoromic and Social Research. If there is enough interest in this area. more
macro games or microeconomic simulation teaching games couid be explored

in follow-up workshops.
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