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.4mwl if Ec-ononije and Social .t!ca.urcn?ent, 24, 1973

ERROR COMPONENTS REGRESSION MODELS AND
THEIR APPLICATIONS*

BY SWARNJIr S. ARORA

I/us paper de,-elops an operational meihd /or psi/null lag error c sap ness ts regre.' sian models is hen rh

islriatips--cOlarUUke snatriv of the disiurbanee e,-pns Li unknas a. Thrssuh ,%toiste Carlo siwisex tile

relatne p'ffujencj' o/the respsl;jns' pooled p-sWna tar is compared wit/i (I) an OLS esliolator hascil on c/ala
aggregated oser time, (2 1/se posariaflee estimator, (3) (hp 0/S estimator, (oil! (4) a G LS sstin:ator based
on a kncsit n iariancs'-corarlli?les matrix. 0,-era/i. tile pooled estimator performs hesi

INTRODUCTION

In several recent studies, attempts have been made to analyze the problems involved

in pooling cross section and time series data by error components (or variance
components) regression models. These models can be formulated as I

I

(LI) y,, = 11 + täkZkI, + U0 (i l,2,...,n: I = 1,2.......

where Yjr is an observation on the dependent vartable for individual i in period t.

Zu, is an observation on the kth independent variable, is an intercept term,
a5 (k = I. 2 K - I) arc the fixed but unknown slope coefficients. and u1, is an
error term. This disturbance term is supposed to represent the net effect of
numerous individually unimportant, but collectively significant, variables which

have been omitted from the analysis. Some of these are specific to the individual
and remain invariant over time (say p): some are specific to the time period but
are invariant over all individuals (say.?.,): and some are specific to both individual
and time (say v15). In this case we can write u1, as

(1 .2) u1, = p, + ) + vi,.
Mundlak (10) and Hoch (5) analyzed this model, treating p and )., as unknown

parameters and assuming p1 = 0 and ,
2, = 0. Maddala (9) points out a

principal weakness in this approach : it eliminates a major portion of the variation

among both the explained and the explanatory variables when the between indivi-
duals and between time periods variation is large. This approach can also cause

a substantial loss in degrees of freedom. An alternative approach is to treat all
components as random. This case was analyzed by Wallace and 1-lussain (14),

Maddala (9), Nerlove (12), and Swamy and the present author (13).'

* A major portion of this research was done during the author's stay at the National Bureau of
Economtc Research. as a Research Fellow. Special thanks are due to ProfessorsDavid Belsley. Murra)

Brown. Paul Holland, and Edwin Kuh for their valuable comments and suggestions, and to Professor

P. A. V. B. Swaniy for introducing me to this subject. Thanks arc also due to Mr David Jones for
programming assistance. The simulation for this paper was done at the NBER Computer Research

Center using the TROLL system.
Whether or not the individual effects may be treated as parameters or random components for

the purpose of statistical analysis depends upon the underlying data generating mechanism assumed.

For an illuminating discussion of such data generating mechanssms. see Nerlove (II). p. 364

Revised June 25. 1973
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Under the assumptions of weakly non-stochastic ,\'sartd riorniall distri-buted disturbance terms, both approaches yiekl asymptotically equivalent esti-mates with asymptotically cquiaknt vartance-covariance matnees. In ltct. itcan he shown that there are an in(inite number of estimators which have the sanieasymptotic variance-covartance matrices.2
Asymptotic properties. however, arc cold comfort U) the ccononietuiciafl forwhom the choice of a practical estimator (and its related small sample properties)isa problem ofcrucial importance. Unfortunately, because of mathematical intract-ibility, small sample properties arc often hard to obtain theoretically. We thereforeemploy Monte Carlo experiments to evaluate relative efficiency of the variousestimators.

The plan of this paper is as follows: In section 2. a means of estimating erroicomponents regression models is developed for a case when the variance-covariance matrix of the disturbance term is unknown. We also show the equiva-knee oithis estimator to an ordinary IeLst squares estimator when inter-individualand inter-temporal variations are zero. In section 3. the asymptotic properties ofthis estimator are derived. Section 4 describes the design of the Monte Cado experi-ments and compares the relative efficiency of this estimator with the ordinary leastsquares estimator, a covariance estimator, an ordinary least squares estimatorbased on data aggregated over time and a generalized kast squares estimatorbased on a known
variance-covariance matrix of the disturbance terms. Conclud-ing remarks are presented in section 5. An efficient way of generating randomnumbers and independently distributed normal variates is described in an appendixto this paper.

2. ESTIMATION OF ERROR COMPONeNTS
REGRESSION Mooei.s

Let us assume that u1, = p 4 s', and the components and v0's are randomsuch that

Ev11v,.
if i = j and t = 1

otherwise.3'See Swaniy and Arora (131, p. 267.
In l3 Swamy and 1 have aualyueally shown that the cstimaior based on the assumption of

both p and , being random is more efficient than either the covariance estimator or the oidinary least
squares estimator only if(a( ii and 'rare

sufficiently larger than 10, and (h) if the suns of squares due
to variation over t:nleexceeCs the sum ofsquares due to remaining variation. If these conditions are not
satisfied, random error components model with both

components random may give resulis inferior
to other estimators. For a case wherc either ii or 'f is less than 10, we conjecture that ihe en-or corn.
ponents models with a random component (the other component being a parameter or zero) perform
better than the model which assumes both p and , as random. Here we consider a model with ), =
for all t. but we can easily treat all as different.
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Let US further assume that it1 and v are independent of each other.4 Furthermore
T > K and n > K and the variances and a are unknown. For all the ui
observations combined we can write (Li)

(2.1) v = Xfl + U,

where y ... VIT ....... I' is an itT x I vector Ut observations on
the dependent variable, X = [t,7. Z] is an nT x K matrix ofexplanatorv variables.

is a vector of l's of order uT x 1. and Z is an itT x K' matrix of independent
variables given by

Ill I I - - 1.11

IT

zil,I z),,I . Z

ZmT . . . Z-. 1 .1 -

is a (K' x I) vector of slope coefficients. fi (f10.5')'. K' = K -- I, and u =
(u ii,..., nj .....u,, u1.)' is an itT x 1 vector of disturbance terms. Under
the above assumptions. it is readily verified that

(2.2) Etw' 0 i, , ) + o!,,,

Since the variancecovariance matrix of u is not scalar, application ohhe ordinary
least squares procedure will in general lead to an inefficient estimator of fi.

Let us consider an orthogonal matrix. 07. of order T such that its first row
is equal to 1./\/. Let °T = ['T/". C'1]' where C1 is a (7 - I) x T matrix such
that C1i. = O,C1C'1 = 'T-l' and C'C1 = I. - i1i/T.

Define the transformations Q1 = (I ® ;/\/T) and Q, = (i, ® C1). B
applying the transformation Q1 to all itT observations, we get

(2.3) = X1f1 + u1,

where vi = Q1 v is an it x I vector of transformed dependent variables. X = Q
is it x K matrix of independent variables, and u is an n x I vector of transformed
disturbances. The variance-covariance matrix of u1 is

(2.4) Eu1 u = Q Euu'Q i'.

Substituting for Euu' from (2.2) and simplifying we get

(2.5) Eu1u =

A model in this foim was also used by Kuh (7), except that he did not assume p and v, are
uncorrelated. 1-lussain (6) treats a model with ;,'s as parameters, and , and v as random
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where c T + c. Thus the variancecovariancc matrix reduces to scalarform, a best linear unbiased estimator of fi is an OLS estimator
(2.6) (l) = (XX[ 'Xçv1.
The suhvector offt(l)correspofldiiig to the slope coefficients only is given by
(2.7) (I) = (Z'Nz1r 'ZNy1,
where Z1 = Q1Z is an n x K matrix and N = I, ii/n; a subscript I isattached to fl and c to difrerent late these estimators from the other estimators offi and ö to be described later.

The variancecovariance matrix of(1) is
(2.8) V[&(l)] = a(ZNZ1)
Applying the transformation Q = (I ® C) to all uT observations we have
(2.9) J2 = Z7ö + 7.

where v2 = Q2y is ann T' x 1 vector of transformed observations on the dependentvariable Z, is an aT' x K' matrix of transformed observations on K independentvariables, u2 Qiu is an aT' x I vector of transformed disturbances, and use isalso made of the result Q2'T = 0. The varjance.covariance matrix of U7 is
(2.10) = EQ2uu'Q; = Q,EuuQ,

(I ® C1) [i'(1 ® T i') + a I, .] (n ® C'1),

which can easily he reduced to c!nT'. Thus the variance.coarjtnce matrix of iu2is of scalar form. A best linear unbiased estimator of is the OLS estimator givenby

(2.11) (2) = (ZZ2) 'Z'3j'2

The variancecovariance matrix of (2) is (Z'Z,) '. Notice that Q1Q'2 0,The rank of Q1 is equal to the rank of J\/ T multiplied by the rank of I becauseif A and B are any arbitrary matrices, the rank of (A ® B) is equal to the rank ofA multiplied by thcrank of B. Therefore the rank of Q1 + Q2 = a + aT - a =which is the total number of observations This indicates that in estimating (2.3)and (2.9) we hae used up all the orthogonal linear combinations of the availableohsrvations ( I) and (2) are two uncorrelated estimators of the same parametricvector and we can pool them in the following manner.

(2.12) mU)
=

ZZ] 1[zN Z77]

where U {a,o]'. The estimator W) is a generalized least squares estimator of. For given values of a and a, it is a best linear unbiased estimator, Any other
It can be easily recognized that the estimator 11(I) in (2.6) is an OLS estimator obtained by apply-ingOLStod aggregated over time and multiplied by 1//; thees:imator2)in(2l I) is obtained byapplying OLS lonTobservations

each observation expressed as a deviation from its time series meanand the overall mean. Please
note that there are only ?J( T - I) independent observation5
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estimator of a which is also !inear in the vector y and is unbiased, has a ariancc-
covariance matrix which exceeds that of ó(0) by a positive seniidellnite matrix.

An unbiased etiniatoi of u is gisen by

(2.13) = v'1M.y/(o K),

where Al = 'n - X1(X'1X1) 'X'. Also, an unbiased estimator of is

(2.14) = yM2v,/(nT' -- K'),

where M, = in! Z,(ZZ2Y iz T = T - I. and K' = K 1. An Aitkcn
estimator of the slope coefficients based on the estimated values of o and r is

given by

(2.15) 8(0)
[ziNzt ZiZ2][ZiNri

where () =
We can readily show that the estimator (2) as obtained in (2.11) is equiva-

lent to a covariance estimator( say )obtained by assuming/i's as fixed parameters.
We can also show equivalence of (0) with an ordinary least squares estimator ()
when o' = 0 as follows:

An ordinary least squares estimator of the slope coefficients in (1.1) is

(2.16) ô = (Z'Q4Z) i7Qi

where

Q 4 = 'ni itT

1T1TQ2Q2=1n®

we can easily show that Q',NQI + QQ = - Q4. thus proving
equality of and (0) when a = 0.

'A similar pooled estimator of 5t0) can be obtained if ' and v,, are assumed to be random. The
variance-covariance matrix of u is given by a(InL ® 'TI + OsI,,T To reduce this to scalar form we
consider an orthogonal matrix O = {/n. Cfl' of order a, and apply transformationsQ1 = (i\ H
'T) and Q2 = ® I1-to all the nTobservaiions.
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The Aitken estimator (0) in (2.15) when

(2.17) (0) = [Z'JNZI + ZZ7] i[7\f
= [Z'(Q'INQ, ± QQ2)Z] '[Z'(Q'NQ1

Since

ri
= (in® TJ

and

a = 0 is

+ Z',y,]

+ QQ,)v].

'n Tt ni



3. PROPFRTIF.S OF THE ESTIMATORS

The Cs malor (0) of a can he written in Ihe generali,ed least squares form asfollows:

(3.1)

Z,]l
- 0

(Ji

AZ1
7

J

[Z N Z,]11

°

If W = LZN. Z]', diag [i,. âI
3 and ; = 1yN, v3', thc equation (3.1)can be written as

(3.2) ô(0)= (IV'I')'l't
Substituting; = IVÔ -F e, where e = [u N. u;]' in (3.2), we get
(3.3)

A generalized least squares estimator for a given I as obtained in (2.12), can alsobe expressed as follows:
(3.4) ô(Ü) = ó + (ITwy 'IV'L te.
If we assunic that u's are norma1j' distributed and since

M1X1 = [I - X 1(Xx1r 'XJX1 = 0,
we can show that the linear form ZNu1 is distributed independently of the quad-ratic form v M - K). Similarly we can show that the linear form Zu,is independently distributed of the quadratic form â = YM2I'2'(IZT' K). Withthese results, we can show that

(3.5) E[)Oj =
Since the expectation of ó over the distribution of O iso, i.e., EO = à,this provesthat 0(0) is an unbiased estimator of 0.

To establish the asymptotic properties of 0(0), we assume that X's are weaklynOn-stochastic and, for a fixed it, (nT) 'Z'1Nz,, lim7. (nTy 'Z'2z2are all finite positive defInite matrices7 For a fixed it, under the above assumptionswe can show that Jim , 2T2(ZNUIUNZ) !imT = 0,thus insuring that plimT (nTF 'ZNu1 = 0 plim (#iT) 'Zu2. Also,plimr. ô =
, plim a. Under these conditions, we can easily showthat

(3.6)
plim \/;:T1(0) 0] = 0,

i.e.. 0(0) is a consistent estimator of0.
Under the above assumptions we can readily show that V is a consistentestimator of V and that (Ô), as obtained in (2.15), IS asymptotically equivalent to(0), in the sense that \/n T[(0) - 8(0)] converges in probability to zero as T ..- The assumption

of XtOfl-5[OCha5ti Implies that the time pattern of the variable is bounded by
some flnit limits, esen though it is not necessary for

the pattern of the variable to repeat itself Themeaning of non-stochastic ,V's is simply that the realization of the X's is in accordan ssilh some fixed
(albeit U1iknon) process, Since econoIic data are stochastic whichever assumption we adopt aboutthe nature of the fixity of A 's, we are simplifying and possibly

mis-specifying the model See also Wallace
and Hussain (14), pp. 5572
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both coefficient estimators being asymptotically normally distributed with mean
vector ó and covariance matrix (ft V IV) - Since plIm. , = a, we can
further show that (0) is also asymptotically equivaleni to the covariance estimator
O, i.e.,

(3.7) plim \/ZTi(0) - = ft

In fact we can show that there is an infinitely large number of estimators which
yield asymptotically equivalent estimates with asymptotically equivalent variance-
covariance matrices. Thus asymptotic theory casts relatively little light on the
comparative small sample properties of the estimators. In the next section, we
evaluate relative efficiency of the various estimation procedures by using a Monte
Carlo study.

4. Disi.i OF THE EXPERIMENT AND THE COMPARATIVE PROPERTIES

OF THE VARious ESTIMATORS

The design of the Monte Carlo experiments given here is similar to that of
Nerlove, except that our model contains an intercept and we generate random
numbers by a slightly different, but more efficient, method.8 Since Nerlove has
already done extensive Monte Carlo studies, we examine intensively only those
cases with large inter-individual heterogeneity and varying T. The model is given by

(4.1) = i3o + fi 1X . + + vi,.

The explanatory variable, X held lIxed throughout the experiment, is generated
as follows:

(4.2) X = 0.1 (t - I) + I M5X - + w,,

where w1 is uniformly distributed in the range from 0 to 2. Initial values of X
are chosen at random from the uniformly distributed numbers in the range 0 to
100. To generate nT values of UU independent normal variables with zero mean
and unit variance, n p1's are first selected with p -. N(0, a), nT v,'s are then
selected with t', NW, a), and these are summed to give the un's. Defining p, the
intra-class correlation cofficient, as p = a/C, where a2 = a + a, we can write
p1 N(0, pod) and v N(0, (1 -- p)a2)

Twelve sets of y11's were generated for various combinations of the parameter
values $0 = 0 and 5: IJ = 0.5 and 0.8: p = 0.0.4 and 0.8: and a2 = 10. Initially
ii is set at 25 and Tat 6. For each set of parameters, five estimating procedures
were examined:

(a) OLS estimator based on data aggregated over time, 5( I),

This method and a method to convert uniformly distributed random variables to normal variate
is described in Appendix A-2. See also Nerlovc (1 J). pp. 366-371.

These parameters were selected from the initial set of parameters fl = 0.0, 0.5. 1.0,5.0 and 10.0;
ft, = 0.1, 0.5, 0.8; p = 0.0, 0.2, 0.4, 0.6 and 0.8; a2 = 10 and 20. For these 150 sets of parameters 2
repetitions were performed. On the basis of mean square error of the estimators in the various estimat-
ing procedures only 12 parameter sets were selected for intensive study. The choice of these parameter
values may itself cause bias in our results, but the very consistency of the trend strengthens our belief
that this is a representative set.
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L.

th) covariance estimator. (2).

ordinary least squares. (a).
pooled estimator based on the estimated vartance-co ariance matrix.

generalized least squares based on known ariance-covar,ance matrix.

In each experiment, 20 repetitions arc performed. from which the mean and

the mean square error of the estimated coefficients are calculated. The entire set of
experiments is repeated with Tset at 15. giving 480 runs and 24 tables of niean and

mean square error of the coefficients lör dillerent estimating procedures. '° Table I

presents the iriean and the mean square error for one such experiment. Results of
various other runs are presented in an appendix to this paper.

From Table 1, we find that the mean aI ties of fl and fi, for all estimating
methods are finitely close to the true values, thus demonstrating that all estimators
under consideration arc unbiased. hut that the mean square error for the different
estimators varies considerably. The mean square error ofOLS Agg. is about three
times as large as that of the generalized least squares estimator, while those of the
covariance estimator and of the ordinary least squares estimator are only about
twice as large. The mean square error of the pooled estimator is nearly the same as

that of the generalized least squares.
This is true for all values of p except p 0. In this case. all estimators have

mean square error equal to that of the generalized least squares estimator.'' As p
increases, so does the ratio of the mean square error of the OLS estimator to that
of the (iLS estimator, but for all values of p the mean square error of the pooled
estimator nearly equals the mean square error of the GLS. Further, for large
values of p, the OLS method gives a serious underestimate of o, giving low
standard errors of the estimates. In contrast. the standard errors for the pooled
estimator and the GLS are nearly equal. As T increases, the mean square error of
the covariance estimator declines, becoming almost equal to that of the pooled
estimator and the GLS estimator.

TAI3LE I
MEAN AND MEAN SQUARE ERROR 01 TIlE CoEFFIcIENTs FOR VARiOUS ESTIsiA1ING Mrruous

FOR = l0.X = 25, T 6. ANt) p = 0.8

it See tables I and 2 in the appendis to this paper. Closeness of the estimates to the true values may
also indicate that the error terms are relatively small as compared to the X':.

458

Method Mean iItJ m.s.e (fI,I Mean (J moe.

True Value 5 0 0.5 0

OLS Agg. 4.99184 0.703589 0399717 772SF 05
Cosariance 0.499688 5.221 F 05
OLS 4.9920S 0.595746 0.499714 5.540E 05
Pooled 5.00708 0.400888 0499682 1.791 F 05
GLS 4.99329 0 386660

I
0499695 7.788F 05

Mean square error of an estimator of U is tiven by

m s.c. = - 0, - Th2.



Hence we see, on the basis of the criterion of minimum mean square error.
that the pooled estimator compares favorably, for alIT's and all p's. with all other
estimators which do not require a prior knowledge of the variance-covariance
matrix. Furthermore, this estimator shows definite superiority to other estimators
for small T's and large p- On the basis of the criterion of unbiasedness. this com-
pares equally well with all other estimators.

5. CONCLUSION

In this paper. we have developed an operational method for estimating error
components regression models when the variance-covariance matrix of the
disturbance terms is unknown. Monte Carlo studies were conducted to compare
the relative efficiency of the pooled estimator obtained by this procedure to (a) an
ordinary least squares estimator based on data aggregated over time, (b) the
covariance estimator, (c) the ordinary least squares estimator. and (d) a generalized
least squares estimator based on a known variance-covariance matrix. For 7
small and large p. this estimator definitely performs better than the other estimators
which are also based on an estimated value of the variance-covariance matrix of
the disturbances. For p small and large T it compares equally well with the other
estimators. In this instance, therefore, we arc able to give a definite unconditional
answer to the question posed to Nerloe's Dodo. "But who has won?"-----the
pooled estimator, of course!

Nutio,wl Bureau of LCOnO?ntc Research, and
IIi' L.'oirersitv of lI'iswnsui Milwaukee

AI'PENDIx A-I

TABLE I
MEAN AND MEAN SQUARE ERROR OF IIIE COEFFICIENTS FOR VARIOUS ESTIMATINO PR0CwURF.s
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FOR T = 6. r = 25. AND = 10

Mean jtsleihod Mean fl) m.s.e. l(I) flI.s.C.

p = (3.0: True Value 5 0 0.80 0
OLS-- Agg. 5.20645 0.286728 0798293 6.564[-O5
Covarlance -- 0806431 3.370E 04
OLS 5.14152 0.2160Th 0.799298 5 342E-05
Pooled 5.12310 0.200142 0799582 5 227F--05
GLS 5.14149 0.216061 0.799297 5.342E 05

p = p.4: True Value 5 0 0.80 0

OLS Agg 5.34402 0.839164 0.794023 l.970E 04
Covartance 0.800825 2.1 90E 04
O[.S 5.28975 0.673243 0.794863 1.90011-04

Pooled 5.18582 0.544211 0.796471 910811 05
GLS 5.16231 0.538673 0.796834 8.24611 05

p = 0.8: True Value 5 0 0.50 0
OI.S-Agg. 4.99184 0.70300 0.499717 7.72511-OS

Covariance . -. 0.499688 5.22111-05
OLS 4,99208 0.594746 0.4997 14 5.54011-05

Pooled 5.00708 0.400888 0.499682 273111-05
GLS 4.99329 0.386660 0.499695 2.78811-05



TABlE 2
\NO MIAN SQUARE ERROR OF Ifli Coti j J('IINlS fOk VAR,OI!S ESJIMA] ING PRO('I I)tIk}'S

FOR T = IS. N = 25. o = 0

APPENDIX A-2

RANDOM NUMBER GENERATING PROCEDURES

A desired sequence of random numbers X, is obtained by setting

= (aX + c)mod in in

where a is the multiplier. e is the increment and in is the modulus, a 0, c 0,
in > c, m > a, and in > X0, where X0 is the starting value. This method is called
linear congruential sequence. When c = 0, the random generation process is
slightly lster, but the maximum period length (length after which sequence starts
repeating itsell can not he achieved. Nerlove (11) in order to avoid this problem,
suggests mixing two random sequences into a third, so that the third one is
extremely random. We use a method suggested by Maclaren and Marsaglia as
described below.'

A quite random sequence. Given methods for generating two sequences X,
and Y. this method produces a "considerably more random" sequence. We use
an auxiliary table V(0), V(l).....V(k - 1), where k is some number chosen for
convenience, usually in the neighborhood of 100. Initially, the V-table is filled
with the first k values of the X-sequence.

Step 1: [Generate X, Y] Set X, Y equal to the next number of the sequence
(X, ),) respectively.

Step 2: [Extractj] Setj - [kY/in], where iz is the modulus used in the sequence
Y,: i.e,j is a random value, 0 j k determined by V.

I See Knuth (Si, pp. 25-31.
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S

Nte]hod Mean flO) rns.e. I,I 1ea,i I/i1 I rn.s,e. fl

p = 0.0; True Va!ue 5.0 0 0.80 1)

OLS Agg. 5.04207 0.214164 0.800005 i.527E OS
Covartance 0.800616 I.24l[ 05
OLS 5.00136 0.074410 0.800355 4.82&E06
Pookd 5.00143 0.074891 0.800353 4.72lF 06
GLS 5.00! 50 0.074409 0.800352 4.827E 06

p = 0.4: True Value 5.0 0 0.80 0
OLS Agg. 4.88203 .03832 0.800393 6.8l6E 05
COar,anCe 0,799514 6.300E-06
OLS 4.94057 0.346083 0.799890 l.593E 05
Pooled 4.97141 0.217877 0.799625 6.210E06
GLS 4.97792 0.222983 0.799570 6.13SF 06

p = 0.8: True Value 5.0 0 0.80 0
OLS- Agg. 5.57304 2.61 798 0.793599 2.OIOF04
Coar,ance

. 0.799879 l.413[ 06
OLS 5.15513 0.639253 0.797190 3.64SF-OS
Pooled 4.85477 0.341444 0.799771 1.381E-06
GLS 4.85116 0.344148 0.799802 l.368E-06



Step 3 [Exchange] Output V(j) and then set V(j) - X.
This method gives nit incredibly long period if the periods of (X) and ( I)

are re)aiivelv prnne - and even if the period is of no consequence, there is very
little relation between ihe nearby terms of the sequence. To generate inde-
pendently normal variates we follow the Polar Method, which consists ofgenerat-
ing two independent random variables (u1 and u7) uniformly distributed between
iero and one.2 A set of independent normal variates with mean zero and variance
one is obtained by the transformation

is'1 = (--2 log ui)' 2 cos(2itu2)

w = (-2 log u,) 2 cos (2iru
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