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SEASONAL ADJUSTMENT WHEN BOTH DETERMINISTIC AND STOCHASTIC SEASONALITY
ARE PRESENT

David A. Pierce
Federal Reserve System

INTRODUCTION

The adjustment of economic and social time series for
seasonal variation has been and continues to be a subject
of much attention. Numerous strategies and procedures
have been developed, their underlying assumptions and
properties scrutinized, and their effects on other aspects
of the series so adjusted both theoretically and empirically
explored. Debate continues on how best to model season-
ality, what constraints (information) should be imposed
(utilized) in seasonally adjusting series, and whether one
should attempt seasonal adjustment at all. Against this
background, most procedures currently in use take rela-
tively little account of such issues as the origin of
seasonality, the series’ relationship to other seasonal
series, or (at least explicitly) the purpose of the seasonal
adjustment. As such, these procedures are descriptive or
empirical procedures, univariate in nature and oriented
toward the statistical characteristics either of the particular
series or of a group of series that experience has found to
possess similar seasonal characteristics.

The development of procedures more explicitly oriented
toward the causes of seasonality and the purposes of
seasonal adjustment should be the ultimate aim of seasonal
adjustment research. However, it is felt that, for many
series, there are likely to be sufficient difficulties with
structural approaches that empirical or unstructured pro-
cedures will doubtless remain important; thus, this paper
is concerned primarily with methodology for seasonally
adjusting a series, based on little additional information
beyond that contained within the series, although the
framework can often be extended in a straightforward
manner.,

Current descriptive seasonal adjustment procedures tend
to fall into one or the other of two categories, the (ratio
to) moving average methods and the regression methods.
It will be seen in the second section that the latter are
optimal for series where seasonality is deterministic, i.e.,
capable of prediction without error from previous months’
and years’ seasonal, and the former are appropriate for
series where seasonality is stochastic, i.e., representable
as a stationary or nonstationary stochastic process. Thus,
virtually all of the procedures in current use explicitly or
implicitly assume that a series’ seasonality is either deter-
ministic or stochastic, but seldom both. In addition, the
specific filters in the moving average procedures are
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generally chosen with, at best, a limited examination of
the stochastic properties of the series; thus, they are
frequently suboptimal, even for stochastic seasonality.

This paper represents an attempt to synthesize these
two classes of approaches. The next section develops the
general model combining those underlying the regression
and the moving average seasonal adjustment procedures,
Frequently, such a model is unidentified (several models
in this class are equally compatible with the data); the
third section sets forth some properties for seasonal
adjustment procedures, which are felt to be desirable ones
and which, in any event, remove this nonunique problem.

One of the problems in assessing a series’ seasonality is
how to handle other systematic effects, i.e., trend, and
the fourth section is devoted to this question. The fourth,
fifth, and sixth sections set forth the seasonal adjustment
procedure, including the identification of the deterministic/
stochastic model appropriate for the given series and the
estimation of its parameters. Tests of seasonality are also
presented, since the adjustment procedure is obviously
influenced by whether the empirical evidence is most
compatible with the hypothesis of no seasonality, deter-
ministic of stochastic seasonality only, or both.

The seventh, eighth, and ninth sections illustrate the
procedure, and the tenth section presents some further
discussion and conclusions. The development refers pri-
marily to monthly data, but extensions to seasonality of a
period other than 12 are straightforward.

SEASONAL ADJUSTMENT MODELS

Underlying any seasonal adjustment procedure is, at
least implicitly, a set of assertions regarding the generation
of the seasonal and nonseasonal parts of the series to be
adjusted, i.e., a model for the series. What is represented
in such a model is a decomposition of the series into its
seasonal and nonseasonal constituents. Additionally, the
nonseasonal part is generally separated into trend (trend
cycle) and irregular. At the risk of oversimplification [2; 7.
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their prepared texts).

AL

Sy ey memt N " D W <



\'
i

PIERCE

10; 18], the schemes for representing this decomposition
have been of two basic types. The multiplicative seasonal
model for a time series {Y} is

Y¢=P¢S¢El (I)

where P, S, and E, are, respectively, the trend cycle,
seasonal, and irregular factors of Y,, all at time . Many
economic series exhibit exponential growth, and, for these,
the multiplicative model is most appropriate. For other
series, however, an additive model may be more suitable.
In fact, the additive model may be derived from the
multiplicative model by taking logarithms. If y,=log Y,
p~=log P, etc., then (1) becomes

ye=petste, )

which is the additive seasonal model. The term s, is the
seasonal component of y,. Of course, in many cases, {y.}
will be the actual series, rather than the logarithm of a
multiplicatively generated series.

The seasonal adjustment process consists of obtaining
estimates S, or §, of the seasonal factors or components
and computing

Yo=Y /S, 3)
or

yi& =y =§. @
which are the seasonally adjusted series. Of course, the
crux of the matter is the first of these steps, after which
the second is trivial. This section first describes two
general classes of procedures currently in use for estimat-
ing the seasonal component s, (symmetric filtering and
regression) and the models (stochastic and deterministic)
for which each procedure is appropnate. Then, the two
are combined to form the seasonal adjustment model for
this paper.

Moving Average Procedures and Stochastic Seasonality

Perhaps the most common seasonal adjustment proce-
dures currently in use are those in which the seasonal
component (we adopt the additive framework with the
proviso that it applies to the logarithms of a multiplica-
tively generated series) is estimated via a symmetric
moving average or filter

§e= Z Vi¥e—s

j=-n

=v@Bly. &)

Ww-i=wv)

where

v(B)= Y v,B

J=-n
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is a polynomial in positive and negative powers of the lag
operator B (defined by By,=y, ;). A simple example of
this would be

§:=0.1y,-13+0.2y,4+0.1y,4,,=0.1(1 +B 2)(1 +B ~12)y,
The seasonally adjusted series
y*=y—s=[1-v(B)]y, (6)

is also the result of a symmetric filter applied to the series.

The Census Bureau X-11 seasonal adjustment proce-
dure [36] is one of the most widely used procedures of
this type, although it possesses other features as well (e.g.,
for treating outliers).

The moving averages or filters in procedures, such as
X-11, have generally been designed to treat patterns of
seasonality and trend commonly observed, particularly to
handle changing seasonal patterns but apparently without
conscious reference to a model or class of models assumed
to represent the series. Nevertheless, it is probably more
than coincidence that seasonal adjustment procedures of
the form (6) are optimal ones (in the sense of minimizing
E(s,-s.)?) for one of the most successfully employed
classes of models for analyzing and forecasting economic
time series, the autoregressive-integrated moving average
(ARIMA) time series models ([4); see also [34; 43; 44:
45))

The general ARIMA model is of the form

¢B)AB)y,=0B)a,

or
AB)y.=¥(B)a, )

where ¢(B) and 6(B) are polynomials of degree p and g in
nonnegative powers of B with zeros outside the unit circle,
Y(B)=¢"'(B)8(B), and g, is white noise. If AB)=1,
equation (7) represents the stationary autoregressive mov-
ing average (ARMA) model of order p, g—

14 q
ye=2 byir 0arsta,
=1 =1
The polynomial A(B) is a difference operator, given most
generally by
o d,
MB)=-U. A%, ®)

where A,=1-B". For example, a common seasonal model
[4] is obtained by setting ¢(B)=1, 6(B)=(1-6B)(1-OB2),
m=2,d,=d,=1, k=1, and k,=12, obtaining

Adyy =(1-8)(1-8'2)y,=(1-6B)(1-OB '?)q,

Assume that in (2) the trend and seasonal components
are each generated by models of this form

A,B)p=y,B), Var()=0% &)
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AB)s=y,B)e, Var(e)=0? (10

with &. €, and e, white noise. Then, it is known [17] that
y. is of form (7). Suppose temporarily that y, is stationary,
i.e., all difference operators are unity; thus, y, has the
representation [17]

y:5¢p(8)§:+¢'a(3)€:+e¢= Y(B)a, (m

For this additive ARMA model, it is shown in [43] that
the estimate §, that minimizes E (§, - 5,)? is

. oW, BWLF)
S = BWF) " (12)

where F=B™! is the forward-shift operator (Fy,=y;).
The numerator and denominator of (12) are the covariance
generating functions [4, p. 49] of the unobserved seasonal
component s, and the observable series y,. Result (12), in
fact, holds for any absolutely convergent ¢,(B) and y,(B),
i.e., for s, and p, stationary linear processes (not necessar-
ily ARMA).

This result has been generalized in [6] to nonstationary
ARIMA series, where AB)#1 in (7), i.e., series that are
stationary only after suitable differencing. If A,(B) and
A,(B) are the minimal difference operators such that
A,B)p. and A,(B)s, are stationary, then the minimal
difference operator A(B) that renders y, stationary is the
least common multiple of A,(8) and A,(B). The appropri-
ate version of the symmetric filter (12) may be viewed in
either of two ways. First, differencing y, gives, in place of

(.
AB )y:=A;(B W, B)E+A, B, (B)e

P 8 €
=y(B)ay (13)

The required adjustment to (12) is, thus, to replace Y (z)
by A,(@@)¥,(z), where z represents B or F. This filter,
applied to A@B)y,, gives a minimum MSE estimate of
A(B)s,; applied to y,, it produces a corresponding estimate
of s,. Alternatively, this result can be thought of as arising
through a limiting process: If the differencing operators are
approximated by autoregressive operators with roots close
to 1, the autoregressive approximation to A, will cancel in
the covariance generating functions of s, and y,, resulting
in (12) (again with A,(z)y,(z) replacing y,(z)).
As an illustration, assume that

11
A,B)=Y Biy,B)=1

=0

A,(B)=(1-B) ,(B)=1

! Equation (13) assumes that the least common multiple of A,(B)
and A (B)'is their product, i.e., they are relatively prime. When this is
not the case, let A, (B) denote the common factors, let A*(B)=A,(B)/
A:(B), and A¥(B)=A,(B)/A.(B). Then, in (13), A,(B) and 4, (B) contain
asterisks, and their product is replaced by A2(B)AXB)A.(B). In the
ensuing text, it is A2(z)¥, ) that replaces ,(z).

SECTION v
so that, noting (1-B8)A,(B)=4,,,

AB)=A4A,, A,B)p=£, A,B)si=¢
whence
AA,y=6(B)a, (14)
where 6(B) is of order 13. Then (12) is

. (1-BR(I-F)
S eEeE)

It is important to note that equation (12) is a symmetric
linear filter, applied to the series y,; i.e., it is a special
case of equation (5) that, as noted, is the defining
characteristic of moving average seasonal adjustment pro-
cedures, such as X-l11. It is, in this sense, that these
procedures are optimal adjustment procedures for stochas-
tic seasonality, i.e., for extracting seasonal components
generated by stochastic (ARIMA) models.

For such filtering procedures to be optimal, however,
their form (equation (5)) must correspond to the one
(equation (12)) implied by the model generating the series.
For example, in [5], it is found that the X~11 procedure is
consistent with a model for y, of form (14), with 6(B) a
moving average operator of degree 24 in B (though closely
approximated by an operator of degree 13). That economic
time series are often well represented by ARIMA models
of approximately this form is probably one reason that X-
11 has done quite well for numerous series. However,
series with a much different ARIMA representation have
been found to be poorly adjusted by X-11 [6; 29]. In
particular, series for which seasonal differencing is inap-
propriate (series where nonstationarity is deterministic and
not stochastic, so that the differenced series is not
invertible) can be overadjusted by X-11.

Regression Procedures and Deterministic Seasonality

The second major class of seasonal adjustment proce-
dures is the regression procedures in which the seasonal
and nonseasonal components are assumed explanable
through a linear regression model. In (2), if

I
p:=2 o;C (15)

J
5= Bidy (16)

j=1
and ¢, is white noise, then s, and p, are estimated for a
sample series y=(y,, ..., y,)’ through a model of the form

y=Ca+DB+e

obtained by substituting (15) and (16) into (2). The
elements {d,} of D are most often periodic variables
(sines and cosines or seasonal dummy variables) and
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interactions of those with powers of a time variable to
capture a changing seasonal pattern. The trend variables
{cy} are generally powers of the time variable, though any
nonseasonal influence can be included in this way.

Equation (16) defines deterministic seasonal (and trend)
components. The essential feature of such as component
is that, given knowledge of the model, it is predictable
without error; by contrast, the innovation € in the
stochastic seasonal (10) is not consistently estimable, even
with perfect knowledge of the model.

Ideally, C should be orthogonal to D; otherwise, an
ambiguity occurs concerning the definition of the seasonal.
(There are analogous problems with stochastic seasonal
models, and both sets of issues are taken up in the third
section.) The simplest example of a deterministic seasonal,
and one we shall find can go a long way toward seasonally
adjusting a series, is the fixed periodic function

12
s=2 Bsdy=B: Bi=Birww k=1,2, ...) (17

=1

where dy, ..., dy are seasonal dummy variables and

12

> B;=0. For any given year, the seasonal component for
=1

.jlanuary is B,, for February B,, etc. A flexible regression
method, which allows for changing deterministic seasonal-
ity, is that of Stephenson and Farr [35].

Regression methods of seasonal adjustment received an
impetus from the work of Lovell [22], who noted that they
possess a number of properties not enjoyed by the
symmetric filtering procedures currently in use. However,
some of this adverse comparison is due to the use of the
same symmetric filters for series with differing stochastic
properties; for example, the procedure of choosing an
optimal filter (in the sense discussed in the first subsection)
for the given series would dictate using the identity filter
for an already adjusted series; thus, such a procedure
would be idempotent. Indeed the only criterion for decid-
ing whether to use a regression or a moving average
procedure should be whether the seasonal component is
generated by (10) or by (16), and the raison d’étre of this
paper is that both may very well be involved.

Combined Procedures

If deterministic and stochastic trend and seasonality are
both present, the trend and seasonal components of the
observable series y, can be written

pe=2 aicuty,B)=pi+pa (18)
5= 2 Bidy+ ¥, Be=s 1 +s - a9
The operators ¢,(B) and y,(B), which satisfy
Vu(B)A,(B)=1,B), ¥,(B)A,B)=y,B)

are nonconvergent unless A,(B) or A,(B) are unity;
however, we may take them to be finite with suitable
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initial conditions on the p, and s, series. (See [4] for a
further discussion of this point.) The combined model is
then

V=2 oicy+ Y Bid i+, B+, (B)e+e,
=putsutpatsate, (20)

This equation is the general model of this paper. The first
and second terms on the right-hand side of (20) are the
deterministic component (trend plus seasonal) of y,; the
remaining terms

U=Dort+Sote n

are the stochastic component. A series displays determin-
istic seasonality if s, =3 B;d, is nonzero; it possesses
stochastic seasonality if s,,=y,(B )€, is nonzero.

It is often convenient to work with the differenced series
A(B)y,. which has a stochastic component that is station-
ary. We write this as

ABly =3 aick+Y Bidi+yB)E,
+y¥B)e+AB)e,
=pf+sfter=pht+st+uf (22)

where ¢4 =AB)cy, s =AB)s,=si+s¥, etc. Of course,
differencing often changes the nature of the deterministic
trend and seasonal variables; in particular, seasonal differ-
encing eliminates a fixed periodic mean.

Since it is important to estimate the deterministic trend
and seasonal components with a stationary residual. we
will frequently be working with the differenced form (22).
The recoverability of (20) from (22). particularly of s, from
s, is investigated in the fourth section, but it first must be
ensured that a model of this form is identified.

SEASONAL MODEL IDENTIFICATION

The development leading up to the model in the third
subsection for determininistic and stochastic seasonality
assumed that the seasonal and trend component models
were uniquely determined; this is seldom possible to do,
given no information other than the time series {y,, —
<t<}. Secondly, given only a finite segment y,, ..., y,
of this series, the model and its components (if determined)
are only estimable with a degree of error; thus, it is
impossible to discriminate between theoretically incompat-
ible models for the series. Both of these sources of
ambiguity reflect a failure of seasonal model identification,
identification in the economic sense [12] for the former
and in the sense of Box and Jenkins [4] for the latter.
Indeed, the difference between these two usages of the
term ‘‘identification’’ is, in practice, less clear-cut than,
conceptually, one emphasizing the class of models them-
selves and the other, their relation to the data for which
they are postulated.

It is necessary, in these situations, to restrict the class
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(20) of models so that the seasonal component of a series
can be determined, theoretically and empirically. Often,
restrictions are provided by the nature of the problem or
by specific information; special events or nonrecurring
changes can often be accounted for in this manner.
Additionally, several authors [2; 11; 21; 31; 39; 41] have
examined multivariate approaches in which seasonality, in
one series, is identified through interrelationships. Cer-
tainly, available information should be used, and it can
often be incorporated into the present procedures in a
straightforward manner. The problem here, as elsewhere,
is that a consensus on this theory is lacking. One person
prefers to define trend or cyclic effects in one way,
another differently. In multivariate approaches, there are
probably as many varieties of variables y, z, . . . relevant
to seasonally adjusting a variable x, and as many varieties
of plausible specifications of relationships among and
between their components, all essentially compatible with
the data, since there are social scientists (economists,
statisticians, etc.) to specify these variables and relation-
ships. This situation is evidently a general one in econo-
metric modelling, where a variety of specifications, includ-
ing a purely autoregressive equation, are all compatible
with the data and all have comparable predictive power.
(See [28].)

What seems needed, therefore, is something of a

fallback position, a principle of insufficient reason; thus,

in the absence of (1) a clear, unequivocal consensus
concerning prior knowledge of the series—its decomposi-
tion, its relation to causal economic or physical phenom-
ena—and (2) of a clear indication in the data, we will take
the most direct and simple route possible, given only the
information on the series itself over a finite time span.?
This is, in fact, done separately by the regression and
symmetric filtering procedures discussed in the second
section. By adopting a few principles that, we will argue,
are reasonable ones for any seasonal adjustment procedure
to possess, the identifiability problems are resolved in a
unique manner. These assumptions or properties of the
procedures are stated and briefly discussed in this section
and, in some cases, retumed to later in this paper.

Assumption 1

Assumption 1 is that a zero-mean, fixed, periodic
function where the period of 1 year is part of the seasonal
component. The essence of seasonality would seem to
include, at least, those phenomena that recur regularly
year after year. This is a deterministic seasonal effect,
one captured by 12 monthly dummy variables as in
equation (17) or, equivalently, a linear combination of
sines and cosines at the seasonal frequencies. It is not
intended to preclude the awareness of other influences in

2 This rationale, vis-a-vis structural seasonal models, is, in several
respects, analogous to the rationale for final equations vis-a-vis
structural econometric models. (For example, see [28; 31; 32; 41; 46).)
The correspondence is discussed further in the tenth section.
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special situations; e.g., if one knows that, in five succes-
sive Januarys, the money supply would have been $500
million higher, except for a policy of restraint, then, in
effect, one can take this into account. Otherwise, however,
the presumption is that if a phenomenon is periodic
(annual, including annual harmonics), then it is seasonal.
One consequence of this is that a deterministic trend is
orthogonal to this deterministic seasonal component; this
is in line with [22] but not [20] or [35].

Assumption 2

Assumption 2 is that a changing seasonal pattern is
stochastic. This is the most arbitrary of our assumptions,
since a sufficiently flexible regression method, such as
[38], can probably cope with many changing seasonal
patterns about as well as symmetric filtering procedures.
It is in the area of moving seasonality that the identifica-
tion problem is at its worst, and our choice is based on
the proven effectiveness of moving average procedures
such as X-11 and stochastic (ARIMA) models for repre-
senting economic series in many applications. This restric-
tion could probably be relaxed somewhat with a suffi-
ciently long-time series available.

Assumption 3

Assumption 3 is that the seasonal component is pre-
served under a nonseasonal linear filter. For example, if
s, is the seasonal component of y,, then (1-vB)s, is the
seasonal component of (1-vB)y,. This property, which
enables us to handle adequately the stochastic trend of
most series (see the following section), seems basic to
moving average seasonal adjustment procedures, although
it evidently has not received much attention. We would
want, for example, the change in a seasonally adjusted
series to be the seasonally adjusted change in the series.
This is actually an extension of the sum-preserving prop-
erty [22] to certain linear combinations of lagged values of
the series. Specifically excluded are seasonal filters, such
as (1-vB'?), that intrinsically change the nature of the series
seasonality.

Assumption 4

Assumption 4 is that, among all decompositions into
stochastic seasonal and nonseasonal components satisfy
the previous assumptions, the decomposition chosen is the
one that minimizes the variance of the seasonal compo-
nent. The goal is to extract no more than necessary from
the series in order to remove its seasonality.

The adjustment procedure will be examined in the next
three sections. By way of preview, the first two assump-
tions allow us to regress a suitable transformation of the
series on seasonal dummies plus deterministic trend varia-
bles, thus, estimating the deterministic (fixed) seasonal.
The residuals from this regression are consistent estimates

4
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of the (possibly differenced) stochastic component of the
series. The third assumption enables us to filter this
component into a form that is seasonal plus white noise,
the filter (of low order) eliminating the stochastic trend.
Thus, we have a two-, rather than a three-, component
additive ARMA model, which can be decomposed by
(12), having specified the seasonal component model using
the fourth assumption.

DETRENDING

Frequently. whenever seasonality has been mentioned.
trend has also: e.g.. the model for the series to be
adjusted contains trend as well as seasonal terms in both
its deterministic and its stochastic components. The reason
is that the influence of trend on seasonality can be very
strong. This influence is twofold: Methods of estimation
of a given seasonal component can be strongly affected
by unaccounted-for trend. and. often. the specification of
the seasonal component itself changes as a result of trend
specification.

The subject of detrending has. therefore, received prom-
inence in virtually all treatments of seasonal adjustment,
and the present one is no exception. However, our point
of departure from some such treatments is that we are
interested only in eliminating the undesirable effects of
trend on the definition and extraction of the seasonal
component. In particular, it will be seen to be unnecessary
to separate the stochastic trend from the irregular compo-
nent in order to seasonally adjust a series. The treatment
of stochastic trend in this section is. therefore. fundamen-
tally different from the usual one. symmetric filtering
(which can actually induce strong low-order autocorrela-
tion—properly considered as trend). On the other hand,
the deterministic detrending is. in principle. similar to the
usual regression approaches. though. in practice, the
stochastic detrending procedure (often involving first dif-
ferencing the series or its logarithm) frequently eliminates
deterministic trend as well. This effect is discussed in
greater detail in the first subsection, following which the
stochastic detrending (based on the filter-preserving prop-
erty) is considered. This section concludes with a critique
of detrending via symmetric filters.

First (Logarithmic) Differencing

A charactenistic of many U.S. postwar economic time
series is exponential growth; the rates of change of series,
such as GNP, price indices. and many other measures of
economic activity, tend to be more stable than the series
themselves. Moreover. or perhaps. therefore. seasonality
and trend have been most effectively measured as percent-
ages or factors of the series. leading to multiplicative
seasonal adjustment models. The additive model of this
paper is appropriate for the logarithms of such series,
seasonal factors being derived as exponentiated logarith-
mic seasonal components.

An additional characteristic of most U.S. economic
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series is high first-order autocorrelation. even after re-
moval of a deterministic linear or exponential time trend,
in the majority of cases consistent with the hypothesis of
homogeneous nonstationarity [4] in the series levels (or
logs). Series differencing is. thus. appropriate to achieve
stability in the series. i.e.. to achieve stationarity in the
stochastic component of the series. When logging and
differencing are both appropriate. the result is a close
approximation to the monthly rate of change of the series.

While the decision to difference a series is based on the
nature of its stochastic trend. differencing also eliminates
a deterministic linear or exponential time trend. Moreover,
the only deterministic component apparent in the logarith-
mic differences of many economic time series is a periodic
mean (seasonal component plus constant mean). That is,
if Y, is the original series. (22) very often becomes

12

Ay=AlogY,=a+ Y Bidh+ut (23)
=1

12
=a+ Z Ssdy+ut

=1

(24)

where u} is the (differenced) stochastic component of the
series, as in (22), and d}} is the first difference of the
seasonal dummy vanable d; .

8=Br-Bs-1, j=2,..., 12
8,=B1Bu (25)

Note that « is the slope of a linear time trend in y, = log
Y, and that e* represents a multiplicative trend factor of
Y, itself. More complex trend vanables can certainly be
employed. e.g.. higher order time trend. other economic
variables or variables to capture the effects of special
events. Other differencing patterns will also occur. and.
of course. some series are stable in level form. But.
logarithmic first differencing and the model (24) are the
procedure and model that we have found appropnate for
the majority of economic time series.?

Relationship Between Levels and Changes of a
"Deterministic Seasonal Component

Equation (25) gives {5;} readily from {B;}. however.
the inverse transformation is required in order to season-
ally adjust the series levels, having estimated a seasonal

® This includes the ones analyzed in the seventh. eighth. and ninth
sections and other series in [29]. However as noted previously a more
general analysis would include formal investigations of whether
another power transformation was appropriate to achieve homogene-
ity, e.g., as in [7). and whether stochastic trend in the homogeneous
series is nonstationary. Quenouille [33. pp. 54-57) discusses the latter
point in one of the earliest references to the concept of stochastic
trend, and a test of the null hypothesis of nonstationarity in the form
of a unit autoregressive root has been recently given by Dickey [9).
(See also [13).)
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component such as in equation (24). The desired relation-
ship is given by the following theorem.

Theorem 1—If a series of changes {Ay,} is given by
(24) then the series {y,} itself has the representation

12
ye=uotat+ 2, Bidy+u, (26)
=
where
t—1
Au=ut, u=2, ut;
i=0
and
3 l 12 12
B=2 d+— 2 id;, 2, By=0 Q7
i=1 12 i=1 =1

That is. if Ay, can be represented as the sum of a
constant plus a fixed seasonal plus a stationary error
term. then y, itself can be represented as the sum of a
constant. a linear time trend, a fixed seasonal. and an
integrated error term.

The proof of the relationship between Ay,— 8;dy and
y=2 Bid; is shown in [4, ch. 4]; it, therefore. suffices to
investigate the relationship between Y 8;dy and Y Bidy. A
general solution to (25) is of the form

B1=08,+c

By=8,+8,+¢

B|2=8|+82+. .. +612+C

where ¢ is an arbitrary constant. But, the presence of a

constant term in (26) means that we can impose the °

constraint ¥ B;=0. Thus, the constant ¢ is uniquely
determined, since

0=128,+118,+...+8,,+ 12¢

so that

1 12

12

|
__ 1 et Sis
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This gives 8; as in (27) and the theorem is proved. Higher

order nonseasonal differences can be treated iteratively in
this manner.

Stochastic Detrending: Preservation of the Seasonal
Adjustment Under Nonseasonal Filters

The stochastic component of equation (22). e.g.. of
equation (24). is of the form

uf=ph+shtef (28)

where the 2-subscript denotes the stochastic trend and

W v L R,

seasonal and the asterisk denotes the respective compo.
nent after differencing or stationarity inducing transformg.
tion. Noting that seasonal differencing is rarely necessary
to remove seasonal nonstationarity [30]. once a periodic
mean is included in (24). the differencing operator A(B)
[most often A(B)=1-B] is in general a nonseasonal filter,
(When this filter does involve seasonal differencing, ,
decomposition. such as equation (14), seems most appro-
priate; see [3; 5] for further discussion of this situation,)
Thus. assumption 3 (see the second section) is that s ig
the seasonal component of u*, as s, is the seasona|
component of u, in (21). Moreover, p¥ and ¢} are nonsea-
sonal, so that, with n¥=p%+e¥, u} is the sum

ur=s+nt (29)

of two components. seasonal (signal) and nonseasonal
(noise).

Now. the stochastic properties of the stationary series
uf¥ can be assessed via its sample autocorrelation function.
In general. there will be a nonseasonal filter that will
eliminate whatever low-order autocorrelation (trend) from
uf that was not eliminated previously from differencing
the series: thus. only autocorrelation at seasonal lags
(generally lags 12, 24, .. . .; see the sixth section for further
discussion) remains. If this filter is /(B), i.e.. d=h(Bu?,
etc., the relation

u=$y+n, (30

will be such that 7, is white noise and §,, is autocorrelated
only at seasonal lags.
If the models for & and §, are

Su=UiB)en d=UuBa,

then §,, is estimated by (12). using these models and with
i, replacing y,. The seasonal component of u* is then

s3=h"(B)Sy, an

Alternatively. the symmetric filter

05*{13 (B )l!fs(F) (32)
o, (B, (F) )
may be applied directly to «} (rather than &,) to estimate
s
The final application of the filter-preserving principle is
to recover the stochastic seasonal component s, for the
levels from the component s for the series changes. The
procedure is the same as for the fixed deterministic
seasonal, theorem |, except that it is no longer true that
the seasonal component sums to zero over a 12-month
period. Instead. following usual practice. we assume that
the seasonal component sums to zero over a calendar
year. This constraint suffices to determine s, uniquely
from s% (hence. s, from s¥). as in (27). provided thats¥ is
first adjusted by a constant each year in order to sum to
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zero over that year. Alternatively, if 1 indexes December
of any given year, one may simply compute preliminary
quantities

5201=0, s84;=504-1+58, +[25/<12)

whereupon

So,0+5= Sm-ﬁ 2 sh{lsi=<12) (33)

i=1

is the seasonal component for the series levels. From

| equations (27) and (33). the combined seasonal component
1 ofy, is

(345

Ser=Bi+52, 144

! ie., for any 1, s,=B,+s2.

Detrending Via Symmetric Filters

We have seen that differencing in order to detrend a
series introduces changes in the seasonal component so
that further work is needed to recover the seasonal for
the series levels. By contrast, the usual approach to
detrending has been to seek symmetric filters of the form

w(B)= 3 u,B’ (35)
' such that
n(B)s=0. n(B)p.=p. (36)
- so that
(1= B))y =DB)y=s t+e; (37

- giving a simpler decomposition of the series (compare with
- equation (29)), thus, facilitating the seasonal adjustment

process. Most frequently (35) is a centered moving average

y.(B)——— 2 B’ M =2k+1
5—~k

(38)

of its operand (appropriate modifications are required if
the period M is even, as it is for monthly data).
The problem with such approaches is that the filters

. u(B) have been chosen with deterministic effects in mind.

g.. (38) produces (36) if s, is a periodic mean and y, is a
linear or quadratic time trend; whereas the second section

 has shown that stochastic effects are best handled by

4

symmetric filters. Depending on the stochastic structure of
the series, it is entirely possible that e¥=D(8B)e, in (37)
will be more trendlike (very highly autocorrelated) than
the original trend p, itself. To see how this can arise for
(38) (other detrending filters, such as described and used
in [36], can be expected to exert similar effects). note that

T D ST
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DBy, =(1- 2k+l 2 By,

l

1 k
%+1 z ([ e-) G i)
=1

— ) ]
2k+ ;1[(1-8 )+(1-F )]y,

=5 k+l —— [(1-BX1-F) 2 S54B)S,(F)ly.

{az 2 FIS,8)R)y,

2k+ 1\ A (39)

-
where S,(z)=2 z! and F=B-!. Thus, it is interesting that
i=o

D(B), as it contains the factor A2, or equivalently
(1-BX1-F). eliminates homogeneous (stochastic) nonsta-
tionarity of order 2, which includes the type of nonstation-
arity (of order 1) that is evidently displayed by many
economic time series. It does what it should in this
respect: but it does not stop here. The remaining factor of
D(B) (other than A?) is a complicated polynomial of high
degree in B; thus, for the many series that are not
strongly autocorrelated (except for seasonality) after differ-
encing, a great deal of inappropriate smoothing is done by
this operation. The result is the injection, rather than the
elimination, of trend in the form of low-order autocorrela-
tion. Additionally. the result of applying D(B) is generally
a noninvertible series (a series without an autoregressive
representation or a positive spectrum).

In view of this drawback. and of the demonstrated
recoverability of seasonally adjusted levels from seasonally
adjusted changes of a series. it is recommended that
differences replace symmetric moving averages as the
primary detrending device in symmetric filtering proce-
dures. such as X-11. As stated at the beginning of this
section, there is no necessary reason to separate trend
and irregular elements if the purpose is seasonal adjust-
ment.

ADJUSTMENT FOR DETERMINISTIC SEASONALITY

In this section and the next. the seasonal adjustment
procedure per se is presented, including the estimation of
the models for seasonality and tests for deterministic or
stochastic seasonality.

For deterministic seasonality. the assumptions in the
third section essentially restricted the component s, in
the general model (20) to a fixed seasonal component, so
that the {d,} in this equation can be monthly dummy
variables, as in (26). In the fourth section, relationships
between the periodic components

S1=Y Bid =P




st=2 Bidi=3 8dy=95,

were established. (See theorem (1).) What remains is
estimating s,, and testing for its presence.

Estimation of the Deterministic Component

The equation for a fixed seasonal component (plus
trend). e.g.. equation (24) or (26). is a linear model for
which regression procedures are generally appropriate.
Usually efficient estimates of the coefficients of the model
require that the stochastic component of the series be
serially independent or that an appropriate version of
generalized least squares be employed. However, for
certain regression functions—including fixed periodic
means polynomial time trends, and interactions of the
two—ordinary least squares is asymptotically efficient,
provided that the regression residual is stationary; e.g..
see [1]. Thus, while it is often important to compute
series first differences to ensure stationarity of the stochas-
tic component, having done this ordinary least squares
generally suffices.

In practice, therefore. often the procedure is simply to
regress the logarithmic first differences on a set of 12
seasonal dummy variables. thus. estimating the quantities

a+8;=A\; (40)
in equation (24). Then,

1

5 2 A 8=A-d @n

&=
are estimates of the constant term and seasonal compo-
nent, and theorem (23) is used to get {3} from {9,}. If the
series does not need differencing, then the seasonal
component is estimated directly from a regression of the
(logged) series levels. That is, referring to equation (26), if
{As, j=1. ..., 12} are again used to denote the coefficients
of the seasonal dummies. (41) is employed with B;
replacing §; and the constant term u, (now a parameter
rather than an initial condition) replacing «. Procedures
for other patterns of differencing can also be formulated.
The series adjusted for deterministic seasonality is y, - B
orYje® ify=logY,.

Tests of Deterministic Seasonality

Given model (20) or (26), deterministic seasonality
exists if fot all the B; are zero. which is equivalent to not
all the §; in (22) or (24) being zero. Thus, if the hypothesis

H,:B1=...=Bp=0 (42)

cannot be rejected at a suitable significance level. one
could conclude that adjustment for deterministic seasonal-
ity is unnecessary.
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While the deterministic trend and seasonality are very
often efficiently estimated by ordinary least squares, the
sampling distribution of the estimated coefficients depends
on the covariance matrix of the regression residual. i,
on the autocovariance function of the stochastic compo.
nent of the series. There are several approaches to thig
problem that are all asymptotically equivalent to genery.
ized least squares. The simplest one is to note that if the
stochastic model for the residual process u, is

m(B)u=a, 43)

then one may regress y;=m(B)y, on seasonal dummies,
and the coefficients Aj, ..., Aj, in this equation are equal
to each other under (and only under) the null hypothesi
(42). Moreover. the sample autocovariances of the regres-
sion residuals {i,} are known [27] to have the same
asymptotic distribution as those of the true stochastic
component {u,}. thus, w(B) in (43) may be effectively
estimated after the regression of the untransformed varia-
bles. :

After transformation. the regression residual is approxi-
mately white noise; thus. the general linear hypothesis
tests are asymptotically valid. Thus. the test of H, in (42)
may be carried out by—

1. Estimating A,, ..., A, as in the fifth section.

2. Forming estimates 7(B) and &, of the quantities in
equation (43).

3. Forming

b =#B)y ) (44)

where b, is a, under H,. since y is the estimate of
the common value a (more generally.b‘, are the
residuals from the regression under H,). and

4. Computing

(3 63-3 apni
p={20i=2 diyll .22 ! (45)
2 a¥(n-12)
that, under H,. has an F-distribution with 11 and
n-12 degrees of freedom.

Several variants of this, which have the same asymp-
totic properties. are possible: e.g.. after (43). the regres-
sions may be rerun. Whatever is done, however, it is
important to take account of autocorrelation in these tests.
Particularly if the fixed seasonal component is estimated
from the undifferenced series, a strong bias in purported
significance levels could result. In this regard, the test
carried out in X-11 [36, p. 59} could be improved by
procedures such as those given in this paper. The current
X-11 test is carried out with series detrended by symme-
tric filters, virtually guaranteeing a highly autocorrelated
series. (See the subsection on detrending via symmetric
filters in the fourth section.)
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ADJUSTMENT FOR STOCHASTIC SEASONALITY

Having estimated the deterministic components (trend
and seasonal) of the time series. the remaining problem
for seasonal adjustment is the estimation of the stochastic
seasonal component s, in

U=portSate: (46)

Additionally. this section presents tests for the existence
of stochastic seasonality . i.e., of the hypothesis Var(sy) = 0
in (46). If such a component is absent. the procedure in
the previous section is all that is required.

Decomposition of Stochastic Seasonal Series: The Minimal
Extraction Principle

In the fourth section. it was seen that the decomposition
problem was simplified by the filter-preserving property.
s0 that we could essentially reduce (46) to

l;t=.§-'2¢+ﬁ| (47)

in which f, is white noise and §, has no autocorrelation
at lags other than seasonal. (In the terminology of Granger
[14]. 5, is a “*strongly seasonal™ process.)

But. even with the simplification of (46) into the form
(47). the procedure for estimating the seasonal component
can be rather complicated, and. moreover. a decomposi-
tion. such as (47). is not. in general, uniquely determined
from the overall model. i.e.. the model for i&,. While a
completely general treatment still awaits development, we
have used a principle of minimal extraction. i.e.. assump-
tion 4 in the third section, to solve the problem for a
group of models that, while simple. seem to cover the
great majority of cases encountered.* These are the |2th-
order ARMA models

(1-B )it =(1-0B ?)q, (48)
for which the admissible models for §,, are of the form
(1-bB 12)5,,=(1-OB ?)€,. Var(€,)=0? 49

with i, white noise with variance o2. (We will discuss a
quarterly-annual multiplicative model in the ninth section.)
The relationship between the parameters of the overall
model and the components model may be seen by
multiplying i ,=5,,+#, by 1-¢B'2, obtaining

(1-6B 2)a,=(1-OB '2) €, +(1—$B )i, (50)

and noting that the variance and lag | autocovariance of
each side of (50) must be equal. Thus,

(1+0)o2=(1+0%)c%+(l +¢d o2
0o2=0c2+da? (sn

4+ A valuable extension of this procedure and class of models is
provided by Wecker in the accompanying discussion.
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Since the model for &, is determined by the three
parameters (¢. 6. o2). whereas the components model
involves four parameters (¢. ©. o2, ¢2). the model for 3,
and A, 1s unidentified.

Given a value of, e.g.. ®, the equations (51) could be
used to determine o2 and o2 from o2 and ¢ (and ¢.
common to both models). Frequently. it is simply assumed
that ®=0. since this model is one of autoregressive signal
(seasonal) plus white noise, which is uniquely determined
from (48). Certainly, if there is a theory to suggest that
©=0, i.e., that the seasonal is a pure autoregression, this
is what should be done. (For an example of this approach,
see [23].)

However, for most situations the assumption @=0 in
(50) is probably arbitrary. and there is a need for resolving
the identification problem when no such a priori informa-
tion exists. The approach taken here is to leave the series
intact. insofar as possible, to‘remove as little as possible
and still remove the series’ seasonality. This would imply
that the variance of the seasonal component be chosen as
small as possible. consistent with the equation system
(51). Ordinarily. ¢ > O > 0 in (48), and, in this case. it
can be shown that choosing ®=— | minimizes the variance
of the seasonal §,. Any other value results in more than
necessary being removed from the series in the seasonal
adjustment process.

Estimation of the Model Parameters and the Seasonal
Component

Having identified the model for 5, and A, by assigning a
value to ©, asymptotically efficient estimates are obtained
for the remaining parameters (¢. o2, o2) in this model by
substituting estimates for (¢, 6, ca2) into (51). since this
equation system defines a nonsingular linear transforma-
tion between (¢, o%) and (0?.02%). ¢ being common to
both. Estimation of parameters for ARMA models is
discussed in numerous sources. e.g.. [3: 17: 26]. and all
such procedures are asymptotically equivalent to maxi-
mum likelihood estimates. as are. therefore. the estimates
of o2 and o obtained from (51). Conditional on these
values.® the minimum mean square estimate of the sto-
chastic seasonal component is. from (2).

G2Ps(B)s(F)
G2z (B) Yz (F)

_ GHI+BY(1+F 1)
G2(1-9B 2)(1-0F 12) "

Sf=vBlut= ut (52)

(53)

equation (53) reflecting the cancellation of the common
autoregressive operator in the numerator and denominator
of (52). The procedure in the subsection on stochastic

3 This also refers to conditional on the parameter estimates in the
ARMA model used in the stochastic detrending. When these two sets
of estimates are not independent. one should properly estimate both
sets jointly in a multiplicative ARMA model. a point brought to my
attention by Engle.
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detrending in the fourth section is then used to estimate
$g. the stochastic seasonal component of the undifferenced
time series.

Tests of Stochastic Seasonality

Given the relatively greater difficulty in determining the
stochastic seasonal model specification and in estimating
the resulting seasonal component, it would be of particular
importance to identify those series for which little or no
evidence exists for such seasonality (i.e., for a changing
seasonal pattern); the seasonal adjustment procedure
would then involve only a regression on seasonal dummies
and the recovery of the seasonal component or factor for
the observed series from this regression.

The test proposed for the presence of seasonality is
based on the autocorrelations of the residuals from the
seasonal dummy regression. after detrending. as in the
fourth section, i.e., of {it}. If the detrending is adequate
and if there is no (remaining) seasonality. then the {i}
should be a white-noise series. Thus. evidence of season-
ality is revealed by (1) large individual autocorrelations at
the seasonal lags. e.g.. lags 12, 24, ..., and possibly 3. 6.

. or (2) by unusually large values of such statistics as

mi2

m mr3
Q,=n 2 Fio Qs=n kZ ik Que=n kE Flae  (54)
=1 =1

k=1

where m is generally a low-order multiple of 12. The
asymptotic distribution of Q;. under the null hypothesis
that &, is white noise. is given for some cases in [27]. If
no stochastic detrending is performed (%, = u*). then O,
is x? with mfi degrees of freedom: otherwise. while Q, is
asymptotically x2(m —r). where r is the number of esti-
mated ARMA parameters in the detrending filter. the
precise large-sample distribution of Q; and Q,; is not
known, though. on the assumption of a low-order detrend-
ing filter, it can be shown to lie between the x*em/) and
x%m/i —r) distributions, probably closer to x*m/i), since
the effects of the ARMA estimation are concentrated on
the low-order sample autocorrelations.

It should be noted that. for stationary series. frequency-
domain criteria [16; 24] for seasonality have also been put
forth, which generally relate to the occurrence of average
power (rather than autocorrelation) at the seasonal fre-
I
12
lags). The two approaches are closely related. as, of
course. they should be: e.g.. the seasonal autoregressive
model

quencies 27 =—, j=1, ..., 6 (rather than at the seasonal

5=¢5-1 € (55)

has no autocorrelation other than at lags 12, 24, ..., and
strong peaks at all six seasonal frequencies. And. the
distinction between (55) and seasonal models with a first-
order MA component appended. considered by [14: 24]

.
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and others, is immaterial in view of the filter-preservation
property. (See assumption 3 in the third section.)

CONSUMER PRICE INDEX AND HOUSING STARTS

In the next three sections. we exemplify the procedures
developed in this paper using several monthly economic
time series. The analysis presented here is based on
computations performed in [29]. in which empirical com-
parisons were made between several adjustment proce-
dures, including X-11 and the present one. This section
examines two series that were found in [29] to require at
most a deterministic seasonal adjustment, as described in
the fifth section, and the following two sections analyze
series found to possess stochastic seasonality as well.

Tests of Seasonality in the CPI

Table | shows the autocorrelations of various functions
of the Consumer Price Index from 1947 to 1975, as in the
Survey of Current Business, U.S. Department of Com-
merce. It is a highly trending and autocorrelated series.
and both first and second differences of the logarithms
(the first of which is essentially the monthly inflation-rate
series) are shown in parts (a) and (b) of this table. It is
clear, from examining these autocorrelations, that any
seasonality in this series is quite mild: e.g.. the lag-12
autocorrelation ry, is scarcely larger than r,, or ry for
either series difference.

To estimate a fixed deterministic seasonal component.
a regression of y, = Alog CPI, on seasonal dummies was
run, as in equation (24). The value of R? was only 0.03
(0.02 adjusted). confirming the above observation concern-
ing weak seasonality. The autocorrelations of the residuals
from the regression are shown in part (c¢) of table I:
except for some small changes. e.g.. r,, is reduced from
0.18 to 0.15. they are virtually indistinguishable from
those in part (a).

We wish to exemplify the seasonality tests in the fifth
and sixth sections to see if there is in fact statistically
significant seasonality in the CPI. While the pronounced
low-order autocorrelation in the residuals from the regres-
sion (table Ic) does not impair the asymptotic efficiency of
the least squares estimates (see the fifth section). it does
affect both the F-test and the autocorrelation tests for
seasonality. Thus, the first step was to detrend this
residual series. The. autocorrelation pattern suggests an
ARMA (1, 1) model. and the fitted model

(1-0.81B)u¥=(1-0.47B)d, (56)

was obtained. The autocorrelations of the residuals {a}
are in table le.

To see if the fixed monthly seasonal components are
significantly different from each other, the procedure

"‘,‘w
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Table 1. AUTQCORRELATIONS, CONSUMER PRICE INDEX
Lags 1 2 3 4 5 6 7 8 9
a. blog (NSA) (Variance = 0.0°29)
1-10 ..... 0.43 0.32 0.36 0.35 0.08 0.12 0.13 0.24 0.20 0.18
11-20 .15 18 .15 .18 .08 .08 .09 .02 -07 .03
21-30 .10 .04 .03 .01 -.03 -.05 -.08 -10 -.08 .01
31-40 .05 .05 .04 .00 .00 .02 .04 .04 .00 .07
41-50 .01 .00 .01 .03 .07 .09 A2 .16 13 14
51-60 A3 .09 .09 A3 .10 .05 .06 .07 .02 .06
b. 82jog (NSA) (Variance = 0.0°33)
1-10 ..... -0.41 -0.12 0.04 0.13 -0.08 -0.05 -0.09 0.12 -0.02 0.03
11-20 .... -.06 .05 .05 12 .09 .02 .03 12 -.22 .03
21-30 .... 1 -.05 .01 .02 -.03 .02 -.01 -.04 -.03 .09
3140 .... -.13 1 .01 -03 -.02 .00 .02 .03 -.08 1
4150 .... -.05 .01 -.05 .01 .02 -.02 -.00 .07 -.04 .03
51-60 .... .02 -.03 -.04 .06 .02 -.06 .00 .05 -.08 .07
c. 2log (Regression SA)—Regression Residuals (Variance = 0.0*28)
1410 ..... 0.43 0.33 0.37 0.37 0.23 0.15 0.17 0.25 0.20 0.19
11-20 .... .14 .15 .15 .18 .08 .09 A2 10 -.05 .04
21-30 .... .09 .03 .02 -.02 -.04 -.05 -.09 -.10 -.06 -.00
3140 .... -.04 .06 .03 -.00 -.01 -.00 .04 .04 .00 .08
4150 .... .03 .01 -.00 .03 .07 .09 12 14 13 .15
51-60 .... .13 10 12 14 12 .05 .06 .06 .01 .04
d. 8log (X-11 SA) (Variance = 0.0* 14)
1-10 ..... 0.53 0.42 0.41 0.35 0.36 0.36 0.35 0.32 0.35 0.35
11-20 .... .20 .06 1 10} .09 14 .10 .03 .01 .02
21-30 .... .02 .01 -.02 -.07 -.02 -.00 .01 -.01 .08 .10
3140 ... 13 .19 R .06 .06 .10 .15 .15 .16 .19
4150 .... A7 .10 . .05 .02 .06 12 .16 .16 .09 .09
51-60 .... .09 .03 .06 .09 a3 .10 11 .09 .06 .06
e. Detrended Regression Residuals (Variance = 0.0*19)
1-10 ..... -0.02 0.08 0.01 -0.04 -0.02 -0.12 -0.05 0.09 0.04 0.05
11-20 .... .00 -.01 .02 .08 -.01 .03 .05 .05 -.13 -.00
21-30 .... .09 .00 .09 -.03 -.01 -.04 -07 -.09 -.03 .05
31-40 .... -.02 13 .04 -.03 .01 -.07 .05 .04 -.02 1
4150 .... -.01 -.03 -.05 -.05 .03 -.00 .07 .06 .06 .06
51-60 .... .03 -.01 .06 .05 .09 -.04 .00 -.02 -.07 -01
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developed in the fifth section is to compute a series b,
given by

(1-0.818)(y~y)=(1-0.47B)b, (57

where y, = Alog CPI,. Note that, under the null hypothe-
sis. {y, =y} has the same asymptotic distribution as i}
their innovations (estimated by 4, and b,) are both white
noise with the same variance. The result of the calculation
(45) gave

F=292

which is significant at the |-percent level. Thus. although
the seasonal vanables explain less than 3 percent of the
variation in the inflation-rate series, they are significantly
nonzero.

The second test is for the existence of remaining
seasonality after the regression, i.e.. of seasonality in u}.
From the filter-preserving property, we may equivalently
examine the series ¢,=i, for seasonality. From table Ic,
there is very little evidence of seasonality in this series.
For example, in (54).

03=336(0.012+0.122+0.042)=5.4
12=336(0.012+0.032+0.07%)=2.0

whereas the upper 10-percent point of the x* (3) distribu-
tion s 6.2. In fact. the value

20

Q=336 Y ri=24.5
k=1

compared with x2 ,, (18) = 26.0, does not allow rejection
of the hypothesis that this is a white-noise series,

The conclusion is that the fixed seasonal model is
evidently adequate. and. as noted. even this seasonal
effect is slight. By contrast. the officially adjusted CPI
series is a series adjusted by changing seasonal factors,
which are displayed in table A-1 in the appendix. Two
main effects of this seasonal adjustment can be noted
from the autocorrelations of the seasonally adjusted infla-
tion rates in table Id: There is overadjustment. as evi-
denced by the dip in r,, (the twice-differenced series gave
re=-0.19, r;;=-0.02, and r;3=0.07), and the variance of
the series is cut in half, suggesting an unnecessary amount
of smoothing of the series.

Seasonal Adjustment of Housing Starts

A series that exhibits stronger seasonality than the
Consumer Price Index is the series of total new housing
units started. taken from 1959 to 1975. The autocorrela-
tions in table 2a clearly reveal seasonality in this series,
and as the Alog series appears stationary in other respects.
the regression (24) was run to extract that part of the
series explainable by a fixed periodic effect. The autocor-
relations of the residual series {iz,} are given in table 2d;
the regression R? was 0.72.

PIERCE
The F-test described in the fifth section showed very
strong evidence of seasonality. and no further seasonality
was revealed by tests on the autocorrelation of u, (or
the detrended series 4, which was estimated by
4,=(1+031B} ). Consequently, a fixed seasonal adjust.
ment of housing starts is evidently adequate, and the
adjusted series and seasonal factors are shown in appendix
table A-2. By contrast, the seasonal factors for the
published X-11 adjusted series, also shown in this table,
are quite variable. (Note, however, that the variances of
the two seasonally adjusted housing starts series, in Alog
form, are comparable, in contrast, with the situation for
the CPL.) The housing starts series, thus, provides a good
illustration of the identifiability problems discussed in the
third section. (See [29] for other illustrations as well.)
Evidently, the data often do not contain sufficient infor-
mation to enable a discrimination between theoretically
incompatible seasonal adjustment models.%

UNEMPLOYMENT RATE

Table 3 presents autocorrelation data on the series of
U.S. unemployment for 1947-75. As with the CPI and
housing start series, the Alog-unemployment series appears
stationary, except for seasonality; thus, this series was
regressed on seasonal dummies as described in the fifth
section. Unlike the two previous series, however, there is
in table 3d clear evidence of remaining seasonality. The
autocorrelations of the regression residuals #, at lags 12,
24, ..., while small, are very persistent; they remained
unchanged (to the second decimal place) as a result of the
estimated detrending transformation

u,=(1-0.038-0.18B %)y, (58)
after which the statistic

0 ,=312(0.182+0.182+0.172)=29.2

is off the x* (3) tables. Clearly, stochastic seasonality is
also present in the unemployment series.

The second autocorrelation pattern for i, in table 3d.
that, as noted, is also the pattern exhibited by u, is
suggestive of the seasonal ARMA process in the subsec-
tion on tests of stochastic seasonality in the sixth section.
with 0 < 8 < ¢ < | but ¢ and 4 both close to 1. Two
approaches to the estimation of ¢ and # were attempted.
The first was nonlinear least squares, which is asymptoti-

% The situation regarding seasonality is. in many respects. analogous
to a phenomenon noted in {28] for econometric models. In that study.
it was found that. while such models are often centered around
structural relationships with strong apparent associations. essentially
equal explanatory power was very often obtainable by modeling an
endogenous variable in terms of its past history alone. Thus. in either
situation, the data provide some. but not enough. information. Certain
obviously inappropriate models can always be rejected; there remain
logically incompatible or contradictory sets of models. whether
econometric models or seasonal adjustment models. all empirically
compatible with the same data. ‘
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Table 2. AUTOCORRELATIONS, HOUSING STARTS

Lags 1 2 3 4 5 6 7 8 9 0

: a.8log (NSA) (Variance = 0.0277)

{ 110 ..... 0.25 -0.01 -0.21 -0.29 -0.06 -0.09 -0.09 -0.33 -0.24 -0.05
{1 1120 .... 34 .66 .32 .04 .24 -32 -.02 -.08 -.08 -.26
| 2130 .... -.28 -.02 32 .65 24 .01 .22 -.26 -.05 -.09

3140 .... -.04 -.26 -.26 -.01 .31 57 27 -,02 -.24 -.22
| 4150 .... .03 -.10 -.04 -.24 .22 -.00 27 56 24 -.01
{ 6160 .... .22 “21 .06 -.04 .04 -26 .20 02 .26 51

b. 84 ,log {NSA) (Variance = 0.0174)

1110 ..., -0.32 -0.04 0.10 0.11 -0.01 0.02 -0.01 -0.09 0.08 -0.06
11120 ... .19 -.50 18 12 -.09 -16 1 .02 -.06 .09

21-30 .... -.08 .00 -.02 .07 -10 -.02 .04 .04 -.10 -.00
{ 3140 .... .03 -.02 -.08 .00 .05 -.09 .08 -.03 -.02 .03
i 4150 .... .09 -10 -.00 .03 .06 -.01 -.06 .04 -.05 .06

j 5160 .... -.05 .02 -.08 .10 -.01 -.06 .05 -.01 .05 -.01

c. 8log (X-11 SA) (Variance = 0.0068)

110 ..... .0.28 .0.02 0.05 0.10 005| - 001 0.00 .0.07 0.08 -0.04
11-20 .... 08 .22 .08 .08 .04 .09 06 02 -06 .07
2130 .... .08 .03 .03 .07 .01 .01 .03 .06 .10 .02
31-40 .... .01 .01 -.08 .05 .01 .06 01 -04 .04 ..00
4150 .... .00 -.02 .05 .01 a7 .06 .08 .07 .08 .08

| s160 .... .03 .02 .04 08 01 .06 .03 -.00 04 02

d. Alog (Regression SA) (Variance = 0.0077)

110 ..... -0.28 .0.06 0.14 0.00 0.02 0.09 -0.06 .0.05 0.10 0.15
I 1120 ..., 12 .10 02 10 .01 .18 .09 09 13| - a0
i 2130 .... .08 .07 0.6 .02 -1 04 -.00 .00 .04 .03
| 3140 .... .01 .04 .09 .02 10 .15 04 .01 .04 05
4150 . ... .06 .09 .01 02 .05 02 .03 .03 .01 02
51-60 .... .05 07 .07 07 .00 .05 03 03 04 .03
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Table 3. AUTOCORRELATIONS, UNEMPLOYMENT RATE Z;
Lags 1 2 3 4 5 6 7 8 9 0
w
a. 8log (NSA) (Variance = 0.0130)
— ir
110 ..... 0.03 -0.07 -0.23 -0.13 0.23 -0.15 0.20 -0.13 -0.26 0.12 a
11-20 .... .01 73 -.03 -13 -.26 -.16 17 - 17 19 -.14 g
21-30 .... -.25 -.10 -.02 A .01 -.10 .22 -13 A7 -13 n
3140 .. .18 -17 -.24 -10 -.00 .68 .00 -.09 -.23 -15 A
41-50 .... 15 -.13 14 -.14 -.22 -.07 .04 .65 .03 -.07 e
51-60 ... -.20 -1 .20 -13 19 -.14 -.20 -.07 .00 .58 s
b. 84, 5 log (NSA) (Variance = 0.0062)
110 ..... 0.17 0.29 0.18 0.10 0.17 0.06 -0.04 0.01 -0.03 -0.16
11-20 .... -.00 -.46 -17 -19 -15 -12 -13 -12 .02 .04 I
21-30 .... -.04 .04 -.06 .01 .08 .08 .07 .08 .05 .06 t
3140 .... .03 -.09 -.00 "..05 -.08 -.03 -.07 -.07 -.09 -10
4150 .... -12 -.02 .18 .01 .01 .04 A2 .07 10 A ¢
51-60 ... .07 15 .18 -.03 .15 -.00 .05 .02 -.06 -.05
¢. 8log (X-11 SA) (Variance = 0.0025)
1-10 ..... 0.18 0.27 0.19 0.15 0.19 '0.08 0.02 0.05 -0.01 -0.13
11-20 .. .00 =21 -.10 -.05 -1 -.09 -1 -.09 -.02 .02
21-30 . -12 -03 -.08 -13 .02 -04 .05 .04 -.04 -.01
3140 .... -.04 -.07 .00 -.02 -.10 -.06 -.06 -.06 -.02 -.08
4150 .... -.05 .00 -.09 -.02 -.02 .05 .08 .05 .05 1.0
51-60 ... .07 14 .18 .07 1 .01 .08 .06 .01 .02
d. 2log (Regression SA) (Variance = 0.0039)
1-10 ..... 0.03 0.18 0.10 0.10 0.04 -0.08 -0.07 0.09 -0.04 -0.06
11-20 .... -.04 .18 -.13 -.05 -.10 -.00 -.16 -16 -.06 .04
21-30 .... -.08 .00 -.13 .18 .01 .03 .01 07 -1 -03
3140 .... -.08 -.04 -05 .02 -1 17 -03 -.01 -.02 -.01
41-50 .... -12 -.04 - 16 .02 -.05 .09 .03 .16 .04 .08
51-60 .... .05 .10 .05 -.04 .07 .03 -.03 12 -.06 .07
e. 8log (Regression-Moving Average SA) (Variance = 0.0030)
10 ... 0.10 0.20 0.15 0.10 0.12 -0.02 -0.01 0.08 -0.02 -0.11
11-20 .... -.01 -.04 -1 -10 -12 -.04 -13 -13 -.01 .02
21-30 .... -.06 -.03 -13 -.00 .04 .02 .01 .06 -.06 .01
3140 .... -.04 -.08 -.03 -.01 -.10 .02 -.01 -.01 -.04 -.04
4150 ... -.08 -,01 -.16 -.00 -.01 .08 .07 .05 .07 12
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cally equivalent to maximum likelihood. (See the sixth
section.) The fitted model

(1-0.747B '?)i1,=(1-0.546B %) i, (59)

was obtained.

As noted in the sixth section, the models for decompos-
ing &i=5+n, into seasonal and white-noise components
are those for which 5, is the seasonal ARMA process
given by equation (49). and our principle of removing no
more than necessary from the series implies taking the
MA parameter in this model to be —1. In terms of the
estimated coefficients in (59); therefore, the equation
system (51) becomes

1.2986%=267%+1.557a%
0.546 0t=—02+0.746G% (60)

For the symmetric filter in (53), the ratio of variances of
the 5 and # innovations is needed, for which the solution
of (60) i1s

32
7£=0.039
Oa

Thus the filter in (53) becomes

(1+B)(1+F1?)

VB)=0.0%8 G S4B ™ (10 547F ™)

(61)

Writing this as
v(B)=0.039(B +2+F)w(B)

table 4 illustrates the calculation of the {v,}. utilizing the
fact that, for w(B)=(1-6B)~' (1-8F )",

"o

wlk|=6wk=1]. k#0

W,

Table 4. CALCULATION OF FILTER WEIGHTS
FOR UNEMPLOYMENT STOCHASTIC

SEASONAL COMPONENT
K w, 0.039wK Yy VK'
0......... 1.424 0.0554 0.171 0.067
12........ (X) .0303 .133 .062
24........ (X) .0166 .073 .053
36........ (X) .0080 .040 .046
48. .. ... .. (X) .0049 .022 .038
60........ (X) .0027 .012 .033
72........ (X) .0015 .006 .027

X Nat applicable,
! Based on averall madel $=0.95, §=0.85.
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The resulting estimate of the stochastic seasonal compo-
nent for AlogU, is. therefore,

S;‘[=0. |7|“?‘+0. 133 (uf_12+u?‘+12)
+.. .+0.006(u?‘_,2 + ufis) (62)

To obtain 53 near the beginning and end of the sample
period, the uf-series was forecasted and backcasted 6
years according to the combined trend/seasonal model (58)
and (59). a procedure that, incidentally, would probably
benefit any moving-average seasonal adjustment proce-
dure.?

The combined seasonal component

st=sttsHi=0+s%

for the Alog series is then obtained by addingfé;‘, in (62) to
the appropriate deterministic coefficient. The seasonal
adjustment procedure is completed by obtaining s, for the
log U, series, as described in the subsection on stochastic
detrending in the fourthi section, the seasonal factors §, =
e*, and the seasonally adjusted series

UsP=U,/S, (63)

However, before this procedure was carried out, it was
noticed that the series 7A,=u¥-s¥% which is the same as
Alog U$4, contained a negative seasonal autocorrelation
r.=-0.23, reflecting an overadjustment of the series of
the sort also done by X-11 for this series (r;,=—0.21 in
part (c) of table 3). At least three explanations for this
seem possible: (1) Almost half of the seasonal variation in
u¥ can be attributed to a sequence of high-positive June
values, spanning from 1968 to 1971, so that a fixed-
parameter ARMA model for u, is perhaps inappropriate;
(2) the properties of the estimated seasonal 53 necessarily
differ from those of the true seasonal component s [16;
43]; and (3) the nonlinear least squares estimates (59) of
the ARMA model may be suspect. We examine the third
of these here, saving the first two for the tenth section.

One reason to suspect the fitted model (59) is that the
autocorrelations ry,, rq ..., in table 4d, are extremely
slow to die out, and, since the theoretical autocorrelations
for an ARMA model of this type are

Przk=®P1z k-1 k=2

we should expect a value ¢ much closer to 1 than the
value 0.747. If, indeed, ¢ and @ are both quite close to 1
the finite-sample properties of the least squares procedure
may be poor [32]. Thus, while alternative methods may be
asymptotically inefficient, they are perhaps preferable
here. We thus chose values of ¢ near 1 (¢6=0.9, 0.95,

0.98). computed the resulting @ required to give ry,=0.18,

solved the equation system (51). and determined »(B) in
(53) and the resulting seasonal component series. The

" This also has recently been found by Dagum [8] for the case of X~
11 applied to many Canadian time series.
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value $=0.95 was the lowest value for which this problem
did not occur; for $=0.95, the implied value of 6 is 0.85.
The set of equations

1.72202=20%+1.90250%
0.8502=-02+0.9502 64)

gave G%d2=0.00506. The resulting values of v, previ-
ously computed, are displayed in the right-hand column of
table 4. Beyond lag 72 (6 years), v(B) was truncated.

Table 3e shows the autocorrelations of Alog u, season-
ally adjusted as before except using v in place of v,. They
give no reason to doubt the adequacy of the seasonal
adjustment. Table A-3 in the appendix shows the resulting
seasonally adjusted unemployment series and the seasonal
factors.

DEMAND DEPOSITS

The essential features of (and some of the problems
with) the deterministic-stochastic seasonal adjustment pro-
cedure of this paper were illustrated with the unemploy-
ment rate. In analyzing the demand deposit component of
the money supply (published in the Federal Reserve
Bulletin), we will concentrate on two additional aspects of

the procedure, the possible effects of sample-period choice
" and the simultaneous presence of stochastic quarterly and
annual patterns.

In [30] and [40] the demand deposit series for periods
since 1968 is analyzed, and it is found that the model (24),
with u¥=a,, i.e.,

Nog DD =a+ 28,d,,+a¢ (65)

is an adequate characterization of the series; thus, not
only is the assumption of fixed deterministic seasonality
adequate, but also the trend is a pure random walk with
drift. This is, in part, the basis for a recommendation in
[46] that the daily seasonal adjustment procedure, set forth
in [40], based on fixed factors apart from trading-day
variation, be given consideration as an alternative to the
Federal Reserve's current procedure (X—11 plus judgmen-
tal review).

However, over earlier periods, particularly the 1960’s,
there are known to have occurred shifts in tax dates and
other events, and, indeed, the published seasonally ad-
justed series have reflected pronounced changes in the
estimated seasonal factors. It is, therefore, of interest to
examine how the present procedure performed from 1961
to 1975, including a period where changes are known to
have occurred.

Table 5 shows the autocorrelations of various series
related to demand deposits; note in part (a) of this table,
that quarterly, as well as annual, patterns are evident.
Moreover, after the regression on seasonal dummies both
quarterly and annual patterns, while reduced, are still
present. (See table 5d.) Since there is no further autocor-
relation evident in this residual series, apart from these

TTURy Ly ot o K- ATagey’
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stochastic seasonal affects, the tests for stochastic season.
ality can be made directly on this series (i.e., #,=i¥). We
find

s Q,=168(0.222+0.112+0.11%)=12.2
0,,=168(0.312+0.102+0.002)=17.8

both highly significant.

There are perhaps several ways to approach the problem
of decomposing u, into seasonal and nonseasonal compo-
nents, as the seasonal pattern is more complex than the
ARMA model (48) that adequately represented the sto-
chastic component of the unemployment rate. The method
employed here is to treat the problem iteratively, i.e., to
assume that the annual and quarterly effects are multipli-
cative (in the sense of [4]) so that the overall model for
u¥ can be written

qB)aB)ut=a, (66)

where g(B) represents the quarterly pattern and a(B) the
annual pattern. In fact the usual identification procedure
4], based on the autocorrelations in Table 5d, suggests a
model of the form (66) with

q(B)=(1-6,8%)"'(1-8,B%)
a(B)=(1-0,,B'%)"Y(1-,,B?) (67)

or a simplification thereof. Let

fi=aBut (68)
so that

a=qB)f, (69)
and define

ge=qBut (70)
whence also

a=aB)g, an

If the coefficient of B* in g(B) is essentially 0 for k = 12,
then one can reasonably hope to estimate (66) by estimat-
ing certain of these equations separately. The seasonal
decomposition of u¥, based on these models, requires
further that the filter-preservation property be extended to
include quarterly filters for an annual adjustment and vice
versa. For example, if the series f,, in (69), which
possesses a quarterly but not an annual pattern, is
represented as the sum of seasonal and noise components

ff @ (72)

then the quarterly pattern in u ¥ is

uP=a"'B) (73)
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Table 5. AUTOCORRELATIONS, DEMAND DEPOSITS: 1961 TO 1975

a. 8log (NSA) (Variance = 0.0° 348)

1110 ..... ~0.15 -0.33 0.37 -0.27 -0.19 0.30 -0.22 -0.23 0.34 -0.36

11120 .... -13 .89 -18 -29 .35 .27 -18 .27 -.20 -.20
21-30 .... 31 .34 -10 .82 .19 -.26 33 -.26 -17 .24

13140 .... -19 -17 .29 -.32 -.08 .75 -18 -22 31 -.24
4150 .... -15 22 .17 -15 .25 -.30 -.06 .68 -17 -19

] 51-60 .... .23 -.24 -13 .21 -14 -12 .22 .27 -.04 60

i

’ b. 84, , log (NSA) (Variance = 0.0°37)

1110 ..... 0.18 0.04 0.17 -0.03 0.09 0.07 -0.21 -0.07 0.01 -0.06
11-20 .... -.03 -34 -13 M -.02 .06 12 -.00 .00 .01
21-30 .... -.10 -15 .02 -.04 -.16 =12 -.03 -07 -.03 -.05
j 31-40 .... .00 .10 .08 .16 -03 -07 | - 14 .02 -.04 .06
| 4150 .... -.10 -.07 .08 -.06 .02 .01 .06° A1 -.04 -.03
51-60 .... .03 -.04 -.02 .08 -.03 -.01 .05 -.08 .01 .08

c. 2log (X-11 SA) (Variance = 0.0° 16)

1-10 ..... 0.28 0.10 0.14 0.06 0.13 0.09 0.13 0.03 -0.03 0.02
1-20 .... .10 -.02 -.05 .05 .02 .14 13 .02 .00 .00
21-30 .... -10 -.04 .02 -.08 -.15 -.10 -.04 -.03 -.06 -.07
3140 .... -.00 .10 .05 .13 .00 -.06 .07 .06 .04 .02
41-50 .... -17 -.07 .03 -.07 -.02 .04 .06 .15 .06 .08
51-60 .... 12 -.01 -.07 .06 .02 -.01 -.05 -.08 02 .04

d. 2log (Regression SA) (Variance = 0.0*31)

1-10 ..... 0.07 -0.07 0.22 -0.10 -0.01 0.1 -0.17 -0.04 0.1 -0.19
11-20 .... .09 31 =13 -.01 .09 -.04 .06 .02 -.08 .01
21-30 .... -.01 -.16 .13 10 -.14 -.05 -.01 -.08 -.06 -.08
3140 .... .01 .09 -.00 .00 1 .00 .04 .03 .00 .02
41-50 .... -.13 -10 .06 -.02 -.04 -.00 A2 .07 .03 .04
51-60 .... .06 -.01 -.07 .03 .05 .00 -.04 -.06 .05 -.02

e. 8log (Regression-Moving Average SA) (Variance = 0.0*21)

110 ..... 0.20 -0.03 | -0.07 -0.03 0.03 -0.12 0.15 -0.06 -0.07 -0.07
11-20 .... .02 -1 -.07 .01 -.00 .13 .08 .00 .05 -.04
2130 .... -.07 =11 .10 .09 -12 -13 -.01 -.06 -07 -.04
31440 .... .03 A2 .08 .07 .04 -.03 .08 .05 .01 .02
{ 4150 .... -.14 - 12 .03 -.06 -.06 -.03 13 .09 -.00 .02

i 51-60 .... .05 -.03 -.07 .04 .06 -.01 -.01 -.06 .00 .01
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since a~'B)f,=u¥ from (68). Therefore, if v (B) is the
filter (12) or (54) for estimating f{® in (72), based on a
components model derived from (69), i.e., fi?=v/B)f,
then also
i@=v Bt (74)
The stochastic series adjusted for quarterly pattern is then.
t=[1-veB)ut (75)

Similarly, we may derive a common filter v,(B) to
estimate the annual seasonal pattern either in u} or g,.
The seasonal adjustment process then consists of removing
the quarterly and annual effects in sequence. If

utr=sk+n,
then

ne=[1-v,B)a,

=[|-Va(B)][l-vq(B )]“?‘ (76)
and the estimated seasonal component itself is
$E=ti 4 =[v,(B)+vB)v,B)v B)laf an

The multiplicative model (66), thus, implies that the
seasonal component is the sum of the quarterly and annual
effects less an interaction effect (and, hence, the seasonal
factor does not itself factor into annual and quarterly
factors).

To apply this adjustment procedure to the residual from

the demand deposit regression, estimating (66) gave

o 10836B% . .
q(B)‘m.a(B)—(l+0247B )

the pure MA specification being adopted for the annual
pattern after ¢,,=0.036 was computed in the mixed
ARMA specification. The weights for the quarterly adjust-
ment, i.e., the coefficients in v(B), are derived from (69),
just as the coefficients in ¥(B) were derived in the eighth
section for the unemployment stochastic adjustment, and
the coefficients in v,(8) are derived from (71), also in this
manner. These coefficients are displayed in table 6. When
this adjustment was applied to the u} series, however, the
quarterly pattern appeared to be satisfactorily handled but
not the annual pattern; the lag-12 autocorrelation of (76)
was negative, and the lag-24 autocorrelation was positive
and higher than before (evidently related to the fact that
the coefficient ¥4 is negative in table 6). The latter
problem was handled in a purely ad hoc manner, setting
vi®=0. The former problem is similar to that encountered
in the unemployment series, and, also as a largely ad hoc
procedure, the coefficient », was set equal to v.,,, thus,
obtaining a 3 x 1 filter. (Note that most seasonal extraction
filters used by X-11, e.g. the 3x$ filter, are such that the

center weight is equal to several of the adjacent weights
on either side.)

SECTION y

The amended v'®-weights, denoted v, are shown in the
righthand column of table 6, and the autocorrelations of
the resulting ri, series (Alog of the seasonally adjusteq
series) are in table Se. The seasonally adjusted demang
deposit series is given in table A-4 along with the seasong
factors both for the deterministic-stochastic adjustmen,
from 1961 to 1975 and for the deterministic only (fixeq.
factor) adjustment over the more recent period.

Table 6. FILTER WEIGHTS FOR DEMAND
DEPOSIT STOCHASTIC COMPONENT

Quarterly Annual
X "’K‘Q) X l,K(a) "'x(a)l
0...... 0.128 . 0.396 0.149
3., 108 | 12 149 149
6...... .074 24 .037 .
9..... .050 (X) (X) {(X)
12..... .033 (X) (X) {X)
15..... 021 (X) (X) {X)
18..... .013 (X) (X) {X)

- Entry represents zero.
X Not applicable.

DISCUSSION AND CONCLUSIONS

This paper has presented and illustrated a seasonal
adjustment procedure with the following features vis-a-vis
procedures currently in use:

I. It can allow for stochastic effects in regression
(deterministic) procedures, and for deterministic ef-
fects in ratio-to-moving average (stochastic) proce-
dures.

2. The symmetric filters or moving averages can be
chosen in accordance with the stochastic properties
of the individual series to be adjusted.

3. The detrending procedure recognizes the stochastic
as well as the deterministic nature of trend, and
preserves seasonal adjustment under such stochastic-
detrending transformations. as series differencing.

This has been done while staying within the empirical or
descriptive framework, recognizing that while structural or
causal approaches undoubtedly are potentially more effec-
tive. there will remain many series for which, given the
present state of knowledge and consensus concerning the
required causal or structural system. univariate and un-
structured procedures probably will continue to be used.
It. thus. behooves us to continue the search for the best
procedures that current statistical methodology can pro-
duce, the current paper being but one attempt at this.
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In the remainder of the paper. we wish to cover some
problems with the current procedurc and some suggested
improvements or extensions.
to consider

An Alternative to Overadjustment

Both X-!1 and the stochastic seasonal adjustment of
this paper have tended to produce adjusted series with
negative autocorrelation at the seasonal lags or spectral
dips at the seasonal frequencies. Both this and the failure
of the orthogonality property are necessary consequences
of the seasonal adjustment model and procedure em-
ployed. (See Grether and Nerlove [16].) Intuitively. one
cannot hope to transform n independent random variables
{a/} into 27 independent rv's {¢}. {n}. Yet, what this
state of affairs implies is that, e.g., a lower-than-expected
unemployment rate this September will tend to be followed
by a higher-than-(otherwise) expected value next Septem-
ber: this is precisely the sort of effect that seasonal
adjustment is intended to eliminate,

Given that the procedures employed are optimal. with
respect to the class of additive. stochastic, or unobserved-
components models. perhaps alternatives to the overad-
justment phenomenon should be sought through alterna-
tive models, i.e.. altemative definitions of the stochastic
seasonal component. Notice, e.g.. concermning the present
definition. that the innovations of s,, i.e., the white-noise
series €, in (49), as irregular a series as exists. is currently
considered seasonal. This is related to the prominence
given to the center weight of moving average filters of the
form (12).

Having transformed the series (via estimating determin-
istic components and stochastic detrending) to the form
(30). i.e.. to a series with no autocorrelation other than
seasonal, an alternative way to approach the decomposi-
tion problem would be to regard the seasonal component
at time ¢ as the part of the series that could have been
predicted (and postdicted), given other series values:; i.e.,
to consider

.§¢I=E(H(|H¢_1. Upg—g. .0 U ...)

as an alternative to §,. This explicitly eliminates the
contribution of the current value of u, to the seasonal
component, the rationale being that only that part of a
series which is related to' values of the series at seasonal
distances (e.g.. a year. a quarter ago. etc.) is to be
considered as seasonal. For example. if u, were generated
by

=u—jpta,
then

L Dle—ztUei12)
A P e

Moreover. 5; and u s, are now orthogonal; and the center
weight is 0, so that pure noise (€) is not part of the

. -
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seasonal component. Additionally. the component §; will
generally have smaller variance than §, in line with our
minimum extraction principle. It is hoped to explore
similar approaches with a zero-center weight more fully in
the future.

Alternative Stochastic Models

Throughout. it has been assumed that the stochastic
component of the senies is. after differencing. a stationary
linear process. Several alternatives to this are possible;
e.g.. Hannan et al. [18] and others have considered
seasonal models, where the coefficients are stochastic
rather than fixed; Swamy and Tinsley [38] have presented
a class of such models of which the ARIMA ones are a
very special case.

Another generalization of stationarity concerns the class
of periodically correlated processes, in which. e.g., mar-
ginally. the December values are stationary over time but
other months might have different autocovariances than
the Decembers. We noticed in the eighth section that the
unemployment series was strongly affected by a series of
Junes: similarly. the lag 12 autocorrelation in a series,
such as retail sales, may be dominated by December,
and. perhaps. the symmetric filter applied to other months
should be different. In other words. our basic definition of
(stochastic) seasonality has been connected with the lag
12 autocorrelation, which measures year over year associ-
ation averaged over the 12 months and assumes. as a
consequence of both within- and between-year stationar-
ity. that the true year-over-year association is the same
for each month. When this is not the case. the stochastic
models of this paper may not adequately capture the
seasonality.

Standard Errors of Seasonal Factors and Adjusted Data

An important subject in seasonal adjustment concerns
the accuracy of the seasonally adjusted data. given that
the true seasonal is never known. There are two sources
of error. one from specification and estimation of the
model and the other (relevant only for stochastic season-
ality) from estimation of the seasonal component. given
the model. The mean square error for some simple
examples of the latter is given in Whittle [43]. We have
not investigated the analogous situation for stochastic
seasonal models. such as employed in this paper, that
would be complicated further by parameter estimation
error. However. some idea of the magnitudes involved
may be obtained from a consideration of the simplest
case. where only deterministic seasonality is present and
the regression residual is white noise, the situation evi-
dently exhibited. e.g.. by demand deposits for the post-
1968 period [29: 30]. For this case. the vanance of the
seasonal component, 5,. in (24). is approximately
ai/M, where a? is the residual variance (u#=a,) and M is
the number of years in the sample. As the seasonally
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adjusted Alog series is (v~5y). o2/M is also the MSE of a
seasonally adjusted series value. Noting that v,=Alog x, is
essentially the rate of change of the observed series x,. we
may derive corresponding MSE’s for the seasonal factors
and the seasonally adjusted series.

To illustrate. the Alog demand deposit regression for the
sample period, 1969-75 (M =7),gave G,=0.0051 {29]; thus,
the root mean square error of a given seasonal factor is
approximately

Oa _
V7

This translates into a RMSE for the seasonally adjusted
demand deposit figure for a given month of over $400
million, since 1973 demand deposits have been over $200
billion. It is likely that a lower RMSE would be obtained
for a longer series or for a procedure (if appropriate to
the series) that does more averaging (smoothing); but
even halving this interval would still give 95-percent
confidence intervals of about $1 billion for current monthly
seasonally adjusted demand deposit data. Such intervals
would. for most months, contain all three seasonally
adjusted figures: (1) The deterministic adjustment from
1969 to 1975. (2) the deterministic-stochastic adjustment
discussed in the ninth section. and (3) the published
seasonal adjustment. This situation of uncertainty is evi-
dently characteristic of numerous series. as mentioned at
the end of the seventh section, and more attention to the

0.002
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standard errors of estimated seasonal components ang
seasonally adjusted data is needed.

Incorporating Special Effects or Other Procedures

A limitation in the procedure as developed and exemplj.
fied here is that little provision was made for phenomeng
such as outliers. trading-day variation. etc.. whose the
importance is widely recognized. The trading-day regres.
sion can probably be combined with regression on monthly
dummy variables. the definition of the deterministic sea-
sonal component being extended to include both effects.
Special effects. such as outliers. strikes. changing holiday
dates, etc.. can be allowed for independently of the
operation of the aspects for the procedure discussed.

Other forms of prior knowledge. e.g.. policy effects on
seasonality or even structural or causal seasonal models
involving relationships with other variables. can also be
employed a priori or a posteriori, and the procedure herein
described applied to the series after or before such
modification. Such approaches would be analogous either
to fitting autoregressive or ARIMA models to residuals
from structural econometric ‘models or to building struc-
tural models. based on interrelating ARIMA residuals,
both of which are frequently recommended [15: 19: 28],
or. more generally. to synthesizing structural and empirical
approaches [31; 32: 41; 46].




X, T

10.

12.

13.

-

REFERENCES

. Anderson, T. W. An Introduction to the Statistical

Analysis of Time Series. New York: Wiley, 1971.

. Box, George E. P., and Cox, David R. ‘“An Analysis

of Transformations.”” Journal of the Royal Statistical
Society, ser. B, 26 (1964): 211-252.

. Hillmer, S. C., and Tiao, G. C. **Analysis and
Modeling of Seasonal Time Series.”
Included in this report.

and Jenkins, Gwilym M. Time Series Analysis,
Forecasting and Control. (Rev. ed., 1976.) San Fran-
cisco: Holden-Day, 1970.

. Cleveland, William P. Analysis and Forecasting of

Seasonal Time Series. Ph.D. dissertation, Department
of Statistics, University of Wisconsin, 1972.

and Tiao, George C. ‘‘Decomposition of Sea-
sonal Time Series: A Model for the Census X-l11
Program.”’ Journal of the American Statistical Asso-
ciation T1 (1976): 581-587.

. Cleveland, William S., Dunn, D. M., and Terpenning,

J. J. “*Graphical Analysis of Seasonality and Nonlinear
Seasonal Adjustment.”’

Included in this report.

. Dagum, Estela B. ‘‘Seasonal Factor Forecasts from

ARIMA Models.”” Proceedings of the 40th Session of
the International Statistical Institute, Warsaw: 1975,
pp. 206-219.

. Dickey, David A. ‘‘Hypothesis Testing for Nonsta-

tionary Time Series.”” Iowa City: Department of
Statistics, Iowa State Univ., 1975. (Unpublished man-
uscript.)

Durbin, James, and Murphy, M. J. “‘Seasonal Adjust-
ment Based on a Mixed Additive-Multiplicative
Model.” Journal of the Royal Statistical Society, ser.
A, 138 (1975): 385-410.

. Engle, Robert F. ‘Estimation of Structural Models

for Seasonality.”
Included in this report.

Fisher, Franklin M. The Identification Problem in
Econometrics. New York: McGraw Hill, 1966.

Fuller, Wayne A. Introduction to Statistical Time
Series. New York: John Wiley and Sons, Inc., 1976.

14.

15.

16.

18.

19.

20.

21.

22

23.

24.

25.

Granger, Clive W. J. "‘Seasonality: Causation, Inter-
pretation, and Implications.™’
Included in this report.

and Newbold, Paul. ‘*'The Time Series Ap-
proach to Econometric Model Building.”” Paper pre-
sented at the Conference for New Methods in Busi-
ness Cycle Research, Minneapolis, Minn., Nov. 1-2,
1975.

Grether, David M., and Nerlove, Marc. ‘*‘Some Prop-
erties of ‘Optimal’ Seasonal Adjustment.”” Econome-
trica 38 (1970). 682-703.

. Hannan, Edward J. Multiple Time Series. New York:

Wiley, 1970.

, Terrell, R. D., and Tuckwell, N. W. ““The
Seasonal Adjustment of Economic Time Series.”
International Economic Review 11 (1970). 24-52.

Haugh, Larry D. '“The Identification of Time Series
Interrelationships with Special Reference to Dynamic
Regression.”” Ph.D. dissertation, Department of Statis-
tics, University of Wisconsin, 1972.

Jorgenson, Dale W. ‘*Minimum Variance, Linear,
Unbiased Seasonal Adjustment of Economic Time
Series.”” Journal of the American Statistical Associa-
tion 59 (1964): 681-687.

Kaufman, Herbert M., and Lombra, Raymond E.
“Toward a Structural Model of Money Stock Season-
ality.”” Paper presented at the Winter meeting of the
Econometric Society, New York, Dec. 30, 1973.

Lovell, Michael C. ‘‘Seasonal Adjustment of Eco-
nomic Time Series and Multiple Regression Analysis.”’
Journal of the American Statistical Association 58
(1963): 993-1010.

Maravall, Agustin. ‘‘Estimation of the Permanent and
Transitory Components of an Economic Variable with
an Application to M1.”” Paper presented at the Econ-
ometric Society Annual Meeting, Atlantic City, N.J.,
Sept. 16-18, 1976.

Nerlove, Marc. ‘‘Spectral Analysis of Seasonal Ad-
justment Procedures.”” Econometrica 32 (1964): 241-
286.

Pagano, Marcello. *'Estimation of Models of Autore-
gressive Signal Plus White Noise.”” Annals of Statis-
tics 2 (1974): 99-108.

263




264

26. Parzen, Emanuel. ‘‘Some Recent Advances in Time

27.

28.

29.

30.

31

3.

33.

34.

35.

36.

Series Modelling.”” IEEE Transactions on Automatic
Control AC-19 (1974); 723-730.

Pierce, David A. *‘Distribution of Residual Autocor-
relations in the Regression Model with ARMA Er-
rors.”” Journal of the Royal Statistical Society, ser.
B, 33 (1971): 140-146.

. “'Relationships—and the Lack Thereof—Be-
tween Economic Time Series, with Special Reference
to Money, Reserves, and Interest Rates.”” Journal of
the American Statistical Association 72 (1977).

. “Uncertainty in Seasonal Adjustment Proce-
dures,’’ Proceedings of the Business and Economic
Statistics Section of the American Statistical Associa-
tion. Washington, D.C.: American Statistical Associa-
tion, 1976: 528-533.

and Porter, Richard D. *'Linear Models and
Linear Filters in the Analysis of Seasonal Time
Series,” Proceedings of the Business and Economic
Statistics Section of the American Statistical Associa-
tion. Washington, D.C.: American Statistical Associa-
tion, 1973, pp. 537-542.

Plosser, Charles. “‘Time Series Analysis, Seasonality
in Econometric Models.”’
Included in this report.

Prothero. David L., and Wallis, Kenneth F. **Modell-
ing Macroeconomic Time Series.”’ Journal of the
Royal Statistical Sociery, ser. A. 139 (1976).

Quenouille, M. H. The Analysis of Multiple Time
Series. London: Charles Gniffin and Co., Ltd., 1957.

Slutsky, Eugen. "*‘The Summation of Random Causes
as the Source of Cyclic Processes.” Econometrica 5
(1937): 105-146. '

Stephenson, James A., and Farr, Helen T. **Seasonal
Adjustment of Economic Data by Application of the
General Linear Statistical Model.”” Journal of the
American Statistical Association 67 (1972): 37-45.

U.S. Department of Commerce, Bureau of the Cen-
sus. ““The X-11 Variant of the Census Method II
Seasonal Adjustment Program,”’ by Julius Shiskin,
Allan H. Young, and John C. Musgrave. Technical

37.

38.

39.

40.

41.

42.

43.

45.

SECTION vy

Paper 15. Washington, D.C.: Government Printing
Office, 1967.

U.S. Federal Reserve System, Board of Governors of
the Federal Reserve System. Improving the Monetary
Aggregates: Report of the Advisory Committee on
Monetary Statistics. Washington, D.C.: Government
Printing Office. March 1976.

. Linear Prediction and Estimation Methods
for Regression Models with Stationary Stochastic
Coefficients, by P. A. V. B. Swamy and Peter A,
Tinsley. Special Studies Paper No. 78. Washington,
D.C.: Government Printing Office, March 1976.

. Multiple Time Series Containing Unobserved
Components, by Richard D. Porter. Special Studies
Paper No. 65. Washington, D.C.: Government Print-
ing Office, September 1975.

. “*Seasonal Adjustment of the Monetary Ag-
gregates,”’ Improving the Monetary Aggregates: Staff
Papers, by David A. Pierce, Neva Van Peski, and
Edward R. Fry. Washington, D.C.: Government Print-
ing Office, 1976.

Wallis, Kenneth F. ‘*Seasonal Adjustment and Multi-
ple Time Series Analysis.”
Included in this report.

Weiner, Norbert. Extrapolation, Interpolation and
Smoothing of Stationary Time Series. New York:
Wiley. 1949.

Whittle, Peter. Prediction and Regulation by Linear
Least Squares Methods. London: English Universities
Press, 1963.

. Yalgom, A. M. An [ntroduction to the Theory of

Stationary Randoms Processes. New York: Prentice
Hall, 1962.

Yule, G. U. "*On a Method of Investigating Periodici-
ties in Disturbed Series, with Special Reference to
Wolfer’s Sunspot Numbers.”” Philosophical Transac-
tions. (A) 226 (1927). 267-298.

. Zeliner. A., and Palm. F. *‘Time Series Analysis and

Simultaneous Equation Econometric Models.”” Jour-
nal of Econometrics 2 (1974): 17-54.

PIER

APPENDIX



S

265

PIERCE

"a|qepieae 10N VN

G1°991 1E°59L 9zv9L  |eze9l vazal | 90°z9L z8'09. | 89651 06'861 |6078S1 95°'LGL | v19G1 CGLeL
92'551 £0'¥51 69261 |9e161 99'6vL | 8L LYL LIyl | s8spl L1vpL | 9gErt £8'Ivl | peegl Tt L6l
LE'BEL 9g°LEL ze9eL  |el'sel 68'vEL | 06°ZEL 66ZeL | 18LEY G60EL | voOEL 068zZL |eLzz) T ELBL
81°LZ1 89°9Z1 veozL | 16°sz1 0s'szl | LE'SZL gl'szl | oo'szi R AT R A A 60'vZL |ezezL T zLel
66221 8ezzl sizzl |ezeizt 161zl | zotizy to'1zL | 6oLzt gvozl  |zoozi 8961l [€z'6LL L6l
66811 62'8L1 eg L1t |ezen zLolL | esotl ov'olLL | 86'GLL ZvsiL | v aLpit | ESELL ©OL6l
$31135 paisn(pe A|jeuoseas 1010e.}-pax|4
2z6000'L [ 69L100°1 Mﬁowoo.;mo&oo.. _mBSo.__%ioo._ _Nomwmm.o_vwoam.o Tu_mmm.oToEmm.o qmmmsmd_mvammd
$10198} [BUOSEAS Paxi4
(YN) v09000'1 | 809000°L | Z19000°'L | 0000001 | 919000°t | 000000°L | 9vL866° 0LE666" | L9£666° YOE6E6° | tYYL66 “tGLel
000000'L |8v9000't | 60£L00°L | 6€9c00'L | 899000°L | 929000°L | 189000°L | £1£666° 90£666° |000000'1 | 685866° |Sv1.66° T pL6l
000000't | zcooo't | 99vi00'L | 6€L000°L | €8v1L00°L | ¥GL000°L | 952000°L | O¥Z666° 9£Z666° | 000000'L | £22666° | 9cv866 CUUEL6L
000000'L |o0oo000'L | 062000°L | €6£000°t | 000000'L | £6£000°L | L0800O0'L | 0OCOOO'L | 000000'L | ¥61666° £61666° | 6,£866° e ZLBL
000000t |000000'1 | 818000°L [618000°1 | 0Z8000°L | Zz8000'L | vZz8000'L | 0OOOOO'L | 000OOO'L | 00000D'L | €91666° | SZEBE6E" T LBl
000000°L | £S1666° L¥8000°L | 2580001 [ 000000°L | £1£100°L | €22100°) | LEL666" 000000t | £Z1666° Lye866° | 852866 CT o6l
000000° |000000°t | 0OOOOO'L | 006000't | +06000°L | 806000°L | Z216000°L | 000000"L 126000°L |000000'L | 9E1866° |¥90666° Tt 6o6l
190666° | 850666 000000°L | 000000°L | 00000O'L | 856000°L | £96000°L | 000000'L 1£6000°L | 000000t | £Z0666° | 120666 “tt gosl
L10666° | bL0666° 000000°L | 000000't | 9660001 | 000OZOO'T | 0OOCOO'L | ZOOLOO'L | 0OOOOO'L |oOOOOO'L | 8.6166° | 86866 RRR: 11
10L000°L | €0Z000'L | 80S000'L | 80¥000'L | 818000°L | 8¥£100°L | 819000°L | 896866 £6L666° | v.2666° 8v9866° | 818866 “* " 9061
668666° | 91£000°L | 8€L000°L | 6€£000°L | G£9000°L | 069100'L | £1€000°t | 90666 G1S666° |Lb1666° £€6866° | 6£0666 SRRRE-T: 11
000000°L | 8Zt000°L 162000°L | £96000°1 | 8€S000°L | zz£L00'L | 00000O'L | £26866° 695666 | LEL666 820666° | 620666 ©t o poelL
000000't |Z¥S000°L | ££6000°L | 698000°L | £12000°L | LESLOO'L | 81Z000'L | 510666 18L666° |906866° v10666° | £10666° R
000000t |6¥5000't | 660100°L | 828000°L | 068666° | L9100t | zvv00O'L | 968866 000000°L |£29866° 18L866° | EEE666° trzoel
688666° | 899000°L | v11100°L | 1680001 | 000000°L | L9SL00°L | ¥ZZ0OO'I | €66866° 9/1666° | £66866" 9v5866° | L12666° 1861
z65666° | zL9000°L | 010100°'L |S10100°L | 8€€000°L | 2081001 | LS¥000°L | ¥86866° vLL666° |598866° 8£9866° | L6866 Tt 0961
61£666° |96L000°1 | 2SsZ100'L |66£000'L | €v€000°L | 921200°L | 889000°L | 080666 6£G666° | ££L866° 88¢866° | 6¥8866° 66l
80£666° |8€0100°L | 0zZ100°L |808000°L | 29v000'L | £LS9z00'L | 80B0OO'L | 296866 Z61666° | 86¥886° 6GZ866° | S£8866° tgeel
6L1666° |8G0100°L | 6£1100°L | 5z8000°L | 9z8000°1L | Zv8zoO'L | 690100°1 | OvO66E 989866° | ZZ€866° 861866° | ¥16866" e LG6lL
v€0666° | 6¥8000°L | LSv100°L | 1zZ2100'L | €2z100°1L | 8soc00°L | £89886° | 688866 0v1866° |29z866° £9L.66° | 621666 "t 9G6L
vGz666° | Zbzl00'L | €6v100°L | vvzro0t | 6vz100L | 6L1E00L | SZ9000°L | £52866° 788,66 |288.66° GBEL66" | L0S666° T GGBL
9/£666° | L6v100'L | 6vL100°L |0cgr00t | ovz100°1L | 609200t | 0000001 | L9866 6€9.66° |S+9L66° SGLL66° | ¥Z1000°L | “° ¥S61
9/8666° | 9191001 | 901200°L |8€L100°L | 8€2Z00°L | ¥bzZ00'L | 929666 | 0SL866° L6VL66° |619L66° 98v966° | 9£000°L | """ €661
052000'L |zSzzoo't | Lzizoo'l |esczoo't | zszzoo' | zsziooL | svzees' | £19866° 6zLL66" |zvELE6’ Z6vs66° | £52000°L | T° zs6l
zsz000°'L | 11t200°L 166200°L | 9ec€00't | 860£00°L | 0911001 | Z¥8866° | £20866° v62L66° | Z9LL66° zesye6’ | 250100t | 1S6L
9£6000°'L | 8.5Z00°'L | 8OVEOO'L | €S2v00'L | £68200°1L | S55000°L | £81866° | LEELEE ZvLLe6" | veoLes: 190v66° | 9cL100't | “ - og6L
v1y100°L |866200°L | Svzeoo't | 8LLv00L | 8562001 | Lvi000'L | £9c66° | 826966 L9LL66° |890L66° 0zLE66° | S26200'L | T 6¥6L
68£100°L |106200't | cocgoo’tL | sszs00t | zeczooL | ozzees0 | 09syoo'L | v999e6'0 | 868.66°0 | EvvLE60 | Bocees0 | 9¥BO0O'L | " 8Y6L
31435 Paysijgnd woJy $10108} [RUOSEIG
Jaqwadaq | Jaqwanopn 1990100 | J1equardag 1snbny Ainp aunp Aepy (udy yosep Aleniqaq Asenuep 1B3A

X3ANI 3014d HIWNSNOJ 'L-V 3lqel

XION3ddY




31vYd LNIWAOTJWINN "€V a|qeL

PIER(

i3 :

-

-

: 900Z1LL’ 866118 8LV¥9€0°L| SSL620°1 LO9ELL'L | 18098L°L GGGGCZ’L | GS0v8Z’L YEEI6L L | G909L6° cLL889° | 1S8699° - VA1
YOveEOL” $599.8° 606¢50°L | 199666° LOEVOL’L | PLOLLL'L 189091L°L | ¥O9E9C"L CEEBLT'L | LTEVIG’ v(8SEL” | 998L69° B 741 !
8.801L¢L° cv8L26° ¥6GCS0°L | £L920S6 B6LLESL'L | CLISYL'L L619L1°L | 8B8L6EC'L cZvosl’L | 66L110°1L 09veeL” | 69060L° RN 7 A1

! VLEEQL” 9 0Z6° ELYSYO'L | 298186° LEI1S1°L | SSEO00L°L GG//8L°L | le66LE’L GE06CL°L | 62EBYO°L 1IN TANN RANZAYA B 741!

i ¥6256L° 0£2SS6° 9VEELD’L | 2G8LE0°L YOLLEL'L | LYEBLL'L 8L8LYL’L | 81S92Z9l°L 901G1Z°L | 698+50°1L g€eyvoL” | 68092t B ¥4 -1
eLS69L” 065t26° LZ10L0°L | 066€£20°L LEGEOL’L | LLLELL'L 80viLL'L | 16L29L°L L868LC°L | 8ISEVO’L 812€89° | 8LEVEL’ TTTToL6l
C1509¢L° 8L9€C6° 992Z.0°L | §69620°1 289¢0L°L | 9¥Z860°1L 9089G1L°L | vLL8LL'L 6961GC°L | G96€10°1L SELPEY” | G2S889° ©TT 6961
(8ZLYL G0L5€6° ¥989L0°L | 196¥€0°1L GG¥960°L | ¥ZS601L°L veLLLL'L | 268002 L G960SZ°L | 6829E0°L G68£99° | 00000L° T 8961
co8veEL” | L6LETE’ 8€L680°L | 91¥620°L £9G980°1 | 9vEZOL'L 69LG0Z°L | vZLYIZ'L 96G0GZ°L | €4L6E0°L 001959" | £L99¥99° A 1
L6962L’ €£50606° L6€060°L | 08LZ20°L 689160°L | EE1960°L 090Z1cZ°L | COCEET'L Z690SC°L| €¥9910°L 04G€99" | ¥L¥569° Tt 9961
609zeL’ 612806° 00000L°L | £06800°L 0v1SL0°L | ¥69160°L g€6lvee L | sSovve’lL 9g00vC’L | €0LLLO"L 09tLL9° | €£GE0CL” T GO61
czoese” 9E1£68’ Liglii’'i]| L0886 vvLLS0°L | ¥51080°L CEOLLZ'L | 8686YVC'L L906LZ°L | 92Cie0’L 16499 | 9L8CEL R <1
88GY9L° v19¢288° 800GLL°L | S0L8L6° LOEYSO'L | LO6YCL’L 6€ZG9L°L | 88829C°L £09991°L | 1£29L6° L9Y8EL" | 8G0C9L’ A 3 ]}
o9t0zL’ LSy¥68° L1€8BS0'L | ZS6SEQ°L 6GE89L°L | GG96C1°L LEZ69L°L | EEBSST’L 6LLE9L'L | 0CE996" yy6eZL | YY6SLL” B 4 5]}
LE9TTL’ 611268 vLE8SOL | YP0ESO’L 00S29L°L | LLBLEL'L LLYOLL"L | S069YC'L 268091°L| 6V0ESE GQZSCL” | LLIvIL R 31
(8 787N orLE68° eYrZe9D’L | 2866S0°L €6EEIL’L | G98GPL'L 9lLI8L"L | 89Z62Z'L vLOSPL'L| LOZ6L6’ ZsiveZL” | 6¥890L° TTTT 0961
699140 | 8824880 LELTI0 L | LSBT0 0CL6SL°L | v088YL°L ov008L°L | 629l2ZC'L €LI8EL’L| 9265160 LS921L°0 | 1899690 U666l

sa)1as paysijqnd woJy S103984 |euOsSeas .
anwv\..oJlmomwNm.o\— mmmmmo.—hmmwmeo.— _ ntmv—.QNRQm—.— lﬁmmmmou.— _ vevzac’L _ mvoN—N.—_ erLeio’lL _ mnNmNh.o— +¥5090L°0
$10198) |BUOSE3G

LECL €6¢C1 9GEL v8cl vzel ovei G601 Ll 696 056 806 €66 tTTTGL61
G588 LL6 1901 8zil o9Li 9i€L G9v1L 8Zri 8.6l 6Lv1L 5181 9EvL B 74:] )
13°) 43 geLl violL £0L1 8s0Z S01Z oLoc evee 620z (VXA 06¢e z6ve ‘U EL6L
61vC oove GLEC 6CEZ 98€C aviZ viee €91z 602 :18 74 1414 vese TTrreLel
14444 ) 744 YAL ! 661 veELZ 6102 €61 2061 0661 6861 9691 (01213 N Y1) !
1661 orol )18 4111} EvEL %141 el 8611 LLel 6GEL €eCl 6clLt "TTToLel
LGEL geel vsel v8vi voel Loei 414" o6v1 €461 €961 S6v1 qeLl TTTT 6961
6¢¥G1L E€vol St61 (1)1 9cvl €6v1 89€1L osel €091 00s1 vovi 89€1L B : 1251 §

H (821 LESL 98yl 66€1L 0OgEElL 2ogl 14741 peie7 A} GelLl ¥801 6101 001 A ] }

& 196 Lv6 o8 ceol 290l LEOL L6lL1 ) 2741 v6el 66€1 1424 6vEL Tt e961

n Ge91 :14 4% o9viL oevl 6EEL 21 441 90S§1 69v1 Lyt Levi KA 68€1L 1 ] ]

% : 14148 oevi 651 SLEL evvl (8:1 48 09s1 1414} a9svL 0€S1 1891 991 . £ <] !

i LZS1 A 18 vigi 6¥91 €0S§1 TAA]] 0gst G691 Gzol 6.1 L8v1 evel BN > ] ]

w\ 60G1 €961 %2141 LIEL A 4°]! 8ivi 8s€El L8r1 €l LLEL 6L21 08€l A ]

Ey izel LEEL 69€1 6EVL LZel 9LEL 8eel (NAA 9Lt 1A} 6zZl L6L1 Tt 1961

' C¢eol oozt Lzt ciil 09€lL 88Ll 6lcl Lyzi Lzl Lol G051 corL *TTT 0961

m 1uaunsnipe jeuoseas (1030e4-paxiy) ANIsIVILLIBAQ

J1aquwiada | JaquisnopN 13qo10Q | Jaquwandag snbny Ajnp aunp Aepy j1ady youepy Asenuqay4 Asenuep 1B A
b

SLHVLS ONISNOH "¢V 2iqe)




&

TR . CE. . WL b A G R AL,

A DAL S, W 5 LN B S A

267

1134442 08Y¥EEG 9LL1L8" | S8SE06° 881616° | 6.85C0°L 61SZZL’L | SLYET6’ 2T0s86° | 99826071 06091°L | 00EZVL L R ¢ ]
L69056° 18Y¥SE6 £v0998° | 896,68 BZESYG" | 20LIZO’L GO8S1L1°L | S00LZ6° 980.86° | Z¥0960°L GS0¥9L°L | ECTL6YL’L TTTUTE96L
692156° S1¥SE6° LE6LSB” | 855068 £€8vLY6" | 286610°L vvoLL’L | L6VEEE’ ¥61166° | €62€01°1L LL8LIL°L | LLIEESL'L AT
662L56° G80vE6” LBSESE” | £99588° L£9L£6° | 900S10°L SEZ10L°L | SGEBEG” €66866° | 80v601L°1L 0LZLLL'L | ¥SL6SL'L TTUT 1961
2TEeSS6’ V9£0€6” cotLYe” | 6Scess” £€TLSE6" | CYEELO’L €9L¥60°L | 9CLYYE’ S¥SS00°L | vLYOLL'L 0EGSLL'L | 0£6091°L *TTT 0961
G8€656° 062626 LZELYB” | 2666L8° vv€826° | ¥99010°L G9v980°L | OV6YI6” 9GZL10’L | €E6SLZLL 0E6EBL'L | 2L2LLL’L ‘716961
GLGLS6° L8¥926° €0Z.LE8" | OZEO8sE 8¥EBZ6” | TSLELO'L TYZEBO'L | LBELYVE’ 0Z6210°L | LlOZZ1'L LES98LL | SLZvLL’L " 8s561
1606S6° L¥P0E6 G929¢8° | ¥LST88° 094G526° | €L1S10°L 6Z2€6L0°l | 6909V6° S891L10°L | seCoct’l SviLL8L°L | PYESLL'L TTTTLS6L
20.8G6° 611826 C861EB° | 5LCEBE LELTT6 | OLESLO’L 68LLLO°L | EVCOVE’ 968v10°L | ZTEOETL L GZS061°L [ SOL6LL"L "TT o661
Z69€S6° 8LEET6’ CLYEES™ | LL¥S88" 8¥vEC6” | SLLLCO’L LL8SLO°L | ¥SEBYE’ 615910°L | 9r¥0ZZli’L LSG1Z61°L | 8919LL°L Tt 6661
9LVESE’ 8LEETE’ L19veE8” | 11,888 099€Z6° | €£€9¢2C0’L EVLELO’L | ¥LBSYE’ L0CS10°L | 80S6L1°1L G06Z61L°L | LYbLLL'L TT 6L
C1L0S6° 8126’ LELOER" | EVVEGS’ 61Lv26° | €55920°L LELELO'L | LESYYE' 61ZELO’L | YOLYLL L ZGCv6l°L | €6€SLL°L *TEs6l
9PILVE’ L6EOT6’ £628€8° | S¥6968° YELLZE | vLIZEOD'L LIZLLO'L | SSLEYVE” LSLLLO'L | L6LOLLTL 8LCZ161°L | 6890LL°1 ‘T Ts6l
8C9616° 150526° Li10vv8" | ¥69006° v¥9826° | 886EE0’L 198LL0°1L | 0L68E6’ LBEVO0°L | LS6S0L°L 648.81°1 | 08LL91°L B 3°1:1
09Lb¥6°0 | LLVIZ6°0 0L6LV8°0 | €2SE06°0 L09ZE60 | S998€0°L £42080°L | ¥9£8BEG'O C9/€00°L | SOESOL’L 0L¥S81°L | E0¥09L°L T 0s6l
$10}0B} |RUOSE3S
1LL0LO 961990° €8€C90° |Z90190° €09550° | ovv¥SO° 8262S0° | S9L0S0° LEZ6V0" | 0S0640° 9g96¥0° | 8ZEGYO" B 741
zeo8v0’ 880810° 98ELY0" | 6100S0° S006¢0° | 8818¥0° 0528v0° | L86LY0° or06¥0° | EE6LV0° €SY8Y0° | LS08Y0° TTTTELGL
82€0S0° 882ZS0° GELLS0" | €8ELSO’ 90S.S0° | S809S0° 9£1G6S0° | L¥19S0O° ¥0£9S0° | 66L950° €96650° | £169S0° IR 4411
066850 89€090° 869090° |SZV190° 80L190° | L9¥6SO° 86GLS0° | 52S8S0° 29€8S0° | ¥TEBSO’ LEELSO" | 8E08S0° U6l
85650 056850’ 69¥LS0° | SLSSSO" €8€Z90° | Se01S0° GET6V0" | S¥BSYO° 00L¥¥0" | 209ZY0° 80L010° |9LvLED’ ‘TrToLel
6LvvED Z6vS€0° LLIBED" | LS16E0 8EE9ED" | 9889E0° LSY9EQ" | LB6LEO’ 0962€0° | 8CETED' Z0CZeD” | 98SZED’ " 6961
68G62€0° L29vED’ V8LGED" | LOLSEQ’ 8809€0° | €12Z8E0 LZYBED" | ¥SSTED’ 6Z1EE0" | 9LZSED 9Z0LEQ" | 899SED " 8961
€0ZLE0° CS96€0° €292v0° | L8EOYO’ LZ88E0" | €9E6E0° vSt0r0° | 06¥5€0° L009E0" | 66E9E0° C999€0° | I8LLED T L1961
800L€0° L96S€0° 0S99€0° | 1909€0° 9018€0° | 096L€0° 8580¥0° | S1S0¥0° YZvLE0" | 09ELEO 0999€0° | 8/88€0° TTT o961
S8Y6€0° 0LLLYO LYZIYO" | LLOZYO’ 9SB8EVD” | 96SEVD’ v6LLV0° | 090LY0° L9v810° | LE9IO’ LSS6¥0° | SC6LYO’ 1
SLY6Y0 1SS810° €500S0° | 8LEGYO LO¥0S0" | SL08Y0° €96250° | S661S0° ovveS0™ | ¥SLESO CC9ESO" | 81LSSO° T Y961
§99550° 8104S0° LOLY¥SO" | EVIESO’ LSSYS0° | 2ETSSO° €09S50° | LZZ6SO° 68L9G0° | 99ZLS0° 9EY6S0° | 169450 . >t ]
210950’ €82950° 620€S0° | ¥8S¥SO° LTL9%0° | ELETSO’ £1£2S0° | 8S¥¥SO° 028SS0° | 1819S0° ¥Z€SS0" | LOZBSO° A ]}
S29090° GZ0090° LSO0¥90° | £00S90° GG2990° | S00890° 6£G990° | 9090.0° 6900L0° | 60,690 vEYE90° | SL5990° T 1961
9£0£90° 109090° ZSS650° | 8SPESO €80950° | 6S8ESO’ 6ZEESO" | SLELSO’ ¥¥61S0° | 2€0SSO° 88.8¥0° |995ZS0° "TTT 0961
819€s0° 801.50° 0966S0° | 6162S0° £90ZS0° | ¥OL1SO° v166¥0° | 20S1S0° G68150° | S98950° 18¥650° | 258650° "1 es61
260€90° £9€£090° 6¥9590° |[S96.90° vLETLO" | 6L62L0° 9000L0° | €80SLO" 8lv¥L0° | 6S8890° ¥S6190° | €29L50° "1 8s61
L061S0" 0.66¥0° 619EV0" | 8SLZYO 20vov0° | Z8OVD° 66vZH0" | S99L10° L9Z6E0° | ¥618€0° 9196€0° |8Z8LYO° TTTTLS61
298LY0’ [4:1:18 .03 6lVLEQ0° | 6VEBED 8LG6€0° | 9ZZEVD’ ELVEVD" | CSTYYO’ SE90L0° | 9ZCZYo’ ov00t0° | YE66ED° TTTT 9661
SOV L0’ LLELYO’ LSTIY0" |8666€E0° LSELVO" | YOV6ED LLOWO" | L66EVD’ 9868¥0° | 2ES9Y0° Z6SLYO° | L6VEYO’ .11
£60050° 10£2ZS0° 9lL¥S0° | L666S0° LO¥8S0° | SE0950° LIVESO” | ZEL0S0 04£6S0° | £60LS0 €96250° |8198V0° T 661
6LEVYO LESYED G996Z0° |969820° SE9620° | 0409207 ¥¥2SC0° | 646520 9¥8L20° | ¥S1920° Gzv9z0° | LEL6ZO’ . %114
L1920 S6vL20° 192820° | €€90E0° 9Z62E0° | LEILZED’ €€6620° | 6EVOED’ €EL6ZO0° | BBY6ZO 0L1ZE0" |9¥SLED’ B A1)
18¥0E0’ Svvveo 991l€E0" | v19EED 2060€0° | 88LLED SY91E0° | 60V0ED" LSSIED" | 6YOVED’ ¥£ZSE0° | 00ELED TUTIs6l
98ZL¥0°0 | 86,0¥0°0 C198€0°0 | 626EV00 180¥¥0°0 | 1550500 LTL1S0°0 | 8£09S0°0 Z6€650°0 | 026€900 9929900 | 0¥8590°0 11T 0661
poylaw 2135seYd01s-011s| ulwialap Aq paisnipe s3113g
JaquianaQg | 1aqWIanopN 13q0190Q raquiardag snbny Ainp aung Aepy {udy yosew Asenuqa4 Asenuep 1eap

3LVH LNIWAOTJWINN "E-V 3lqel




AV T NS — 8 o 1 | A

LW 40 LNINOJWOI 11S0430 ANVINIQ ¢V 21981

SECTION yPIERC

C9CLY6’0 |86VLEGD 056098°0 | 1899060 E€v0LP6°0 | 2956201 S¥8001L°L | LOELCEO 9961660 |86LL60'L GL6691°L [SSLESLL
{Aluo Juaunsnipe ansIUILLIBIAP) S1010B) |EUOSE3S PAX|4

_ , 6CLYV6’ 6LvLE6’ €066L8° |CEILEE’ 6810G6° |c/LBSEO’L C69901L°L [9ELLO6’ 10C9L6" |CESI8O'L LLBLSL'L | 1BPEEL’L . 711

(44114433 8098€6° €0€S88° | YESSEE ¥56CS6° | 8Y¥S8EQ'L LLOLLL'L | 29106 8C0EL6" |6C6LLOL 6LGESL'L |OCLSEL'L B 74 -1

¥S00v6° LZLBE6” $01888° | 1259¢€6 6¥9556° | L€80VO'L €089L1L'L | L9LY06 228046 [161S5L0°L Leesvi’L [L¥BLELL TTUeLel
| 0r9LE6’ L91BE6’ 96G688° | C€S9€6’ 92ZLS6" |0oLLEvO'L 98€CCL’L | ¥CIEDE GCZ0L6™ |PELELO'L ¥S9LblLL | 9Z98CL'L B ¥4 -1
« ELYOEE’ £99/€6 200168 |98SS€E6 9vLLG6" |8LBLYO'L 8108CZ1L'L |€9LZO6 LeS696° |SLECLO) €299PL°L |6SLLCLL ‘rUUolel
. €E85E6° LS08€E6” CLL068° |S6LCE6’ €G1.G96° |S68LYO'L LYOZEL' L | CCLEOE 699896 |0861L0'L SIGLPLL |S8LLCLL T 6961
b, L18LE6" 896€6" v62688° | LE£G6C6 8CZLLS6" | LLLEED'L CISEEL’L | LEQYOE 026896 [cOLZLO'L 1969YL°L |6¢¥88CL L "7 'B96L
k 0999€6° LOLLEE 9Zv988° | CT6SHT6” €26.56° |8¥98E0°L LZ6vEL’L | 651016 GLTCL6 |lTLpLOL ocbivl'L |Zeos8el’L A ]
: v180v6° 8L¥9€E6 £V5C88° | 68CIL6” ¥6€£S56° | 900vED’L E6VCEL’L | VSLYLE C8CSL6° (8EEDBO'L Svievl'L |8ZSEEL’L T 9961
. €9L5¥6°'0 |9068£6°0 €6LLL8°0 |56.606'0 €CELS6°0 | €98BLZ0°L 9pl9CL’L | ¥LS916°0 G9G/L6'0 (E0VS80°L YevSSLTL [L196EL’L T G961
w panujuo)—si030ey |euoseas
k
3 Jaquwasaq | 1aquianop 13qown | Jequidag 1snbny Ainp aunfp Aey |udy yoltep Aseniqay Atenuer 1ea p

268

panuiuod—31vY INJWAOTdNINN "E-V 2lqeL




e

e

TGRS YRR

o i, o,

4

A S

269

PIERCE

«

z9L620°L _:Nmoo; __mBmm.o _8885 _8885 —msmmm.o _888.0 ¥6£086°0 _mmmmoo._ _cﬁwmm.o 1S8586°0 _m_momo..
$10]08} |RUOSE3S
goL1zz  |osvzze 84¥00ZZ |ezelze zegoze  |zveoze 9861z |e11L1E 99551z |0z1S1Z 0L9c1z  |e8zeLe "t GLBL
66LS1Z  |E¥ZSLT gecvlz  |oogelz 109€1Z  |€08EILZ 6v6zlz  |S6SL1Z gsc1z |siene vevolz  |se8802 Tt pLBL
8L¥60z  |628L0Z 78850z |zeLvoz L1502 |€9z502 68EY0Z  |62L202 z6s00z  |erio0z zs800Z | 181002 “tr LBl
£98861 001961 6YYS6L  |ELLE6L zeozel  |oegost gylesl  |c88L8L 118l |eiso8l ggoval |ovLzsl ©tTL6L
z0s181 968081 ops08L  |zszost oLl |8zL8LL 996441  |LSELLL gpaSsL | zovbiL gzeeLl  |iecizn LBl
YOLOLL 1Z00LL 669691 |656891 vstzol  |iizsol 150691  |€£95G91 G0959L | vo9v9l 6LL£9L |6Z1691 tr0L6l
Po11ad 1U3031 J3A0 JUBUNSNIPE (1010By-PaXI) INSIUIWIBIBG
1£90£0'L |ov9so0'L  |8soe66” |s69e66° G69G86° |0GLL66° S6v66° |08E6L6° 019900°L |£05L86° 800886 |9z6620°L Tt g6l
£501€0'L  |c9z800'L  |ev6i66” | 1L6ETE6 0L6586° |6€.866° 0zES66° | 1096L6° 620900°'L |266986° vEpese’ |Z180€0°L “ttpLBl
os11€0’L |vsso00'L  |ecvies |8EELEE y86¥86° |088966° L82€66° |0€86L6° £8£L00°L |82686° G18066° |9852€0°L Tt gLel
1Z00€0'L |z9ss00'L  |oocL66” |£60266° S0LS86° |£58966° 8€8E66° | ¥00186" 0zLL00°L |291686° §Z5066° | 89ZZE0’L i ZLBL
885620t |90£500'L  [St5866° |€ELE66° 90L¥86° |68SV66° 802266° |9€6086" ¥56800°L |626686° 6L1686° |018ZE0'L LBl
600620'L |0¥t900°L L1,866° |0L9€66° vL1v86"  |0zZhre6 696266° |691186" LEP800°L |ZZE686° L£6686" | ¥EZEEO'L “0L6L
YY60E0’L |E££6L00'L  |€61666° |12Z€66° vzez86’ |8z6266° 989166° |LV66L6" L9SL00°L | EV1686° 7S6066° | BEZSEO'L " 696l
£860€0°'L |96€800't  |S01000°L |ELEEEE" yoeess” | 19L£66° 108166° |Z916L6° 6€0900°L | 9£686° 66G166° |BLLEEO'L “* 8961
9140£0'L |62££00't  |bL1000°L |909€66" 119z86° |zLbZ66° L98166° |vzs6L6’ ZYELOO'L |E¥B686° GGZZ66° |6SLEEO’L "t 196l
9p20€0'L |s6L00't  |pS0L00°L |zoBEES' 9c9186° |851166° 605066° |,.986° 8t6.00°L | £89066° 99€€66° | EELYED'L " 996l
81z1e0'L |1vzeoo't  [svoL00'L |98LE66" 099086° 680066 00z686° |Evv8L6" £9€800°L |68£066° 86966 | v2ZSE0'L " Gg6L
€v0ZE0'L | 1¥9600°L | bzL100°L |EZ9E66” 9.6086° | 169066° LL6186° |9zeLLe GEVI00°'L |ZES066° 610666° |991G€0°L " pe6L
LLz1e0’L  |ecos00't  |e8s000'L |85.266° L26086° |190166° 69/886° |€v96L6° 9v6900°L | 180166 GEVSE6™ | LZTYeo'L " €061
G801€0'L | 108001  |6v6666°0 |6c61660 | 88086°0 |8c81660 | 0810660 [LvS0860 |2Sc200°L |SL11660  |98.t66°0 |9GLEED"L "t Z96lL
thSmw _wCOmmww
695122 |ceLiee zewozz  |oszizz 18602z |l9c0zZ eveozz  |ceeciz 165l | 8Sesie vozeElz | vevELT Tt GLBL
625512 LBSY1LZ ogiviz  |oi8eLe voLElz  |vooviz vezeiz  |oactiz gpeziz  |09sLLz v1860C | S6880Z pLel
zeleoz  |zsstoz 1bL50z  |z9Lsoz £6950Z |8£8502 zLosoz  |svezoz L0L00z |z88661 op8661 | LS8661 Tt ELBL
£18861  |z£0961 Lpes6l | czovel zzezel  |698061 zeossL  |oceest oes8l  |ele98t p18€81L 005281 tTLBL
££5181 08081 zzvosl  |961081 gz008l  |zv9eLl sG/8L1  |eszLLL 6EVSLL | ZSiIbLL ov9zLL | 9LbLLL LBl
6280L1  |€18691 99c69L  |z16891 0esL9t | v80991 959691 | zevsol €6959L | 80pv9l £0LE9L | 8GL¥9L " oL6l
G8LZ91 Ge9zol 9,9z9L |g91z9l 9s2191  |iegzol 86191 |6Lb19L pLGLOL | €18091L p1€091 | 06651 “* 696L
8/88GL  |z9GLSlL 8zz9SL | 180851 060¥SL  |6zZESL osezsl  |ectist z966bl | esesyl geesyl | 6508YL " 8961
6LZLYL 8559p1 gezovl  |oLiGwL gZLvyl | zoezwl otzivl  |eseovL o0zeel | sseel Lepg8EL | €L9LEl 1961
vEOLEL EVTLEL zsvieL  |eL8Lel G8L9cL | bL99€EL vieLel  |opLeet got8el | czzLel 8169cl | 8taocl “** 9961
LLLSEL GGEVEL 6covEL | 908ZEL 0SLLEL  |e8zLEl £z90eL  |cveoel G6SOEL | 68ZOEL ozvocl | 9800€L " Go6lL
vLBTL SYE6ZL 600621 |ezzszl egvizl  |zzvezi 99gszl  |sg9szl LvoszL | LE6YTL ggvszl  |zosvzl 4961
ze6eTL LoLvzl g18ezl | Lvoszi LLoszL  |eeczel (8r1zL  |96vzzL 1op1zL | 9zeizi g681zL | zELOZL " £96lL
zL1ozt 1610Z1 zzLell  |seLsit piv6LL  [szesilL eLi6tl  |1zzozt LLS6LL | Lve6LL veeozL | 9968L1L " z96l
POYI3W 2115eYI01S-01ISIUIWIA3P AQ paisnipe sauag
13qwiadag | Jaquianon 130120 | J9quuandag snbny Aop aunp Aeyy j1dyy " yasey Asenugaq Asenuep 1ea A

LW 40 LNINOJWOI L1SOd3a ANVINIQ v-V aiqel

%




COMMENTS ON “SEASONAL ADJUSTMENT WHEN BOTH DETERMINISTIC AND
STOCHASTIC SEASONALITY ARE PRESENT”’ BY DAVID A. PIERCE

Larry D. Haugh
University of Vermont

INTRODUCTION

Seasonal adjustment has always appeared to me as one
of the more perplexing areas of statistics, and so [ was
quite happy, upon reading this paper (as well as others
presented herein). to see some deviation from Anderson’s
Law. Perhaps, not as well known as' Murphy's series of
laws, it nevertheless is often applicable to statistical
treatments of real-world data problems. Anderson’s Law
(slightly revised) states:

There is no problem, no matter how complex. which
upon careful (statistical) analysis does not become more
complex.

Quite to the contrary, this paper emphasizes clearly. a
number of points that should advance our understanding
of how seasonal adjustment could be done. In fact, it
sketches an outline of a method to compute seasonally
adjusted series, together with case studies of the method’s
application. Along the way, it suggests a few improve-
ments that could be made in the Census Bureau seasonal
adjustment program and also suggests that taking moving
averages is not the way to detrend series.

This paper does not propose. however, the X-| vanant
of the Pierce method-I seasonal adjustment program (as
an alternative to the X-I1 vanant of the Census method-
Il seasonal adjustment program). That is because—

I. A number of relatively minor details are left to the
reader, since not all situations that could arise in his
model’s framework are discussed in detail. This
would include, for example, a multiplicity of possible
differencing schemes, together with a variety of
possible trend models. In addition, some aspects of
real series, such as trading-day varation, were not
intended to be presented in this paper.

2. The method, as we see it now, is still under
development. As pointed out, some issues that arose
in the case studies deserve future work.

3. Most importantly, by the nature of the method
proposed, it has not been programed for autdomatic
application to all economic time series. The strategy
being proposed is much akin to a modeling strategy,
since those aspects of the model that are important
at various points in the procedure must be identified
from the data at hand. And. these identifications are
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made through judgmental decisions on the part of
the analyst, not by a programable algorithm.

The task set by the author is the seasonal adjustment of
a given time series, using only the information contained
in that seres. It is made clear that if any strong a prior
model conceptions are held or if the interrelationship with
other series is to be used, then the proposed procedure
should be modified.

The first point to be made is that if a particular model
fits the data series well, then the seasonal adjustment
procedure should be geared to that model. With this
desirable assumption, the remaining issues to be consid-
ered are—

I.- What general class of models is to be entertained?

2. How is the right model in this class to be identified
(selected)?

3. What is the optimal seasonal adjustment for such a
model?

The major points made in the paper are the emphasis
he gives to the distinction between stochastic and deter-
ministic models and the fact that he wants both stochastic
and deterministic elements to be considered for possible
inclusion in the model.!

The general form of the model considered is then

Ye=PutSutPautsyte,

where y, has been initially transformed (most often by
taking logarithms and then first differencing). The deter-
ministic components, trend and seasonal, are given by p,
and s,, while the stochastic trend and seasonal compo-
nents are p, and s, with e, representing the irregular
noise component. Of course, certain series may have only
one deterministic or stochastic trend or seasonal compo-
nent, but the choice of which components are to be
considered in defining the optimal adjustment should be
based on empirical model identification techniques.

A very bref outline of the methodology, after initial
transformation to stationarity of any stochastic compo-
nents, would be to—

|. Estimate the deterministic components by ordinary
least squares regression methods. Here, the author's
general experience has been that deterministic trend
terms are trivial, once the usual first differencing

! See, e.g., [2] where Granger argues that it is essential for seasonal
models to include stochastic components.
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that is required has been performed. Therefore, little
indication is given on how the form of trend and
order of differencing are to be simultaneously identi-
fied in general. He mentions that an F-test could be
performed to check the overall significance of any
deterministic terms to be included.

2. ldentify the stochastic trend and seasonal compo-
nents from the residuals of the regression, a more
difficult feat than (1). Actually. as is discussed by
the author, the remaining stochastic components
may be usefully represented as

uf=sh+nt

where the trend-cycle irregular components are
lumped into the stochastic nonseasonal component
n¥. The identification problems existing here with
the separation of seasonal from nonseasonal compo-
nents are related to the usual ones that exist when-
ever unobservable components have to be identified.

In the following section, attention will be directed to an
implication about the form of the proposed stochastic
model and to a generalization of it.

IDENTIFICATION OF STOCHASTIC COMPONENTS

Given that the stochastic residuals are to be represented
as (s¥+n¥), the author’s approach is to initially focus on
the nonseasonal part n}¥. Roughly, he suggests looking at
the autocorrelation function of the residuals and using the
pattern appearing at the low-order lags to identify the form
of n¥. This pattern is identified in the form of a polynom-
inal 4 (B), which then represents the autoregressive part of
uf orny, since

hBut=5yth,

with 7, being white noise and §, strongly seasonal, i.e.,
having autocorrelation only at seasonal lags.

[ think there is a useful way to look at what the author
is doing at this stochastic modeling stage in a different
manner. A filter A(B) is desired that will give a strongly
seasonal output when applied to the residuals u¥. Note
that the §,, series will be strongly seasonal if, and only if,
(g +n,) is strongly seasonal, and, thus, the white noise
component is not initially an important aspect of the
problem.

It turns out that, to find such-a filter A(B), one must
essentially model the residuals as a multiplicative seasonal

" model (1]

ut=N(B)S(B)e,

where N(B) and S(B) represent the nonseasonal and
strongly seasonal parts of u}, and ¢, is white noise. That
is, one should identify from the ACF (or otherwise) and
then efficiently estimate, a multiplicative seasonal model
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in which N(B) and S(B) could be rational functions of B in
general. Assuming this is done, #(B) may then be taken as
h(B)=N(B)!. Note that there would seem to be no reason
why A(B) could not be generalized to a rational function of
B instead of being restricted to a polynominal in B. The
residuals «? are then filtered by A(B), actually by its
estimate, to obtain the strongly seasonal output S(B)e,.

Next, to accomplish the additive separation into sea-
sonal and nonseasonal components that is desired, one
can think of the problem in terms of extracting as much
white noise as is possible from S(B)e, to obtain

S'(B)e+,

This maximum extraction of white noise corresponds to a
minimum extraction of seasonal components—coined the
“'minimum extraction principle’ by the author.? See the
discussion by W. Wecker [5] concerning this extraction.
Finally, the desired decomposition of «¥ is achieved as

ut=N(B)S'(B)e,~N(B)i,

Seasonal adjustment of the stochastic component is ac-
complished by a symmetric moving average filtering of
the residuals, where the filter depends on the estimated
filters N(B), S(B) and S'(B).

SEASONALITY OF ARMA MODELS

One of the inherent problems in seasonal time series
analysis is defining what **seasonality.”” or **strong season-
ality,” is, contrasted to trend, cycle. or irregular move-
ments. (See, e.g., [2; 3].) It would seem imperative that
time series analysts should be able to say whether
particular time series models (as opposed to real data) are
seasonal, strongly seasonal, or not seasonal. In particular,
I wonder whether it is clear to everyone concerned how
ARMA models should be classified?

It would seem that (1-¢B) and (1-¢,,8'?) would be
termed ‘‘nonseasonal’’ and ‘‘strongly seasonal’ factors.
Unfortunately, as is well known,. a series with an autore-
gressive factor (1-¢,B-¢,B?), appearing to be nonsea-
sonal on the face of it, can have a seasonal or periodic
appearance for certain parameter values.

The classification confusion seems worse when seasonal
and nonseasonal lags both appear. either in the same
factor or in factors being multiplied together, e.g., (1-
&1B—-b,B*?) or (1-¢B)(1-¢,,B'2). Note that Granger [2]
classifies the combination of nonseasonal and strongly
seasonal factors, e.g., (1-6B)(1-¢,,B'2)~! as strongly
seasonal. Additionally, the distinction between seasonal
and strongly seasonal models needs to be clarified.

2 The phrase ‘‘minimal extraction principle”” is reminiscent of the
long-standing principle adopted by dentists to take a tooth out only if
absolutely necessary.
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Note that an implication of the author’s assumption 3,
i.e., the seasonal component of a filtered series is the
filtered version of the original series’ seasonal component,
is that the seasonal components of series can easily
involve factors with nonseasonal lags. For example, the
seasonal component of 4} involves the nonseasonal factor

N@B).

CONCLUDING REMARKS

Realizing, from the section on the identification of
stochastic components in this paper, thai the stochastic
component of the proposed general time series model is
really of the multiplicative seasonal type, then we have
the transformed version of y represented as a sum of
deterministic trend and seasonal terms plus a multiplicative
seasonal stochastic component. For the purpose of sea-

WY ORI . . S . I . s L s A5, o S o g
SECTION y
sonal adjustment. the multiplicative component is adg;.
tively broken into unobservable components using the
minimum extraction principle.
It is important, for practical work, to have a class of
models broad enough to mimic most real series well, ang
there is high hope that the model proposed here will be
adequate in that regard.
Conceming the estimation of the model parameters, the
author proposes a stagewise approach. estimating the . Bc
deterministic components’ parameters first and then est. Ar
mating the stochastic component parameters at a later Fr
stage. | wonder if a more reasonable approach would noy G
be to estimate the regression and time series parameters -
simultaneously once the components have been identified pr
in the present stagewise manner. The properties of such
parameter estimates are well known, even in the some. . N
what generalized model discussed in these comments [4), m
2
O
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COMMENTS ON “SEASONAL ADJUSTMENT WHEN BOTH DETERMINISTIC AND
STOCHASTIC SEASONALITY ARE PRESENT”’ BY DAVID A. PIERCE

William E. Wecker
University of Chicago

INTRODUCTION

The paper by Pierce offers a comprehensive approach
to seasonal adjustment that considers both deterministic
and stochastic seasonal components. The deterministic
seasonal component is removed using ordinary least
squares regression on dummy variables. Any remaining
seasonality is extracted with a symmetric linear filter. The
method is illustrated nicely with four examples.

While the approach is, in principle, quite general,
Pierce’s development of the symmetric linear filter (used
to extract the stochastic seasonal component) is carried
out under rather restrictive assumptions, and 1 would like
to offer suggestions for broadening the approach while
retaining, I think, the spirit and intent of Pierce's method.

STOCHASTIC SEASONALITY: A SPECIAL CASE

After the deterministic seasonality has been removed
from the time series (using ordinary least squares regres-
sion on dummy variables) it will be the case, in general,
that the residuals «, of that regression will be marked by
correlation at seasonal lags. To estimate this remaining
seasonality, Pierce first constructs a (nonseasonal) linear
filter to remove the low frequency component from the
residuals. The filtered residuals &, are then represented as

‘;1=.§,+’i(

where §, is a purely seasonal stationary random sequence
(having correlation only at seasonal lags) and A, is a
white-noise sequence. The components §, and 7, are taken
to be orthogonal. It is at this point that Pierce imposes
the restriction that &, has the univarate representation

 (1-8B™)
u'__(l_¢B'2) a,

where B is the backshift operator, a, is a white-noise
sequence, and the parameters ¢ and O satisfy the relation
0<O <<l

For this special case, Pierce develops the signal extrac-
tion filter, his equation (53), for estimating the seasonal
component of &,

. 02(1-B")(1-B~®)
M o2 (1-0B %) (1-0B-72) '
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STOCHASTIC SEASONALITY: A MORE GENERAL
APPROACH We t
When the filtered residuals &, are not well representegd
by the simple model
g _(1-8B%)
=Y
a more general approach to seasonal adjustment is neces-
sary. Here, we extend.Pierce’s work by allowing &, to be The
represented by the more general expression th'?l
wi
u=¥(B"%a, (1)
where W(B'2) is a rational function of the seasonal lag
operator B'? and a, is a white-noise sequence. We denote
the spectrum of &, by so't
fA)=0% WZ*)¥(Z~1?) -T=AsT of t
where Z =e'*,
To determine the filter for estimating §, in the compo-
nents model
12,=5,+ﬁ, ;-)hif
we require f;(A), the spectrum of §. Unfortunately, the
seasonal component spectrum f;(A) cannot be uniquely
determined from the overall model (1) alone. We resolve
this ambiguity using Pierce’s principle of *‘minimal extrac-
tion” that says ‘‘to remove as little as possible yet still
remove the series seasonality’’ [3]. More precisely, the This
principle of minimal extraction requires that the variance .
of the seasonal component be chosen as small as possible,
or equivalently, that the vanance of 7, be as large as
possible. The magnitude of o2 is limited by the restriction
that the seasonal component spectrum (as any spectrum)
must be nonnegative for all A(-m = A < 7). Since the
components §, and 7, are taken to be orthogonal, we have
SAN=F(N)=f(A), which fixes the (constant) value of f,(A\)
at fo(A\)=min f{A) and the seasonal component spectrum at wt
A
SA)=f(\)- mAin S ob
Once the spectrum of 5, has been determined, the sym-
metric filter
ALY
fQ) -
ex
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can be constructed and the stochastic seasonal component
estimated [5; 6]

f,m
Trm

We illustrate the more general approach by applying it
to Pierce’s special case where the overall model is taken
to be

. (I—GB")
T-¢B™)*

We first form the spectrum of &, which is
(1-92')(1-8Z-1?)
(1Z*)(19Z-1?)

, 1002 cos(12A)]+6?2
l—¢[2 cos(12A)]+¢?2

f\)=0? Z=el

The spectrum of &, is shown graphically in figure 1.! In
the case studied by Pierce where 0 <O < ¢ < I, f(A)
will have a minimum of

min f\)= (:::) e

so that, by the minimal extraction principle, the spectrum
of the white-noise sequence 7, can be taken to be

1+6
fa)= (1+d>) ]

The spectrum of the seasonal component §, (shown in fig.
2) is, therefore,

fa(k)sf(k) ‘fn(h)

2{(l—ez")(l-ez-ﬂ) (|+e)2}
(1-6Z7)(1-¢Z"2) \1+¢

This results in the signal extraction filter

2 2 12 -12
£ _ (1-6Z2%)1-6Z-! )—( ‘+¢) (1-Z*)(1<4Z-"
& (1-6Z%(1-62°)

[4;(":2 .e][(|+z")(|+z ")]

(1-62%)(1-6Z-") (2)

where Z is interpreted as the backward shift operator.
For this same case using a different approach Plerce
obtains the filter

ocWl+Z")(1+Z271)
o%(1-6Z%)(1-6Z-7)

(3

' Parameter values for the figs. are taken from Pierce’s CPI
example.
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where o2 is determined from his equation (51)
(1+0%)0%=(1+0@%) o+ (1+4*) 0%
O02=00+doi
0=-I )

To show that Pierce’s filter (3) is the same as the filter (2),
we first solve equation (4) for o2, yielding

az="§'{u +07) _ ( b ¢) (I+ ¢=)} 5)

Pierce’s filter (3), stated in terms of the parameters ¢. O,
and o2, then becomes. by substituting (5) in (3).

%[(1+e=) (”2) (|+¢=)] (1+Z2)(1+Z- 1)

(1-62)(1-86Z-12)

which reduces to

[4' (',—:%) 2-9] [(l +Z'2)(1 +z—-z)]

(1-62'%)(1-6Z-)

showing that filters (2) and (3) are identical.

OVERADJUSTMENT

Pierce observed that, in two of his examples where
stochastic seasonality was present, his method had ‘‘a
tendency to overadjust’ in the sense that the seasonally
adjusted series had negative correlation at the seasonal
lags (or dips in the spectrum at the seasonal frequencies).
Ad hoc adjustments were made by Pierce to counter this
tendency. We will show that these dips are not an
inadequacy of this method. At least, they are not as
conjectured by Pierce—an artifact of the sampling proper-
ties of his estimation procedures. The dips would persist
even if the spectra, f(A) and f,(A), were exactly known.

To show this, we denote the spectra of §,, i, and i, by
£\, fo (), and fF(AN)=f(A)+f,(A). Using a theorem on the
spectrum of a linear transform of a stationary time series
(1], the spectrum of the seasonally adjusted series is
determined to be

fu-‘()t)=[|—7(z)] [I—y(Z")]f(k) (6)

where Z =¢™* and y(Z)J}((M

fn(h)) )

Su-iW)=faX) (f(h)

Unless the white-noise component 7, has zero power at
the seasonal frequencies, the spectrum of the seasonally
adjusted series will have dips at the seasonal frequencies,
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Figure 3. AN ARTIFICIALLY GENERATED RANDOM WALK WITH OPTIMAL
- (MEAN SQUARE ERROR) PREDICTIONS
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L)
f)
(M- Should these dips be viewed as a discrepancy?
Apparently not, if the mean square error criterion for
signal extraction has been accepted. It may be of help to
the intuition of some (and a further burden on the intuition
of others) to recall that, in prediction, the sequence of
(mean square error criterion) estimates of future values
will ordinarily bear little resemblance to the actual se-
quence of values. We illustrate this point in figure 3,
where an (artificially generated) random walk is shown
with predictions. The autocovariance properties of data x,
and of predictions %, are different. Are the predictions to
be considered inadequate because of this difference?
Certainly not. The predictions %, are perfectly respectable
mean square estimates of future values of the time series,
just as the estimates §, are perfectly respectable mean
square error estimates of the values of the seasonal
component (despite the fact that the autocovariance prop-
erties of s, and of s, are different).

Perhaps the reason Pierce finds this difference unsettling
is that he has, in the back of his mind, the intent to use
the seasonally adjusted series to make statements about
path properties of the time series, such as turning points.
If that is the objective of the analysis, an entirely different
approach may be appropriate—an approach determined

due to the factor on the righthand side of equation

279

by explicit consideration of the requirement to estimate,
e.g., the timing of a turning point. It is not at all clear, for
example, that a seasonally adjusted time series constructed
according to the criterion of mean square error estimation
can be used (in any simple way) to estimate the timing of
a turning point. (See [4]).

THE LOGARITHMIC TRANSFORMATION

Finally, I would like to brieflv comment on Pierce’s use
of the logarithmic transformation of the original time
series as the starting point for his analyses. I am reminded
of the case study reported by Chatfield and Prothero [2]
where the results of an analysis of a seasonal time series
were criticially dependent on the choice of transformation
and, in particular, were grossly unsatisfactory when a
logarithmic transformation was used. The analysis of
transformations for time series is, of course, an open
area, and Pierce has simply adopted an opening move
that has become as common as pawn-to-king four. Still, it
may be that the choice of transformation is a crucial
determinant of the seasonal adjustment results (as was the
case in [2]), making the subject of transformations worthy
of further attention.
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