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THE ESTIMATION OF STRUCTURAL SHIFTS BY
SWITCHING REGRESSIONS

BY STEPHEN M. GOLDFELD AND RiCHARD E. QUANDT

This paper surveys several econometric techniques for dealing with switching regressions. More general
Jormulations. designed to produce maximum likelihood estimates. are introduced. and the problems of
numerical optimization discussed. Also examined are extensions to Markov models, simultancous equa-
tions, and switching of causal directions.

I. INTRODUCTION

In recent years. increasing attention has been devoted to problems of parameter
variation in regression models. This variation has been modeled in two principal
ways. The first of the approaches typically allows for an infinite number of possible
parameter values and for random parameter variations. In this case the appro-
priate econometric technique is the random coefficients regression model or one
of its particular varieties, such as the error-components model or the linear
dynamic recursive model ([8], [12], [22], [32], [37]).

Alternatively, the number of possible parameter changes may be finite
{usually small) where we may cali each possible state of the parameter vector a
regime. In time series applications these regimes may be associated with such
things as the state of the business cycle or other more fundamental structural
changes. In cross section work different regimes may be posited io hold for
behavioral units with different characteristics (e.g., asset size, income, and whether
or not rationing is imposed on the unit in a particular market). In either event the
appropriaie econometric technique is the switching regression model.

The switching regressions model can be formulated as follows. Assumie that
n observations are available on a dependent variable y and on p independent
variables x,,...,x,. Denote the ith observation on the x’s by the vector x;.
There may be reason to believe that the observations on y were generated by two
distinct regression equations or regimes: i.€.,

(1.1) v = X 4 uy; iel,
and
(12) Vi = Xifa + uy, iel,

where i indexes observations, I, and I, are the sets of indices for which the iwo
different regression equations hold, u,; and u,; are error terms {customarily but
not necessarily assumed to be distributed as N(0,s3) and N(0,43)) and finally
where the B,, B, are the vectors of regression coefficients. In the most general case
one would assume that (8,,07) # (8,,63), although in particular instances one or
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more of the parameters may be thought to have identical values in the two
regimes.!

The circnmstance which makes the estimation of (1. 1y and (1.2) nontrivial and
which makes testing the null hypothesis that no switch ocenrred (ic.. that there
15 only onc regime) also nontrivial is that the investigator is assumed to have no
exact prior knowledge about how to classify data poimnts with respeet to the two
regtmes (1) and (2).7 In the absence of snch knowledge. clearly one must imposc
somg further strncture on the problem if it is to be tractable. As we shall sce below
this may be accomplished in a varicty of ways both deterministically and in the
spirit of the random coctlicients model. However, before describing these methods
we shall indicate some substantive applications of the switching modcl.

Some applications. Several recent cconometric models have posited the exist-
cnee of a switeh in a regression cquation. The manncr in which the sample of
obscrvations was separated into subsamples corresponding to the two reginies
varies from case to case. We deseribe three snch models.?

Hiimermesh (217 1s concerned with estimating a wage cquation according to
which the negotiated annunal wage change for the ith firm in the 1th period. 1,
is a hncar function of the inverse of the uncmployment rate U, and the annnal
pereentage change in the consemer price index ¢, He assumes that a threshold
effect 1s present and manifests itsclf at ¢ = 2.0. Hence he posits two regimces given
by

W= B+ (LU0 + B, +u, ife, <2

We=0+ U0 "+ e+, ife, > 2

The mechanism by which the two regimes are separated is given here a priori: in
principle it would be desirable to estimate an unknown ¢* such that the first
rcgime holds when ¢, < ¢* and the sccond in the converse case.

Davis. Dempster and Wildavsky [9]. {10] attempt to explain the budgetary
process of US. government agencics. Letting x, represent the appropriaiion re-
quested by the Burcan of the Budget and y, the appropriation passcd by Congress.
the simplest of their models takes the form

X, =0y, 4y,

Yo=5yy 4+
whercu and ¢, are normally distributed errors. Because of the change in administri-
tions over ime and other possible causes of changes in decision structnres they posit
the posstbility of two regimes. ic.,

)=y < e*

pecial constiaints are imposed on the problem if it is assumed that the vquations representing
the 1wo tegimes interseet at some particular point. Sce Ando {1]. Hudson (25} Hinkley {231, {24} and
Gallant and Fuller (16,

“ With such knowledge, hypothesis lesling cun be accomplished. at least under certain cireum-
stances. by the Chow 1est [6]. The corresponding estimation probicm is solved by obtaining the least
squares regression from the pooled dataf the Chow test produces insignificant results and by obtain-
ing scparate least squarces regressions in the opposite case.

3 Also see models by Sengupta and Tintner [33] [34), Gordon {201, and Fair and Jaffec {13,
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They identify the unknown t* by an examination of the residuals from the cquations
and the Chow F-statistic for varying

Silber [357 is concerncd with explaining the spread between the interest rate
on federal agency sceuritics and comparable maturity Treasury seeuritios as i
function of the size of the agency issue. He posits a mode! of the form

Ye=dp+ bs 4 ox oy, 5, < 8*
Vo= dy o+ bys, 4+ ox, + v N S

where y 1s the spread, x is a set of other variables {whosc cocilicients remam
constant). s is the size of the issue and s* is the critical size. Silber estimated this
model by use of a variant of a technique to be described beiow and found strong
support for the switching hypothesis.*

2. THEORETICAL. RESULTS

Several econometric approaches have been introduced to deal with switch-
ing regressions under a vartety of conditions. The principal difference among
conditions ts whether nature’s choice between the two regimes is assumed to be
stochastic, ie.. depend on unknown probabilities / and 1 — 2 respectively or
deterministic in the sense that 1t depends on the compurison of an observablc
variable z with an unknown tlireshhold or cutoff value z,,. where = may cither be
one of the regressors or an entirely extranecus variable. A special case of this latter
mechanism is one in which the variable z s the time index of the obscrvations.

Deterministic switching based on time index. Assume that (1.i) holds for
i < i*and(1.2) holdsi > i* Quandt has proposed ([28]. [31]) that the two regimes,
be estimated by first maximizing the likelihcod conditional on i*

1y~ ; [
r\.] L di%y — | -t ;lrx'-x‘l . —— - ')> 2
(2.1 (%) (27: 0,0, U‘P{ 2:7;,.; (vi = xB1)
] i ( .'ﬂ v2
20l & Vi = XiPa)

and then choosing as the estimate for i* that value which maximizes the maximal
likelihoods L{yli*). For testing the null hypothesis that no switch took place a
likelihood ratio test is suggested with the likelthood ratio being given by pi =
66"y ~™:6" where & is the estimated standard deviation of the residuals from a
single regression over the entire sample.*

The previcus technique provides a method for both cstimation and testing.
There are several other techniques which just address the testing problem. Brown
and Durbin [6] have introduced a test based on recursive residuals defined in the

* This example 1s one in which it seems desirable to impose a “mecting condition.” e ihat aq
s, = s* the two regimes should give the same y,. Sttber didd not do this but his unconsirained estimates
(3 N ; e S
aearly satistied the condition. See also footnote 1.

% The evidence in [3i] suggested some problems with this test but morc recently it has been found

[ 31] sug p 1Ly

1o be of use for certain ranges of the true value of i* [15]. We have found. and it 15 also reported 1n
751 that & Chow-lesl, used with caulion and as if i* were known a priori. is also satisfactory.
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following way. Let f; be the least squares estimate of § based on the first i observa-
tions and let X, be the matrix having as its rows the vectors Ny Xy, xf Then,
defining

YR ':\-;/))i— i i=p+1 n
[l +x‘:(X!"**lXi»1)_;.\';]"2 —[7 AP

W = ———

it can be shown that under the null hypothesis of no switch, w; ~ N(0. 62). The
test for shifting £ is based on departures from zero of the cumulative sums
Cizi YW i=p+1,... n
j=p+i

where 5% = Ei_, s 1w /(n — p). At the 0.05 level of significance the null hypothesis
istejected if the sequence of C;'s crosses either the line connecting (p.0.948 /'n — p)
and (n. 2.§wnTp) or the line connecting (p. —00948,/n — p) and (n.
—2.844./n ~ p)

Farley and Hinich (14]and Farley, Hinich and McGuire [15] devise an alterna-
tive specification based on the assumption that the unknown switching point is
equally likely to have occurred at each value of the index i. If i* were known, the
null hypothesis that the regression coefficients before and after i* are the same
could be tested by estimating the regression

Yi=xiff + 206 + u;

where z; = x, if i > j* and z; = 0 otherwise and testing the hypothesis § = 0,
Since i* is unknown, they propose replacing z; by the sum of all possible z;’s:
hence z; becomes ix;. The null hypothesis then is that § = 0 in the regression

Vi = x,’(ﬂ + lé) + u;.

Some finite sample comparisons of this test with the likelihood ratio test preposed
by Quandt and with the Chow test based on the assumption that i* = i/2 are
reported in [15].

Deterministic switching based on other variables. Each of the previous three
procedures can be adapted to the situation in which the switching mechanism is
controlled by a single variable with observations z;, provided that there is no serial
correlation of the disturbances and there are no lags present. One simply re-
arranges the observations in mncreasing (or decreasing) order of z; and applies the
previous techniques with no essential change.

A recent and more general formulation, due to Goldfeld and Quandt [19]
assumes that there exist variables with observations z,,,. ., Zigli=1,... n)and
that nature selects between regimes | and 2 according to whether i imzy <0
or >0 where the 7, are unknown coefficients. (The simplest possible case of this
type is when 5 = 2, Zp=—landn,=1g4 priori. In that case the classification
depends on the comparison of a single z-variable, z;,, with an (unknown) cutoff
point 7, and is formally the same as the problems of Hamermesh or Silber).
Letting D, = 0 if ¥ 1mz, <0 and D; = 1 otherwise, the two regimes may be
combined by multiplying (1.1) by (1 - D)), (1.2) by D, and adding, which yields

(2.2) Yi=x{(1 - D)B, + D]+ (1 — Djuy; + Dju,;

478

RO




G B2 WusAWE ot

in which the f’s, ¢’s and D’s must be estimated. In order to render this problem
tractable, D; may be approximated by a continuous function. One approximation
that has been successful is given by®

a

. P &
2.3) D, = J ex {—“} de.
-x  /2n0 P 202_

The loglikelihood function is

(2.4) log L = ~Z1og 27 — % Y log[o3(l — D)? + 62D

i=1
1 i (v — xi[B\(1 — D) + B,D,))?
25 ai(l — D)* + o3D?
Replacing D; by(2.3)in(2.4), the likelihood function may be maximized with respect
to the B’s, 7’s and the ¢ introduced in (2.3) which has been interpreted to measure
the goodness of the discrimination between the regimes. Unless discrimination is
perfect. some of the estimated D, will not be exactly 0 or 1. One variant of the
above D-method which handles this problem is te estimate in a second stage
separate regressions as in (1.1) and (1.2) where the sets I, and I, are defined by’

Iy = ilZfz,; < 0}

12 = {ilEﬁIZ” > 0}.

Let the maximﬁumkof the likelihood function (the logarithm of which is (2.4)) be
denoted by L(8,,8,,6,,8,, ), and the maximum under the null hypothesis by
L(B. @). The natural likelihood ratio test statistic is

- L(B, &)
[‘(ﬁhﬁZv&l’&Z’ﬁ)

and —2log  appears in finite samples to be well approximated by the y? distribu-
tion with p + s + 2 degrees of freedom.

Stochastic choice of regimes. On the assumption of normality of error terms
the dependent variable y has the following probability density function (pdf) in
the two regimes :8

u

1 1
(2.5) fi= ﬁexl) {—5;3(}’; - x;ﬂn)z}
: 1 f 1 .
(2.6) Ju= e exp —20_2(."1' - xiB2)¢.

® Alternatives are the Cauchy integral D, = 1/2 + lintan™ ' (3. mzy) or the logistic D, =
(1 + exp (31, mz,))"" where the scale parameter corresponding to o in (2.3) has been suppressed.
Sec Bacon and Watts [2]. In some cases it is possible to dispense with the approximation of D,. See, for
exampie, Gallant and Fuller [16).

7 An alternative in eitner case is not to estimaic o in the approximation (2.3) but to fix it 1s some
small value. )

® The reader will observe that we have replaced the variances 0}. 03 by a common variance 62,
As was pointed out to us by P. A. V. B. Swamy, this will insure the consistency of the maximum likeli-
hood estimator. Actually, all that is necessary is that a1 = ko? where k is known. For simplicity, here
and in what follows, we have assumed k = 1.
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It has been suggested by Quandt ([29], [30]) that one may think of nature choosing
regimes I and 2 with unknown probabilitics 7 and 1 — 2. The pdf of v;othen s

(2.7) W) =+ (1~ 2,

and the appropriate loghikcliliood Munction is

(2.8) log L= 3 log [2fy; + (1 — i) /5]

i=1
which is to be maximized with respeet to the parameters of (2.5). (2.6) and 7. Tests
of the nutl hypothesis again may employ the natural likelihood ratio.

3. EXTENSIONS OF THE ANALYSIS

Simple cxtensions. Both the D-method and the z-method mayv be extended
to the case of more than two regimes. Il r regimes are postulated. the pdf corre-
sponding 1o (2.7) in the ;-method becomes

'
hiy) = Z /:j.,}i
i=1
with ¥7_, 7. = |. For the D-mcthod we define r — I sets of variables D}
(j=1...,r- Dsimilarly to(2.3). Forconvenience also define D! = tand Dl =,
The equation representing the kth regime is then multiplied by 144 DI [T,
(I — D!y and the resulting equations are added together to form & composite
cquation.

Another straightforward generalization is to assume that the probabiliiy /.
in the /-method is itself a function of some variable z. The resulting procedure is a
hybrid between the D-method and the Z-method. The likelihood function Is as
before.!”

A Markor model. 1t is an essential feature of the /-method that the probability
that nature selects regime 1 or 2 at the ith trial is independent of what state the
system was in on the previous trial. Goldfeld and Quandt [19] recently relaxed this
assumption by positing that the transitions of the system between the two states
s governed by the constant transition matrix T If 7 = (}, | —~ 74;) denotes the
vector of probabilitics that regimes | or 2 will be chosen at the ith trial. we have

=i, T
and y o
= sl
It is straightforward to express the clements of /7 in terms of the clements of T

‘1

The loglikelihood function (2.8} is then written as

(3.1) log L = Z log [/-lifli + (1 — 7 1o
i

which needs to be maximized with respect to By, f8,. 6% and the clements of 711

"The formulation s closely related to the question of mixture distributions. See LI 28] 1
Is obviously also sparitualiy close 1o the random coetlicients model with only two possible values for
the coefticient vecior.
" For mere detail see [17;.
' See footnote 8




A further extension is possible if one assumes that the elements of T are themselves
functions of some extrancous variable =,

Serial correlation of disturbances. None of the methods discussed so far has
treated the case of error structures involving autocorrelation. In ordinary regres-
sion models it is customary to introduce autocorrelation by assuming a first-order
{more rarely. a sccond-order) Markov process for the error term as in
(3.2) U = pu,. | + .

In the present case more alternatives arisc, partly because of the regime-switching
mechanism and partly because one may wish to approach the problem cither with
the D-method or the i-method.
The first possibility is to assume that
(3.3) Wy = p Qb = Doy o+ Dy, ]+ L3
wy = po{ll = Dy uy, .y + D, My iy,

if the D-method is employed. where &, ~ N(0.a}) and ,, ~ N(0. 3) and inde-
pendent of each other.
The equivalent assumption for the /-method (with 47 = o3} is

(34) Uy, =py,_y + &,  with probability /2
Uy, =Py, + &, with probability (1 — /)
Uy = Palty,~ + & with probability 41 — /)
Uy = Pally,_y + €5, with probability (§ — /)2

The esscnce of the assumption is that there are two autocorrelation cocfficients
cach assoctated with one of the regimes. which are applied to the error term of the
previous period. irrespective of which regime that error term came from. The
appropriate likelihood functions can be derived but are not presented  here
because of their relative complexity.

An alternative specification. originally suggested to the authors by J. D.
Sargan, posits that if in period ¢ regime 1 operates and in ¢ — 1 regime | operated
as well, the error term follows the usual Markov process: if in period ¢ — 1
regime 2 operated (ie., a switch took place) then a nonautocorrelated error term
1s generated. Accordingly. for the D-method

35wy = = Do Mpyuyy +6) + Dy, = (1 — Doodpiug o+ ey,
Uy = Dr— 1“’2“2!~l + f:er + (1 - Dt— ljﬁlx = Dl~'./’l“1{ -yt &y

and for the z-method

(3.6) Wy, = pytiy,_, + ¢,  with probability ;?

u,=¢ with probability A(1 — /)
Uy, = &5 with probability (1 — /)
Uy, = pylta, | + &5, with probability (1 — /)%
1% {18] also contains several other switching models. One model ailows the choice of a regime to

depend on the iemporal pattern of regime choices. Another attows for a hybrid transition regime
between the two pute regimes. Wilton [39] has also considered a special case of this last problem:.
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The corresponding likelihood functions can again be derived but are also omitited
here. Ineither formulation estimates of all parameters can be obtained by maximiz-
ing the likelihood function.'?

Switching in simultaneous equations. A two-regime problem may be said to
exist in a system of simultaneous equations if

(3.7) By, + T'yz; = uy,, uy; ~ N0.Z)). el
and
(3.8) Boyi + Tozi =y, wyy ~ N©O,Z,), el

where B, B, T, I, are the usual coefficient matrices. y; and z; the ith observa-
tion on the vectors of G endogenous and K exogenous variables respectively and
I, and I, the index sets defined in (1.1) and (1.2). The formulation of (3.7) and (3.8)
allows for various special cases such as the case in which only one equation in the
system is subject to switching: in that event B, and B, are the same except for the
row corresponding to the switching equation and stmilarly for I', and r,.

Either the B-method or the Z-method (with £, = Z,) may be applied to the
probiem, depending on the spectfication of the switching mechanism as described
in Section 2. In the case of the D-method we define

B;=(1 - D)B, + D,B,
ri=q- D)r, + pr,
Li=(1-D)g, + D}z, .
The joint pdf for the vector y; then is
(39 hy) = (2n)" “2(det =) ' det Blexpi(—3(By; + zys~ "By, + Iz,

from which the loglikelihood function is obtained as log L. = & log h(y,). In the
case of the /-method we have

(3.10) ly;) = Ahy(y) + (1 - Ahy(y:)

where h,(y.) and hy(y;) are the joint pdf’s for y; under (3.7) and (3.8) respectively.
The loglikelihood is again straightforward. !+
In the case of simultaneous equations, it 1s necessary to verify that in an econo-

D-metirod if (a) all D,equalOor i exactly. or (b) if each €quation in (3.7) satisfies
the same « priori restrictions as the corresponding equation in (3.8).

Switching of causal divections. It IS interesting to consider the possibility that
the difference between two regimes may consist only in which variable is dependent

'3 For a related contribution to the auiocorrelation prodlem see Maddala and Nelson {26].

** Barten and Bronsard [3) have considered the application of two stage least squares when the
shift points are known a priori. It is possible to combine a multivariate generalization of the technique
described at the beginning of Section 2 with the Barten-Bronsard method toyield a two stage procedure
with unknown shift points. This wil} be the subject of a forthcoming paper.
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(endogenous) and which is independent (exogenous). For simplicity we shall con-
stder the single cquation case.
Let the two regimes be given by

(3.11) Yi=a, + bx; + uy, iel,
(3.12) X;=ay + by, + uy, iel,

where, in the first regiine x; and in the second regime y; is treated as nonstochastic
and identical in repeated samples. and where uy; ~ N(0. a2), u,, ~ N(0.a3). A case
m point might be where either x or y but not both could be chosen as an exogenous
policy instrument and the policy maker shifts between instruments at unknown
points of time. More realistically such a problem is likely to be found in the
context of a macroeconometric model of the simultancous equations variety.

It is obvious that if either (3.11) or (3.12) were estimated on the assumption
that all observations were generated by it. the estimates would not be consistent.
We have explored the possibility of estimating such a modcl by both the D and 7
techniques but we have encountered conceptual problems in each instance. There-
fore. the proper method for estimating this rather interesting model remains an
open question.

4. CONCLUDING REMARKS

Numerous approaches exist to the several specifications of switching regres-
sion equations. Some of these such as Quandt ([28]. [31]). Brown and Durbin [6].
and Farley and Hinich [14] can easily be incorporated in standard regression
packages for computation. Others. namcly the D- and /-mcthods and their
variants, are designed to produce maximum likelihood estimates and invariably
involve problems of numerical optimization. These problems have been found
soluble both in sampling experiments and in realistic contexts. On the basis of
fairly extensive Monte Carlo experiments in single-equation models and somewhat
more restricted experiments in simultaneous equation modcls both the D- and
4-method appear to have acceptable small sample properties. The Fair and Jaffee
model of the housing market [12] was reestimated using both methods as well as
the Markov generalization of the /-method and vielded reasonabie conclusions in
each instance.

Princeton University
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