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APPENDIX A

Electric and Gas Utilities )
Construction of Indexes of Gross Output

THE DATA UNDERLYING THE INDEXEs of electric and gas output are presented
and discussed in the text, together with the indexes themselves and the
general method of their construction. In this Appendix we discuss the
step by step construction of the several indexes, thereby illustrating some
technical problems of index construction, in the course of which we pre-
sent supplémentary data of interest to students of the utility industries.

The output of an industry through the years may be traced by means of
an index. Let us consider first an industry that makes a single product. If

" among the units put out in any one year there are no wide differences in
quality that would warrant the sale of some at prices much higher than
others, the industry’s output is simply the sum of the number of units
produced in a base year. But most industries make more than one product.
The quantities of such products'cannot be added unless they are reduced
to a2 common denominator. When the various products are so different that
they do not have a common physical unit of measurement, the output
aggregates must be translated into money terms before they can be
added. Even when the products do have a common physical unit of
measurement, if quality differences are great (reflected in their widely
divergent prices) the sum of all units produced will not adequately measure
total output. : .

Physical aggregates may be translated into money values by multiplying
the number of units in each product group by the average price at which
they exchange during a given period.! Adding the results for each product
group in the given year yields an output aggregate (in value terms) equal
to the total money value of the industry’s output. We may represent this
sum as Z¢1p1, where ¢; is the number of units produced in the given year

1 As the units of a product group are seldom absolutely uniform in quality or price, it
must be assumed that price divergences are usually so small as to make the group
average price representative.
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144 ' : ' APPENDIX A

in a particular product group, and g, their average price. This procedure
" applied to the base year yields Zgqpo as the total output aggregate in value,
terms. These two value aggregates reflect changes in both quantity com-
ponents and prices. Since we wish to consider quantity changes only, and
to hold the price factors constant, we must use fixed price weights in con-
verting the physical quantity aggregates into value terms. For example,
for any particular product group, we multiply the number -of units pro-
duced in both the given and base years by the same price weight — the
arithmetic average of the prices obtaining in both the given and base
years. The index formula adapted to this purpose is the Edgeworth:

M, in which ¢; and ¢o represent the number of units in each
Zqo(po + £1) . )

product group in the given and base year respectively, and p1, po the cor-
responding prices paid for the units of each product group.?

The formula has the advantage that the weighting system is different
for each comparison, and when computed for successive pairs of years,
additiona] commodities can be included as data become available. The
index takes the form of a chain of such comparisons. However, a series of
successive year to year comparisons between, say, 1899 and 1942, may
yield a different result from that obtained in a single direct comparison
between the two years. To minimize this difference, and allow the same
index to reflect both year to year changes and long term trends, a com-
promise method was adopted, involving the following steps. In accordance
with the procedure adopted in preceding reports of this series, pairs of
years as, say, 1899 and 19og, 1gog and 1919, 1919 and 1929, 1929 and
1937, and 1937 and 1942, were compared directly. A chain index was
also computed for the entire period 1899-1942; this annual series was
then fitted into the framework provided by the direct comparisons. For
example, for 1929-37 we adjusted the annual chain index by distributing
the discrepancy between it and the direct comparison 1929~37 evenly
over the 8 years. The choice of link intervals depends upon the data.
These and other necessary steps leading to the final index of total electric
and gas utility output are described below.

1 Electric Light and Power: General Note to Tables A1-7

As indicated in Chapter 1, the weighted index of electric light and power
was constructed in three segments: 19o2-17, 191727, and 1927—42. For
the first, igo2—17, because the quantity data could not be classified by
consumer groups, an unweighted index based on total kilowatt hours
generated was constructed -(Table 2). It was corrected for shifts in the

*For a discussion of the Edgeworth formula as used in this report see Solomon
Fabricant’s The OQutpui of Manufacturing. Industries, 1899-1937 (National Bureau of
Economic Research, 1940), pp. 33-5, 358-62.



GROSS OUTPUT INDEXES : 145

composition of total output by averaging the weighted indexes (1917
based on 1902) yielded by making two assumptions (A and B in App.
Table A2) concerning the degree of price divergence in 1902. Appendix
Table A2 presents the computations required by the Edgeworth formula
as applied to the data in Appendix Table Ar. The rationale underlying
this method is discussed in Chapter 1, Section 2.

The computations in Appenaix_Tables A1 and 2 allowed ‘us to adjust
the unweighted index of output for 19o2, 1907, 1912, and 1917 as in
Table 5 and so obtain an approximation to a ‘weighted’ index. A weighted
index, composed of light, power, and rail kilowatt hour sales, was then
constructed for 1922 and 1924 (App. Table Ag). Since 1927 a more de-
tailed weighting structure was available (App. Table A4). The final steps
consisted of interpolating annual entries in the preceding series of quin-
‘quennial indexes (App. Tables A5 and 6). The annual interpolation of the
unweighted output index is given in Appendix Table A7. All computations$
in these tables were carried to five figures, though the figures shown may
be rounded.

TaBLE At
Electric Light and Power Output, 1902 and 1917
Based on Two 1902 Price Assumptions .
LIGHT " POWER RAIL . TOTAL

1902 AsSUMPTION A

I go: mil. kwh. sold 1,086.0 694.8 315.8 2,096.6

2 po: ¢ per kwh. 6.458 1.426 . .8g8 3-953

AssumpTION B

3 go: mil. kwh. sold C1,974.2 250.7 71.8 2,006.6

4 po: ¢ per kwh. 3-953 3-953 3.953 3.953

5 poge: revenue, th. § 70,138 0,910 T2,837 . 82,886

1917 _ L . e

6 ¢ mil. kwh. sold 5122.5 = 13,174.8 " 2,985.8 21,2731
b2 ¢ per kwh. } 5-542 1.224 0.771 2.198
£1q1: revenue, th. § 283,334 161,201 23,010 467,545

Data in lines 5, 6, 7, and 8 and all totals for light, power, and rail were taken from or
based upon Census reports, as in Table 4 and Ch. 1, note 16. The totals under As-
sumption A (lines 1 and 2) were based on the assumptxon that the dcgrcc of price
divergence among the three consumer groups in_1go2-was the same as in 1917. Thus
with bo, pd5 and p,” representmg the average prices charged for light, -power; and rail
service in 1902, and p, $’ and p," the corresponding prices in 1917, and assummg ‘that

2
bo pl and [)o = 81- s we get the two equatxons L === 3:542 = 4. 528 and po ! 224

b B P B b 1224 bo’ 0771
. = 1.588. Since puqa=$7o,138 thousand, po'q0’ =$9,gxo thousand, p¢"q0" = $2,837 thou-

sand, and ¢o + qo + ¢o” = 2,096.6 mil. kwh, we have six equations in all, enough to
determine the six unknowns .(lines 1 and 2).

’ /

Assumption B is at the other extreme of probability: ‘; g ﬁ AR

0 b
In conJunctxon with the four other known equatlons we derive the values of qu, g7/,
and ¢ in line 3.

.~

SO
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ApPENDIX TABLE A2 : ' ‘
Electric Light and Power
Construction of Weighted Output Index in 1917, Assumpnons Aand B

Edgeworth Formula (1go2:100) .
LIGHT ’ POWER RAIL TOTAL RATIO INDEX
. Zqi(po + 1)
) Zgo{po + p1)
: ASSUMPTION A
po + p1(¢ per kwh.) 12,00 2.65 1.67
1902: qo(po + p1. EDGEWORTH cogsnm $ TOTALS, MILLIONS
130 1 1 : . 100.0
1917; qlgo +p:g 6?5 349 . 53 l,o?z - 6.582 658.2
. AssumpTiON B ~
po + p1(¢ per kwh.) 9.50 518 472
1902 + ) N EgGEWORTH CONSTANT 8 ‘TOTALS, MMI%NB
01 . 1 1 100.0
1917: gl N +2) ;86 ’ 682 14.13 1,312 7A'°85 708.5
’
The computations are those required by the application of the Edgeworth formula
=
Za(pot+p1) to the data in Appendix Table A1. The weighted index for 1917 (based
Zgo(po+ 1) -

on 1902) used in subsequent calculanons, 683. 3, is the average of the indexes based
on Assumpnons A and B. .

APPENDIX TABLE A3 l
Electric Light and Power, 1917, 1922, and 1927
Construction of Weighted Output Index

LIGHT POWER RAIL TOTAL RATIO L INDEXES
Zq(po + p1)
Zgo(po -+ /1) - 1927:100 1g17:100 1Q02:100
1917 based on 1927 : botp) - 19 9 ®
po + (¢ per kwh.) 1046 259 172

°

a0+ EDOEWORTH CONSTANT $ TOTALS, MILLIONS I
0 7 024 30.0 100.0 .
1927: Zz 0 +$l 23,2?1’ 3 s 3,413 3ooz 100.0 333.1 2,27 :3;

1922 based on 1927 .
po + pi(¢ per kwh.) 1068  g.17 2.0t

022:01(00 4 1) EDGEWORTH cous-r.ugi' $ 'rgnt.s, MILLIONS 68 s
7! 1 1,126 632 1,855 50.4 168.0 1,148.2
7927 Zﬁ +£l) 2:472 ogB lgﬁ 8,677 *5044 100.0 833.1 2,276.3

The computations are those required by the application of the Edgeworth formula to
the data in Table 6. The year 1927 rather than 1914 was chosen as the base for the
1922 comparisons since the 1917 data had been largely estimated from fragmentary
Census figures.
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APPENDIX TABLE Aj
Electric Light and Power, 1926-1942
+ Annual Interpolation, Weighted Output Index

INTER;
WEIGHTED OUTPUT INDEX POLATED INTERPOLATED CENSUS
1927:100 RATIOS * INDEXES
Census EEI (142) 1g27:100 1929:100
(1) (2) 3) (4) (5)

1926 90.1 1.000 9o.1 73-7
1927 100.0 100.0 1.000 1 100.0 81.7"
1928 110.4 .992 109.5 89.5
1929 124.3 .984 122.3 100.0
1930 129.6 -977 ' 126.6 ’ 103.5
1931 . . 128.6 .969 124.6 101.9
1932 113.4 . 118.0 .gb1 113.4 92.7
1933 118.6 -957 113.6 92.8
1934 127.3 . -953 121.4 99-2
193 139.4 .950 132.4 108.2
193 159.6 .046 lgo.g 123.4
1937 166.7 177.0 .942 166.7 156.3
1938 177.7 .042 167.4 . 136.8
1939 , ! 196.9 .942 185.4 151.6
1940 : 217.9 .g42 205.2 167.7
1941 . 247.5 | 1942 . 2331 190.5

1042 275.4 942 259.4 212.0

The interpolated index (column 4) is the product ‘'of columns 3 and 2. The ratios
(column 3) of the Census to the Edison Electric Institute index were interpolated by a
straight-line distribution of the quinquennial differences. For 1926 and 1937—42 the
‘corresponding quinquennial ratios were held constant.

The EEI weighted output index was based on Table 11 in accordance with the
Edgeworth formula, as already illustrated’ in Appendix Tables Ai—4. Comparisons
were based on successive years and a preliminary index, based on 1927, was con-
structed as the product of a series of chain indexes. To avoid the cumulative bias to
which such an index is subject, the annual indexes 1927~37 were ddjusted by a straight-
line distribution of the difference between the 1937 index obtained by direct com-
parison with 1927 and the 1937 chain index based on 1927, the chain index for 1926
being left undisturbed. The indexes for 1937~42 were similarly adjusted.

The suitability of the EEI series as an interpolating medium may perhaps be ques-
tioned. The companies reporting to the National Electric Light Association and the
Edison Electric Institute were described in successive annual statistical bulletins pub-
lished by the two organizations as making up go-g4 percent of the entire industry, the
latter being defined as all “enterprises devoted exclusively to the generation and distri-

) bution of electricity, plus the electric departments of all others which maintained
electric light and power systems jointly with other public utility services” (NELA,
Statistical Bulletin 7, June 1931, p. 1; EEIL, Statistical Bulletin 4, January 1937, p.1, and
70, May 1943, p. 1). However, although the reported data were adjusted “to provide
100 percent coverage’’, certain differences remain between the trends indicated by
these sets of data and the trends revealed by Census material, though the differences
do not invalidate the use of the former to interpolate annual values in the latter.
E.g., the ratios of EEI to Census totals for kwh. sold are .g62 for 1927, .967 for 1932,
and .g87 for 1937, indicating a gradual extension in EEI coverage. ‘

-
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As indicated, the proper medium for interpolating the Census weighted index here

. is the weighted EEI index of output (1927:100) which reached 118.0 in 1932, when

the weighted Census index was 113.4; in 1937 it was 117.0, 6.2 percent above the

Census index. Evidently then, the EEI sample emphasizes the more rapid growth

of the higher-valued services in 1927-37. However, the general trends indicated by

the two weighted indexes aré similar; in 1937-42, the EEI data probably reflect
adequately the further growth of the industry.

ArpENDIX TABLE A6
Electric Light and Power, 1go2—192%
Annual Interpolation, Weighted Output Index

WEIGHTED OUTPUT, ALL INTER-

OUTPUT ° PRIVATE AND POLATED

. INDEX PUBLIC AGENCIES RATIOS INTERPOLATED INDEXES

1927:100 (bil. kwh.) (1+2) 1927:100 1929:100

(1 (@) 3) (4 )

1902 4.4 : . 4.4 3.6
1go7 9-2 . 9-2 75
1912 15.8 11.6° 1.370 15.8 13.0
1313 > 12.5 1.332 Ig.6‘ 13.6
1914 14.4 1.204 18.6 Ig.z
lglg -16. 1.256 20.3 16.6
191 21.2 1.218 ' 25.9 21.1
1917 30.0 25.4 1.180 30.0 24.5
1918 33.2 1.156 38.4 - 31.4
1919 . 389 1.133 44-1 36.0
1920 43-3 1.109 48.1 39.3
1921 40.9 1.085 44.4 36.3
1922 © 50.4 47.5 1.062 50.4 41.2
1923 . 55.6 1.101 6r1.2 50.0
1924 58.9 1.141 67.2 54.9
. 102 65.8 1.181 77.6 - 63.5
1926 . 73.7 1.220 89.9 73-5
1927 100.0 79.4 1.260 100.0 81.7

The data in column 2, used as an interpolating medium, are from Electric Power Sta-
tistics, 19207940 (Federal Power Commission, Washington, D. C., 1941) F.P.C.S.—20,
App. 4. They include the output of “privately owned electric utilities, that portion of
mining and manufacturing plants that is devoted to public use, railways and railroads,
municipal electric utilities, Bureau of Reclamation, other Federal projects, cooperatives
power districts, state projects and publicly owned noncentral stations.”” The FPC
classification is thus seen to be somewhat broader than the Census.

The data for 191219 are from the Electrical World, Sept. 9, 1922.

In column g the ratios of the annual output series to the Census weighted index
are interpolated by a straight-line distribution of the differences between quinquennial
ratios. The interpolated index is the product of columns 2 and 3.
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ArpENDIX TABLE Ay _
Electric Light and Power, 1g9o2-1942 -
Annual Interpolation, Unweighted Output Index -

OUTPUT, ALL

UNWEIGHTED PRIVATE AND INTER-

OUTPUT PUBLIC POLATED .

INDEX AGENCIES RATIOS INTERPOLATED INDEXES

1927:100 (bil. kwh.) (1 +2) 1927:100 1929:100

(1) (2) (3) ’ (4) (5)

1902 3.6 3.6 3.0
1907 8.5 | 8.5 7.0
1912 16.7 1.6 ‘ 1.443 16.7 13.8
1913 12.5 1.443 18.0 '14.9
1914 14.4 1.443 20.8 17.2
lglg 16.2 1.443 23.3. . 19.3
191 21.2 1.443 30.6 25.4
1917 36.7 25.4 1.443 36.7 30.4
1918 . 33.2 1.388 46.1 38.2
1919 38. 1.333 51.9 43.0
1920 . . 433 1.277 55-4 45.8
1921 40.9 - 1.222 50.0. 41.4
1922 55-4 47 © 1167 5-4 459
1923 55- 1185 5-8 54.5
1924 . 28.9 * 1.204 70.9 88%
1925 5.8 1.223 80.4 6.
1926 73.7 x.ngl 91.5 75.8
1927 100.0 7%4 1.260 100.0 82.8
1928 © 86.6 1.259 . 109.0 90.3
1929 _ 95.9 1.259 120.7 100.0
1930 94.7 1.258 119.1 98.6
1931 30.7 1.257 114.1 94.5
1932 103.5 2.4 1.257 103.5° 85.7
1933 . 84.7 - 1.265 107.2 88.8.
1934 . 90.8 . 1274 1 18.7 95.8
193 . i 98.5 1.283 126.3 104.6
193 112.2 1.291 144.8 120.0
1937 ~158.4 121.8 1.300" © 158.4 131.1
1938 116.7 1.308 152.6 126.4
1939 130.3 1.317 171.6 142.1
1940 145.0 1.325 192.1 150.1
1941 ' 168.2 1.333 224.2 185.7
1942 253.8 189.2 1.342 253.8 210.2

Column 1 from Table 10; column 2 from the source indicated for column 2 of Ap-
pendix Table A6. The interpolating method follows that of Appendix Table A6.

2  Manufactured and Natural Gas: General Note to Appendix Tables A8-18

The weighted index of manufactured gas output was constructed in three
segments: 1899-1919, 1919—29, and 1929—42, in which 1909, 1919, 1929,
and 1940 were chosen as base years for the index comparisons. Appendix
Table A8 presents.the computations underlying the weighted index for
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1899-1919. The weighted index for the next period, 1919-29 (App.
Table Ar1), was based on greater detail than was available for the pre-
ceding, and the adjustments contributing to this greater detail are pre-
sented in Appendix Tables Ag and ro. A final adjustment, made in
Appendix Table A1z, is designed to account for the output of products
of the industry not directly represented in the output index.

Appendix Tables A1g and 14 carry forward the annual interpolation of
both the weighted and unweighted indexes of manufactured gas output.

Appendix Table Ars presents Census output data and a weighted
index based on them for 192g—35. This material is not used in the text but
is presented for comparison with the corresponding AGA data, on which
our weighted index is based after 1929 (App. Table A16).

In Appendix Table A17 we estimate the annual value of products in the
manufactured and natural gas industries in order to provide the unit value
weights essential for computing combined indexes of output (App. Table
A18). Appendix Table A18 also serves as a model for the computation
of the combined indexes of electric and gas output in Table 4o.

ArpENDIX TABLE A8
Manufactured Gas, 1899-1919
Construction of Weighted Qutput Index

BYPRODUCT TOTAL RATIO INDEXFS
. Gas Coke Tar ~ Zq1(po + ;)
(th. cu. ft.} (sh. t.) (gal.) Zgo(po + p1) 1919:100  1929:100
1899 based on 1909 .
po + p1 (8 per unit) 1.95
1890- +p0 EDGEWORTH CONSTANT $ TOTALS, MILLIONS
n(po + M, 131 131 22.3 15.7
7909: qo{po + p1) 295 - 295 4448 50.0 35.3
1904 based on 1909
p0 + p1 (8 per unit) 1.92 6.40  o0.055
1004 ) znozwson'm CONSTANT $ TOTALS, MILLIONS L ' 68
' [ 21 11 .4 231 37.9 26.8
7?09-'@?; + ) 2g0 10 5 305 7577 50.0 35-3
7909 based on 1919
po + p; ($ per unit) 1.83 10.74  0.063
1000:03(p0 4 EDGEWORTH cons-mg'r $ 'ro‘rgx.s, MILLIONS
0 277 1 00 . 0.0 35.3
1919: qo&o +n 566 26 8 00 *5004 o0 70.6
1914 based on 1919
po+ 1 ($ per unit) 77 1oy 064
EDGEWORTH CONSTANT $ TOTALS, MILLIONS -
1974:q1(po + 1) 361 25 8 395 6979 67.8 47
100.0 70.

1919:20(po + £1) 548 27 8 582

The computations are those required by the application of the Edgeworth formula
,to the data for 18gg—-1919 in Table 24. The indexes were put on a 192g base by splicing
to the 1919 index, obtained by direct comparison with 192g (see Appendix Table Ar1).
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156 o ‘APPENDIX A

APPENDIX TABLE A1g
Manufactured Gas, 1899-1929
Annual Interpolation, Weighted Output Index (1929:100)

GAS SALES INTERPOLATED
WEIGHTED (bil. cu. ft.) INTERPOLATED RATIOS WEIGHTED
INDEX AGA Census (t+2) (1 +3) INDEX
(1 (2) N C)) (4) (5) (6)
1899 15.6 - : 15.6
1901 - 101.6 .234- 23.7
1902 ' 92.7 . 234 ' 21.6
1903 105.7 234 24.7
1904 26.6 113.9 234 . . 266
1905 112.4 .240 27.0
1906 122.8 - .246 30.2
1907 132.0 N 253 333
1908 138.6 .259 35.9
1909 38.0 143.1 .265 38.0
1910 140.4 .265 39.6
1911 159.1 .265 42.2
1912 178.2 .26 47.3
1913 188.3 .26 50.0
1914 52.8 198.8 .266 . 52.8
191 204.3 .260 . 53.1 -
191 231.4 254 8.8
1917 264.2 249 ) 5.8
1918 271. . .243 66.0
1919 71.2 300.0 280.9 .238 254 71.2
1920 285.1 251 . 1.6
1921 69.2 2478.0 .249 9.2
1922 - , 205.7 . 248 <73.2
1923 79:5 . 322.9 -246 79:5
1924 333.0 .246 82.0
1925 83.6 339.3 . 246 83.6
1926 . 373.9 247 92.2
1927 973 394.1- 247 97-3
1928 396.9 247 98.2
- 1929 100.0 403.5 248 100.0

The weighted output lndex (column x) is the final adjusted index in Appendix
Table Ara.

The data in column 2, used to interpolate for 1899-1919, are from American Gas
Association Statistical Bulletin 8, October 1930, p. 30.

The interpolating series for 191g-29 (column 3) is the annual Census gas sales series
in Appendix Table A1o, based on AGA sales totals. The ratios between the weighted
output index and the AGA gas sales series (column 4) were interpolated by a straight-
line distribution of the quinquennial differences.

For 1go1—03 the ratio obtaining in 19o4 were held constant. The ratios between
the weighted output index and the Census gas sales series (column 5) were interpo- .
lated by a straight-line distribution of the differences between the odd-numbered years.
The interpolated index for 189g9—1919 is the product of columns 2 and 4, for 1919—2g’
of columns g and 5.
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TABLE Al4 :
Manufactured Gas, 1899-1929

157

Annual Interpolation, Unweighted Output Index (1929:100) -

INTER-
INTER- POLATED *
GAS SALES POLATED CENSUS  INTERPOLATED
(bil. cu. ft) RATIOS GAS SALES,, UNWEIGHTED
Census AGA (1 +2) (bil. cu. ft.)»  INDEX
(1) 4 (2) (3) - (g) (5)
1899 67.1 67.1 16.4
1901 : 101.6 .988 100.4 24.6
1902 . 92.7 .88 91.6 22.4
1903 . . 105.7 .988 104.4 25.6
. 1904 .. 1126 113.9 .g88 112.6 24.6
190 112.4 1.001 112.6 27.6
190! 122.8 1.014 124.6 30.5
190 132.0 1.028 135.6 33.2
190 138.6 1.041 144.2 33.3
. 1909 150.8 '143.1 1.054 150.8 36.9
1910 149.4 1.048 126.6 38.% .
1911 159.1 1.042 40.
. 1912 158.2 1.036 184.7 45-2
. 1913 . 188.3 1.030 194.0 47.5
1914 203.6 198.8 1.024 203.6 49.9
1915 204.3 1.02 209.4 51.3
1916 231.4 1.02 237.3 58.1
1917 264.8 1.027 271.5 66.5
1918 271. 1.027 279.0 68.3
1919 . 308.4 300.0 1.028 308.4 75-5
1920 319.9 .982 314.2 26.9 .
- 1921 . 306.1. 327.0 .936 . 30b.1 74.9
1922 350.0 .931 326.0 79.8
1923 356.6 ° 384.7 .92% 336.6 87.3
1924 e 405.2 : .8go 88.3
‘192 - 359.4 421.4 - .ng 359.4 88.0
192 455.6 8 393-7 96.4
1927 412.2 471.0 875 412.2 100.9
1928 . 495.0 . 827 . 409.5 100.3
1929 408.4 524.1 779 408.4 100.0

Column 1, from Table 24, includes gas purchased within the industry..
Column 2, used to interpolate the Census gas sales totals, is from American Gas
Assaciation Statistical Bulletin 8, October 1930, p. 30. -The interpolating method fol-

lows that of Appendix Table A13.

N
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APPENDIX TABLE Alj

Manufactured Gas, Census Data, 1929-1935

Sales to Domestic and Other Consumer Groups

Total gas sales, bil. cu. ft.®
Total gas revenue, § mil.°
Av. price; § per th. cu. ft.

" Domestic & househeating

Bil. cu. ft.
Revenue, $ mil.
$ per th. cu. ft.

Industrial

Bil. cu. ft.
Revenue, $ mil.
$ per th. cu. ft.

Commercial
Bil. cu. ft.
Revenue, $ mil.
$ per th. cu. ft.

Government agencies °
Bil. cu. ft.
Revenue, § mil.

$ per th. cu. ft.

Byproducts
Coke, mil. sh. t.
Revenue, § mil.
$ per sh. t.

Tar, mil. gal.
Revenue, $ mll

¢ per gal.

Output Indexes (7929:100)

Unweighted
Weighted

1929

404
436
1.08

299
345
1.15

3-44
27
7.80

IGg

5.0

100.0
100.0

79371+
368
39

1.0

275
320
1.16

34
.82

44
.96

.48

7931 ®
366
394
1.08

274
317
1.16

34
28

.82

43

. 41

‘95

APPENDIX A

1933
306
322
1.05

227
259
1.14

28
' 20

.69

3
1.01
16

8
51

3.18
- 21

6.50

114
4
4.0

76.1
76-5

1935
312

314
1.01

219
1.13

.6

32
30 |
-94

23
11

.50

33%
6.99
118

5
4.0

s

The Census of Manufactures data on gas manufa.cturmg are presented for comparison
with the American Gas Association data in Table 25. The output indexes, based on
Census data for 1929, 1931, 1933, and 1935, were computed by the Edgeworth formula.

2 Comparable with 1929.
b Comparable with 1933.

_® Excludes the duplicating quantities and value of gas purchased within the industry,
as estimated in Appendix Table Aqg.
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ApPENDIX TABLE Ar%
Manufactured and Natural Gas, 1899—-1929
Annual Interpolation of Value of Product

MANUFACTURED GAS

Revenue " NATURAL
Value of from gas Interpolated GAS
product  Gas sales sales ' Interpolated ratios value of Value of
Census AGA AGA product product
$ mil. bil. cu. ft. $ mil (1 +2) (1+3) $ mil. $ mil.
() (2) (3) @ (5) (6) (@)
1899 74 68 1.085 74 20
) 1900 -
1901 102 1.076 109 27
1902 9 1.071 9 31
1903 log 1.066 1 lg 36
1904 121 114 1.061 121 38
190! 112 1.072 121 42
190 123 1.083 133 47
190! 132 1.094 144 54
190 139 * 110 xgg 5
1909 160 143 ¢ 1.11 16o 3
1910 149 1.104 165 71
1911 T3 1.091 174 . 5
1912 17 1.078 192 g
1913 . 188 1.065 201 8
1914 209 199 1.052 209 94
191 204 1.050 214 101
1916 . 231 1.047 242 120
xgxg 264 1.045 276 142
272 1.042 283 x%4
312 812 161} .
1919 296 300 285 1.040 1.040 296 } _ { 143 }
1920 333 1.026 342 171
1921 384 379 r.o12 384 151
1922 394 989 390 192
1923 409 42 .96(1) 409 209
1924 43 94 414 222
192 418 452 .925 | 418 ngo
192 486 <940 45 2
1927 478 501 -95 47 275 .
1928 518 .92 480 3ot
1929 478 533 -897 . 478 340

Column 1 from Appendix Table A12. For the years before 1919 the data are for total
value of product mcludmg duplications; after 1g1g they exclude duplications and an
overlap is provided in that year.

" "The interpolating series (column 2) is from American Gas Association Statistical Bulletin
8, p. 30, except for the 189g sales figure, which is an estimate based on the 67.8 percent
increase registered by total gas sales as reported to the Census 1899—1 904 (see Table 24).
The method of interpolation is that used in preceding tables, i.e., a straight-line dis-
tribution of the quinquennial and biennial differences in the mterpolatmg ratios.

Column 7, from Table 29 and successive issues of Mineral Résources, are for total
sales 1899—1919, including all industrial consumption, but for 1919-29 exclude revenue
from sales for field use and carbon black manufacture,
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APpENDIX TABLE A18

Manufactured and Natural Gas, 1929—-1940

Construction of Combined Weighted Output Index ( 1929 IOO)
Value in millions of dollars

7930 1?)29‘ 1931 7530 1932 7951 7933 7yb32 1934 1933

g g g g g b
1 Mfd. gas index | 100.6 100.0 ¢8.0 100.6 go.6 980 854 9gof 859 854
2 Natural gas index 102.2 100.0 99.9 102.3 4.9 99.9 92.I '94.9 100.0 Q2.1
3 Q: Output index ratios, given :
to base year
4 Mifd. gas 1.006 974 .925 ‘943 1.00
2 Natural gas 1.022 .977 .949 .971 1.08
V: Value, mfd. gas 447 444 435 447 411 435 378 41 375 378
7 V: Value, natural gas 353 342 335 353 ' 315 335 302 315 328 302
8 Ve, mfd. gas 447 435 40 388 380
9 Vo, natural gas 350 345 31 306 328
o /g mftd g;n 444 447 445 ° 4?1 gza
11 V1/@Q, natura 345 343 332 311 2
12 E(Vl + QVo): (5 +G +
1,597 1,550 1,447 1,373 1,410
13 E(Z’o + VI/Q).' (5+6+
9+ 1,576 1,590 1,547 1,438 1,355
14 Ratio: (m +13) 1.013 .975 . .936 .955 1.047
15 Chain index 101.3 8.8 2.4 88.3 _?1.9
16 Correction +.03 .06 ' .08 +.11 14
17 Final index (12 + 13) 10l1.4 100.0 989 92.5 88.4 92.0

7935 1934 1936 1935 1937 1936 1938 1937 1939 1938 1940 71939 1940 1929
g.- b g b. g - b g. b g b g b g b

8s.9 -85.9'8x.o 859 8ig 8o B8i.g 8rg . 836 8.9 885 836 885 1000
107.9 100.0 124.8 107.9 132.1 124.8 126.0 1321 1358 126.0 150.0 1358 150.0 "100.0

* 1.001 .94 1.010 1.001 l.0-20 1.059 | .88
1.080 1.15 1.058 <954 1.078 1.105 1.500
372 3 358 372 360 358 360 360 365 360 379 365 379 444
35 413 356 o 43 u 7 441 4%3 417 493 449 493 342

375 . 350 1 360 3 387 393 .
354 411 437 421 449 496 514
371 379 356 360 - 358 358 428
329 357 417 437 417 46 328
1,456 1,532 1,599 1,558 1,631 1,754 5779
1,403 1,463 CoL544 1,598 1,552. 1,618 1,543
.038 04 x.03§ .975 5 1.051 1.084 1,153
5.4 9.8 -103.4 100.9 106.0 115.0
17 -l? 20 +.22 +.25 +.28 +.31
95-5 100.0 . 103.7 10t.1 106.3 115.3 115.3 100.0

N

How the weighted manufactured and natural gas indexes were combined is shown
for 1929—40 in a sample worksheet; the computations for 1899-190g, 190g-1g, and
191g~2g9 were made in exactly the same manner. As data for 1941 and 1942 appeared
after the basic computations had been made, the indexes for these two years were
(M + Q,Vo)

(Vo +"/Q)

Voand V; are the total value of products for each industry in the base (b) and given (g)

based on 1940. The method of combination follows the formula > where

years respectivély, and Q is the ratio of the given year quantity index to the base year

quantity index for each industry. This formula, developed by Solomon Fabricant,

yields results identical with those obtained by the usual form of the Edgeworth for-

mula, and facilitates the combining of indexes when the latter are based on link-

periods that are not identical for the two indexes (see Fabricant, op. cit., p. 3%0).
Lines 1 and 2 are from Table 30; lines 6 and 7 from Appendix Table Ary.



APPENDIX B

Electric and Gas Utilities
Construction of Indexes of Fuel Input

FOR INDUSTRIES consuming various types of fuel, indexes of fuel input may
be constructed precisely as were the indexes of output in Appendix A e,
by an index number formula combining the various fuels weighted by
prices. Such price-weighted indexes of fuel input reflect changes in the
consumption of high- and low-valued fuels. Here we have used another
system of weighting, better suited for our present purpose, i.e., to measure
gains in the efficiency of fuel consumption. Each fuel was weighted by its
bituminous equivalent or its heat value in British thermal units. In the
case of manufactured gas, both methods were used and two indexes of
fuel input computed.

The notes to Appendix Tables B1-8 are self-explanatory All computa-
tions ‘were carried to five figure accuracy, though many of the figures
shown are rounded.
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- 164 . _ . APPENDIX B

ArpENDIX TABLE B2

. "6

Electric Light and Power, 1go2—1g917. ,
Index of Fuel Costs (1917:100) RN

7902 7907 7972 7917
Anthracite, $ per sh. t. 1.84 1.91 2.11 2.8
Constant $ totals, mil. 4.49 4.66 5.15 6.9
Bituminous, § per sh. t. 1.12 S 114 p1.15 . . 2.26
Constant § totals, mil. 21.71 22.10 ' 22.29  43.81
Petroleum, other than Penn. grade; § per bbl. 0.54 0.54 0.62 1.44
Constant § totals, mil. 3.34 3.36 3.81 8.87
Natural gas, $ per th. cu. ft.. . 0.11 . 0.13 0.15 0.18
Constant § totals, mil. 1.56 '1.89 2.1 2.54
Total, mil. constant § 31.10 32.01 33.38 . 62.18
Unit fuel costs index . 50.0 51.5 53.7 100.0
Estimated price, $ per sh. ton, bit. equiv. 1.82 1.87 1.95 3.63

The unit price data are from Barger and Schurr, The Mining Industries, 1899-7939,
PP. 284~

An mdsex of fuel costs for the electric light and power industry may be constructed
by applying as welghts to the unit fuel costs the quantities of the several fuels consumed
by the industry in 1917, the earliest year for which such data are available. The
quantity weights were: anthracite, 2,442 th. sh. t.; bituminous, 19,385 th. sh. t.; fuel
oil, 6,158 th. bbl.; and natural gas, 14,199 mil. cu. ft. The constant dollar totals, the
product of the quantity weights and the unit prices, were then added. The fuel cost
index (1917:100), based on the aggregate constant dollar totals, was then used to
extrapolate backwards the 1917 figure for cost per sh. t. of bituminous equivalent, as
computed by the Census. The extrapolated unit cost series is used in Appendix Table
B1 to estimate the quantities of bituminous equivalent consumed by the industry
before 1917. \
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168 T APPENDIX B:

APPENDIX TaBLE Bj
Manufactured Gas, Census Data, 1899-1935
Constructlon of Btu.-Weighted Index of Output (1929:100)

BTU. EQUIVALENT (tnlhons) .
Mfd Natural . ‘ BTU.

cas saLgs (bil. cu. ft.) . gas Total OUTPUT
Mfd. Natural Total (1) x 575 (2) x 1075 (4 +5) INDEX
NS (2) 3) 4) (5 ©® . (€))
1899 67.1 38.7 14.9
1904 112.0 o5 1126 : 64.4 - 0.6 .0 25.0
1909 147.6 3.3 150.8 1 84.8 3.5 88.4 : 34.0
1914 198.1 5.5 203.6 1(153.8 6.0 xég.g 46.1
295-3 306.4 109. 163.9
1919 {267.8} 13-1 {280.9 154.0} 4.1 {168.1} 707
1921 2747.9 0.3 278.0 159.7 0.3 160.0 67.3
1923 309.4 13.6 322.9 177.9 14.6 192.5 81.0
1925 330.1 1.2 339-3 194.4 1.3 195.7 82.3
1927 302.1 1.9 394.1 225.5 2,1 227. 95.8
1929 392.2 11.3 403.5 .225.5 12.2 Qgg. 100.0
1931*  358.0 ro.2 368.2 205.9 10.9 8 g1.2
1931*  356.1 10.2 366.3 204.8 10.9 2157
1933 276.8 28.7 305.5 150.2 30.9 190.0 80.4
1935 262.2 50.0 312.2 150.8 53.8 204.5 86.1

Columns 1-3, based on Tables 24 and 31, App. Table A15, exclude gas purchased within
" the industry after 1g19: As data for manufactured gas sales prior to 1919 include such
duplicating sales, an overlap is provided in 1919. Total gas sales were separated into
the manufactured and natural gas components to allow each the appropriate Btu.
weight, as determined by the Bureau of Mines: 575 Btu. per cu. ft. for manufactured
gas and 1075 Btu. per cu. ft. for natural gas. The components of total gas sales were
separated by assuming that all natural gas purchased by the industry (Table 31) reached
ultimate consumers without distribution losses. Before 1919 natural gas sales were esti-
mated by extrapolating the 1919 figure by means of data on total gas purchased by the
industry (Table 31), on the assumption that the relative proportions of natural and
manufactured gas purchased by the industry remained unchanged before 191g9. These
assumptions are arbitrary but are believed to yield results adequate for the purpose —
to translate gas sales into their Btu. equivalent (columns 4—6).
The 1899 ﬁgure for the total Btu. equivalent was obtained by applying 'the 1899—
1904 percentage increase indicated by total gas sales to the 1go4 Btu. equivalent total.

2 Comparable with 1g2g. bComparable with 1933.
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ArrENDIX C

Electric and Gas Utilities ‘
Construction of Indexes of Net Output

IN cHAPTERS 2 AND 4 we introduced indexes of fuel input in order to
illustrate certain aspects of the growing fuel efficiency achieved in pro-
ducing electricity and gas. The detailed steps in their construction are
described in the tables of Appendix B. In this Appendix the fuel input
indexes are used in conjunction with the gross output indexes, prescnted
in Appendix A, to yield indexes of net output.

Indexes of net output are designed to measure that portion of the value
. of the product added by the industry in the process of manufacture and
distribution. Solomon Fabricant defines the zalue of the net output of an
industry as the “aggregate value of goods produced (i.e., the value of
gross product) less the-value of all commodities and services purchased
from other business enterprises and consumed in the production process,
including periodic allowance for depreciation and depletion and provision
for losses by accident.” * ‘

An index of the net physical output of an industry, following this defi-
nition, should take account not only of changes in the physical volume of
the industry’s final product (corrected for price changes), but also in the
quantities of commodities and services contributed by other industries
and consumed in the production process. Such an index, when combined
.with the net output indexes of other industries that exchange goods and
services, would yield a measure of aggregate output for the group that
would be free from duplication.? For instance, if the electric light and

! Qutput of Manufacturing Industries, 1899-1937 (National Bureau of Economic Research,
1940), p. 25. For a more thorough discussion of the distinction between gross and net
output and the conditions under which indexes of net output are preferable to gross
output indexes, see pp. 23-33. ’

2 Theoretically, the combined net outputs of all industries would constitute an estimate
of real national income constructed mdcpendently of deﬂated natlonal income totals.

172



NET OUTPUT INDEXES ' 173

power gross output index were combined with an index of fuel produc-
tion — the weights based upon.the value of product in each industry —
the combined output index would give double weight to the fuel consumed
by the electric utility industry, for the value of the latter’s product would
include the industry’s fuel costs. The use of value-added (rather than
value of product) weights would lessen the effect of the duplication;
nevertheless, gross output indexes, such as those appearing here. and in
preceding reports of this series, are for purposes of combination with other
indexes, to be regardcd as approximations to net output.® To the extent
that net and gross output may have diverged in individual industries,
group indexes constructed by assigning value-added weights to individual
gross output indexes will fall short of depicting the true course of over-all
net output.-Because data on the cost and quantity of materials consumed
are adequate, both the electric and gas utilities afford a unique oppor-
tunity to investigate this problem in some detail by allowing us to construct
indexes of gross output, input, and net output, and to investigate the
degree of the divergence between gross and net output.*

Indexes of gross and net output will diverge as the ratio of output to -
materials and fuels consumed changes. Such changes, at least in the ratio
of output to fuel consumed, have been demonstrated in this report for -
the gas and electric utilities and probably can. be shown for many other
industries. The trend toward increased efficiency of fuel consumption
may be regarded as a type of ‘external economy’ available to most in-
. dustries in which the scale of production is rising %; and for such industries
an index of net output that allows for fuel consumed may be expected to
register a greater secular gain than an index of gross output that does not.

An example will illustrate the arithmetic process:

Output Number of units in base year: 100
‘ Base year price weight: $2.00
Number of units in given year: 200

Fuel Input  Number of units in base year: 100

z .
3 The index of gross output is ;Z_Z%; the index of physical input of materials and fuel,
oFw

2Q.Puw Z(q1pw — Q1Pyw)
ZQoP,’ > Z(gopn Qon)
quantity and unit price of the industry’s output, and P and Q to the quantity and unit
cost of the materials and fuels bought (Fabricant, op. cit., p. 28).

4 Ideally, an index of input should not only include materials and fuels (which in the gas
and electric utilities are indistinguishable) but also allow for capital depreciation. Our
inability to include the latter significantly limits our index of net output, as we shall see,
in the degree to which it is ‘net’.

§ Cf. Alfred Marshall, Principles of Economics (Macmillan, 8th ed.), pp. 278, 279.

; and the index of net output where p and g refer to the
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| Base year price weight: $1.00 '

Number of units in given year: 150

. Zqpe (200)(82) _
Zqipw  (100)($2)
2QP, _ (150)(81) _
ZQ:P, (100)(81)
2gsp = QiPu) _ (200)(82) ~ (150)(81) _
Z(gopw — QoPu).  (100)($2) ~ (100)($1)

Gross Output Ratio:

Fuel Input Ratio:

1.5

Net Output Ratio:

During a period in which output doubled and output.per unit of fuel
increased one-third (other things remaining equal), an index of net output
rises 25 percent more than the index of gross output, when the fuel cost
constitutes one-half of the value of the final product. As noted above, out-
put indexes for groups of industries are usually constructed by combining
gross output indexes for individual industries, using value of product or
value-added weights. The assumption is that even if the individual gross
-output indexes are not reasonably good indicators of the movement of
net output, the addition of many indexes will cancel individual divergences
from net output, and weighting, i.e., value-added weighting, will assign
the proper net weight to-individual industries. Now, divergence from net
output may not cancel if, because of a general tendency for output to gain
more rapidly than fuel input, a general tendency for gross output indexes
to understate the gain registered by net output indexes exists.® And if
they do not cancel, we must regard group indexes based on combinations
- of gross output indexes (with or without value-added \;veights) also as
possibly subject to a downward bias.

The electric and gas indexes of net.output constructed here give us a
good opportunity to investigate the degree of this bias. Fuel consumption
in these industries is of more than average importance and the remarkable
gains in fuel efficiency might lead us to expect the electric and gas net out-
put indexes to diverge sharply upward from the respective gross output
indexes. Actually the divergence, as indicated in Appendix Tables C3 and
5, is not large; e.g., for electric light and .power the 19o2—42 percentage
increase in the net output index is equivalent to an average annual gain
of 12.3 percent; in the gross output index, of 11.4 percent. Again, for
1899-1935 the index of net output for the manufactured gas industry rose

8 Aside from the evidence yielded by the electric and gas utilities, in the majority of the
few cases where data for manufacturing industries permitted the construction or
indexes of fuel input, and therefore, indexes of net output, the latter outstripped the
gross output indexes. The industries were meatpacking, beet sugar, shoes (leather),
coke-oven products, cement, steel-mill products, nonferrous-metal products, and auto-
mobiles. (Fabricant, op. cit., pp.-130-1, 139, 195, 238-9, 246, 266, 279, 306-10).
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at an average annual rate of 4.7 percent; the index of gross output, of
4.5 percent. In the electric light and power industry, despite the markéd
advance in output per unit of fuel ¢onsumed, the effect of this change on
net output is qualified by the quantitative relation of ‘fuel input’ to output.
Thus, in 1937 the cost of materials and. fuel consumed in the electric light
and power industry, on which our index of input is based, was $181.7
million; total sales to ultimate consumers, $2,167.4 million. As the ‘input’
we have been able to account for constitutes only a small proportion of
total output, the effect of even violent changes in the output-fuel input
ratio is minimized. In manufactured gas, fuel input is more important than
in electric light and power, making up about one-third of the weighted
value of final product in recent years (see App. Table C4). The lack of a
marked divergence between the gross and net indexes of gas output is a
reflection of relatively small gains in the ratio of output to fuel input.
Another pertinent consideration has to do-with the composition of in-
put, which by our definition should include not only estimates of materials
and fuels consumed but also of capital consumed.” In electric light and
power, an industry characterized by relatively high capital costs, the de-
preciation charges (as a measure of the capital consumed in the production
process) are greater than the cost of materials and fuels consumed.® Con-
ceptually, our index of input for electric light and power should-include,
together with materials and fuels, a value aggregate designed to measure
capital consumption at constant prices. Were such a procedure possible
(which it is not, because of the technical difficulty of measuring physical
changes in capital stock; see Ch. 2, Sec. 2), would the resulting index of
net output (i.e., net of fuel and capital input) show more or less divergence
from the index of gross output than that noted above?
~ . There is little reason to expect that secular changes in the ratio of out-
put to materials and fuel consumed would parallel changes in the ratio of
output to unit of capital consumed. Irideed, if the changes in the former
ratio could be attributed to technological advances making greater use of
capital equipment, there may be something of an inverse relationship be-
tween the two ratios. On this score then, the downward bias associated
with gross output indexes due to.our inability to measure changes in
capital consumption may be of lesser consequencé than the downward
bias due to ignoring changes in fuel consumption. Nevertheless, there is
no reason to expect that capital consumption would increase more rapidly
than gross output, even in industries with high capital costs. Thus, we

7 Our measures of capital consumption should not.of course include capital carrying
charges; they should be regarded rather as a proper component of net output; i.¢., as
the return to capital as a factor of production.

8 In 1937 depreciation charges for electric light and power utilities were $236.9 million;
fuel costs, $181.7 million (ELP, 1937, p. 14). .
. !
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found that in the electric utilities, output per unit of deflated capital
assets rose 280 percent, 1go2—1937 (Ch. 2, Sec. 2). It is reasonable to
conclude that output per unit of capital consumption also rose over the
years, and that therefore a ‘true’ index of net output (i.e., net of fuel and
capital consumption) would diverge even more rapidly from the gross
output index than the net output index adjusted for fuel input alone.

y
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178 APPENDIX C

APPENDIX TABLE Co :
Electric Light and Power, 1937 and 1942
Construction of Fuel Costs Index (1937:100)

AV. CON-

' SUMPTION UNIT , .
1937 AND 1942  PRICE (§) EDGEWORTH CONSTANT §
3 (@ + 90 1937 1942 TOTALS, MILLIONS
(millions) - PR 1937:polq1 + go) 1942 p1(g1 + go)
Anthracite (sh. t.) 2.34 9.37 10.31 3.9 48.3
Bituminous (sh. t.) 54.3 429 4.78 465.9 518.9
Fuel oil (gal.) 617 .044 .057 54-4 70.4
Natural gas (cu. ft.) 205 .172  .179 70.5 73-4
Total : 634.7 7¥1.0
Ratio 221(01 + 90 1.120
Z polqr + go) ' .
Fuel cost index 100.0 112.0
Av. $ cost per unit of bit, )
equiv. (Census level) 3.462 3.878

-~

A fuel cost index for the electric light and power industry for 1937 and 1942 may be
based (using the Edgeworth formula) upon the four chief fuels consumed, following
the method of Appendix Table Ba.

The unit prices, from Bureau of Labor Statistics Wholesale Price bulletins for 1937
and 1942 (Wholesale Prices, December and Year 1937, pp. 31-2; Wholesale Prices, january—
June 7943, pp. 26—7) are for chestnut anthracite, mine-run bituminous coal, and
Pennsylvania fuel oil.

-

The natural gas prices, from the American Gas Association Statistical Bulletin 33
(p. 5) and 53 (p. 5) are for sales to industrial users. The quantity weights (fuel con-
sumed'in the electric light and power industry in 1937 and 1942 are those ascertained
by the Federal Power Commission) (Table 15). The 12 percent increase revealed
for 1937—42 by the fuel cost index was applied to the 1937 Census average price per

_ unit of bituminous equivalent to yield a corresponding 1942 estimate. This figure
(83.878) is used to complete Appendix Table Cr. .
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NET OUTPUT INDEXES ' : 183

AprpenDIX- TABLE Cg
Manufactured Gas, 1929-1935
Welghted Indexes of GrossOutput Fuel Input, and Net Output(192g Ioo)

GROSS FUEL NET
‘ oUTPUT INPUT GUTPUT

1899 15.6 17.2 14.9
1904 - - : 23.6 336 23.8
1909 _ 38.0 73 L 342
1914 52.8 1.4
1919 1.2 85.5 65
1921 _ gg.z 80.0 64.3
1923 ) ggg gr.1 .
1925 3. gr.2 . 0.5
1927 97-3 99.1 ‘ 96.7
1929 : 100.0 100.0 : 100.0
1931 92.0 86.8 93.7
1933 76. 79-1 -0
1935 6. 72.9 77-9

Average percent rate of change, 1899-1935 4.5 41 4.7

The gross output index is taken from Table 24 and Appendix Table A1j; the fuel in-
put index from Table 32.



ApPPENDIX D

‘The Use of the LOgarithmfc Parabola
to Depict: Growth Trends

- THE LOGARITHMIC PARABOLA is particularly adapted to trace the growth '
of smgle industries because the typical pattern indicates rapid growth in
the early stages and retardation in the later stages.! In the equation
y= ka’bz’/z, where y represents output and x the time variable, the pé;-
rameter b will serve to determine the existence and degree of retardation
of growth. For curves of this type, the ratio of y values for successive an-
nual values of x is ab®*, This expression répresents the ratio of changing
values of y between successive discrete intervals of ‘'x; corsequently &,
which may be obtained as the ratio of successive annual values of this
‘ratio of change’, will indicate the constant factor of decline (or gain) to
which the annual ratios of change are subject. .

In percentage form the annual rate of retardation may be written as
100(b — 1), adopting the usage’ established by Dr. Burns.? In the language
of calculus the rate of retardation may be alternatively obtained' as the
second derivative (with respect to x) of log y = log k + x(log a) + #* (Iogg 2
(the equation of the growth curve written in log form). This yields the
constant log & as the instantaneous rate of change in the rate of change in
log y. For our purpose, however, it is more convenient to discuss rates of
change in terms of discrete annual intervals, i.e., as percentage rates per
annum, as Burns does.

The constants may be determined by fitting a parabola, by the method

" of least squares, to the logs of the output data; thus the equation obtained
in this manner for the electric light and power index, 1go2—42, is y = 69.966 .
(1.0898)" (.99705)""%, x being centered (i.e., set equal to zero) at the year
192%. As shown in Chart 3, the derived curve seems to fit the actual index
quite closely. If we accept the fitted curve as an accurate representation
! The existence of this pattern has been well established, nbtably by A. F. Burns in his
Production Trends in the United States since 1870. ‘
2 Ibid., pp. 97-8. - :
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of the secular trend of electric light and power output, we may determine
how the annmal rates of increase fell off at regular intervals (of say ten

years) by substituting in the expression s W (1.0898) (.99705)*1™ the
x

appropriate values of x at ten year intervals and so obtain the decennial

ratios of successive y values shown in Chapter 1, Section 5. The annual rate

of retardation given by the formula 100 (b = 1), where & = .99705, is

~o0.30.percent per year. The retardation rate is, of course, a negative rate

of acceleration. '

&



