This PDF is a selection from an out-of-print volume from the National Bureau of Economic Research

Volume Title: Annals of Economic and Social Measurement, Volume 6, number 5
Volume Author/Editor: NBER

Volume Publisher:

Volume URL.: http://www.nber.org/books/aesm77-5

Publication Date: December 1977

Chapter Title: MACROECONOMIC POLICY IN A DYNAMIC TWO COUNTRY MODEL
Chapter Author: Masanao Aoki, M Calzoneri
Chapter URL.: http://www.nber.org/chapters/c10548

Chapter pages in book: (p. 154 - 173)



Loonatls of Econontic and Social Meavurement -5 17y

MACROECONOMIC POLICY
IN A
DYNAMIC TWO COUNTRY MODEL+

By M. AOKt* AND M. CaNZONERI**

We develop o dyvnamic two country policy model and trace the effects of one counry's policy

. ? ¢
actione az they pass through the world ceonomy. We alvo artept (o characterize the inter
dependence of policy piaking tn dyianiic conext

As world markets develop, the study of international cconomic linkages
beeomes more and more important. We hear unions claim that their gov-
ernment’s policies are exporting jobs. One country claims another is ex-
porting inflation or unemployment. The continuing nature of these dis-
putes would seem to indicate a lack of consensus about how internationai
transmission mechanisms work. Closely related is the study of decentral-
ized policy inaking. The gradnal demise of the Bretton Woods system has
resulied in attempts to establish a new international regime. Croups of
countries have discussed or attempted various types of economic integri-
tion. The continning nature of these discussions suggests that the nu{urc
and degree of interdependence in macrocconomic policy nuking are not
well understood either.

While these issues are timely, they are certainly not new: muny
economists have studied them before us. However, we think that in the
past far too much reliance has been placed upon single country modeis
and small country results. This reliance was surely not by choice; it must
be due, at least in part, to the lack of techniques capable of handling
medium-sized. dynamic models. Here we hope to show that state space
techniques, some of which may be unknown to cconomists, are capable of
handling such models. We think that they can be used quite successfully
to provide new answers to old questions in the area of international trade.

In this paper, we develop a dynamic two country poliey model, and
we trace the effects of one country’s poliey actions as they pass through
the world economy. We also attempt to characterize or measure the inter-
dependence of policy making in this dynamic context. The version of the
model analvzed here may not provide a very convincing description of
international transmission mechanisms or practical solutions to the prob-
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We wish to thank several anony mous referces for helpful comments and suggestions.
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policy instruments: these flow constraints requ
feserve dequisitions be financed by incre;
i

lems of decentralized policy making. but we do hope th
new step in the right direction.

al we have takey a

I A WoriD Trane Mopr

Our hypothetical world consists of two countries. Fach produices
single good that can be consumed. traded or used as capital. Ang cach
supplics two financial assets money and bonds  to world markets. To
presentour new way of carrying out short-run analysis in a simple Sctting.
our model has several simplifving features. IFor example. we assume that
the two countries produce identical outputs and that their bonds
fect substitutes. This implies that the domestic interest rate. i must equal
the foreign interest rate, j*, plus the expected rate of the exchange ryte
change, p. Under the additional rationality assumption that the expected
rate of the domestic inflation 7 is related to that ef the foreign country by
m = p + m*. this means that the real interest rates ol the two countries
arcequal /i — 7 = i* - ¥ Jlence the Kevnesian investmen functions
we use in the model imply that the capital stocks in the two countries are
closely related (since the marginal products of capital in the two countries
are similar by assumption). There are other simplifving assumptions. They
will be discussed as the model is formally presented. The basic dynamics
of the model are provided by the two Kevn

yoesian investment functions and
expectaiion formation. There are also flow

b

are per.

constraints on government
ire that deficits and foreign
ases in government debt.
Our model differs from Mundell's (196%. Chapter 18} familiar small
country model (with perfect capital mobility) in two important way.
; Mundell does not assume all countries produce the same good. so he ob-
7 tains certain terms of trade effects that are not present in otr model. Also,
Mundeil's basic set of equilibrium conditions includes a “forcign ex-
change market™ cquation whick states that the balance of pavments for
the government s acquisition of foreign reserves) is equal to the trade bal-
ance plus net capital inflow. Our model incorporates a stock ¢quilibrium
formulation throughout the asset sector. A foreign exchange equation can
be derived from our cquilibrium conditions. but it will differ from Mun.
dell’s in the specification of the determinants of net capital flows." In this
and other respects. our mode! is mere in the tradition of the newer
“monetary” approach to exchange rate determination.? Qur model is sim-

; IN. Waliace (1970) provides helpful discussion of these dssues,
? nole thal the foreign exchange equation docs nal appe
: for the two couniny mode! Mandell oatlines in the appendin of Chapter 18, That meded
would seem 10 be g1 odds with his smal] country mode

; Land more i line with our model.
The Seandannvign Jaurnal devoted issye #2758 1976 10 1his approach.

It s interesumg o
dr amoay the cqeihibrium conditions
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ilar to Henderson's two country model (1974). but we A
to short-run analysis. :

Our anzlysis is similar o those of Blinder and Soloy (1973), Branson
(1976) and Fuinovsky (1976) in that we pay expliait attention .
namic imphications of the How constraings on gov

attention

to the dy-
. crnment instruments.
However. our techniques allow us to analyze short-ran dynamic eifeets in
addition to comparing fong run stationary statcs.

The model can be described by the following equations:
Equitibrium in the good market:

C=0CY -1l = 1g)q = G(Y/K. 6.0 — 1)

(2) ¥Y* = C* 4+ I*  §*R'* 4+ (* 4 y=*

CH = CHYS = TR < 1oy = oy ks go o )
3) Y = S(A.P)

) Y* = S¥K* p*)

(3) A= —X#

(6) P = Epx

Equilibrium in financial markets:?
1) M/P = Lip.i.Y. W)

I the asset seetor, we assume that demands always cqual supplies. The demand for
domestic money comes from wo sources; domestic residents ind foreigners, Suppose that
the foreign demand for domestic money is given by MiP=ao*p.i ¥Y*) (4 *iP*)., where
A*7P* s the real wealth of the forcign country. Then, the domestic denvimd for donestic
noney is (3 — M/ P = alp. 0. Y)C4/P), where 4 FP s domestic reat wealth, Agpregating
these two sources, we write the demand for domestic mones as M/P = afp. ;. ¥, v* NA*/
P* + A/Pywhere ais the weighted sum of - and a*. We assume that the weights such as
¥/ P*)j(4/P 3+ 4*/P*ydo not change appreciably in the short-run and tike them to be
constants.,

Thus. (7) should have Y* as =n additon:l argumeni. However, its absenee can be
sustitied in the following wiv. The asset cquations are to be nsed in deviational or varia
tional forms to perform short-run analssis. Sinee the deviannonal oulput rates of the two
coantries are related it s not necessary 1o carry both variables (¢ and ¢* inour notation}
i the asset equation, Aggregating demands for bonds stmilarly. we can use real world
wailth as the argument in the asset demand functions. el By - R- B~ B)jP+
Blpi. ¥y P where B = gk P:domestic demand for domestic bonds., (IJ';)"'/ Po=(pity-
A/P:doniestic denand for foreign government bonds. The foreign counterparts are sim-
Harly defined. Aggregating them, we obtain B, - R+ ByP 4 (Bf - R* « B*)jpP* =
(3 + 7 (4/P + A*/P*)where 3+ 3 s the weighted avernge ol d + y and g% + 3% Here
there is additonml justitication Lo asseme that 3 + v = 3% 4 3 since the two countrics
nave simibar financial structures oy assumption. Then d + 3 = 3+ y = 4% 4 3 * and there
will be Tittle aggregation bins. Even if this assumption is not vaiid, the other iwo reasons
advaneed above indicate that the svariational expressions obtained nsing the resl world
walth are appreximately correct.
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(8) M*[P* — [ *(p % v+ Iy
9) N
(10) i = (1 P)M 4+ qAh + (H/P)h, R)

FIPEIME 4 g R* (1) rey B gy
Capital formation:
(I K= Iy
(12) K* = I%(g*)

N e N S
Constraints on government imstruments:

(13) M+ Bo= ER* 5 P - 1)
(14) M* 4 BY < RJE & priGe 1)
(15) AM o+ AB, = LAR®

(16) AM* L ABE (1/1)AR

4There are two additional cquiations for the current accounts of the two conntries. One
equates the rate of change of the home private holdings and the heme government holding
of the foreign government bonds {sinee we assume that private hoids are pot imcrn.nion;m_\
traded) to the currant account (inferest receipts on the home country's holding of the foreigg
government honds plus net trade halance y There is 4 similur CUTTERT Aecount equation for
the foreign country s holding of the home government bongs,

Just as (13) can be specialized to discuss full money or full hopd finneing of the 2o
crnment deficit, the domestic privite sector holding of the lercign government tords cn
vary with time depending on the degree of sterilization adopted by the home governnient
(in addition to the instruments which can afleet the enrrent deconnt itselfs. If the interest
receipts are neglected as o small percentage of the hame disposahle income, then the ey
ret aceount equals the trade halinee. and wWeenn show thatitis affected enly by the eapital
stocks and G und ¢+,

To examine the dynamics in full generality, we must i
denote the degree of money fin
tion. In order nant o increase th
special cases, such as the titae
sterilization by both countries.

In this case, the private holding of the
and does not appear in the vy

troduce two new Instruments to
anemg of the government delicit and the degree of sterilizg-
¢ dimension of the dymamies, we ean und do examine some
of tuily mones financing of (he gosernment deticits und fyll

foreign government honds remain consan

national equation. The varational equition of ( 13) hecomes
dM 8B, - EaRY Py

where

RV R T )

hence 3B, = EoR* - 6(PY ). Here we neglect vanation in the domes
eign money, As we mentioned ahove, X does nat depend on B* gpd this equation docs not
enter the state equatjon and does not increase the dimension of the state vector. It s another
target equation, Similarly for the foreign counrry under full money tinuncing of the delicit
and full sterilizatjon. ' -
We therefore, do not exhubit these Cqnitions here,
longer valid if the omtput deviations are
tionsis set out jn

tic holdings of the for-

Lhis type of simplificition is no

price clustic. Details of such dyramie complics-
a smail country framew orh in Aaki (1977).
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Expectation formation:

(17 T =p o+t

(18) T = I'”/I’ = 3{F - P°) + constant

w* = PE/P* = BFP* — P*) + constant

il

!

Y. X umi K arce the real home cpunlr.y output. trade balance and capi-
tal stock: P is the home currency price of output: ¢ is the price of existing
capital relative to new capital (i.c.. output): i is the interest rate paid on
home bonds: G}lnd ! are the real rates of home government spending and
taxation (net of transfers); A the home money stock: B, is the nominal
value of home government bonds held by the private sector; W is the real
wealth of the private sector: the exchange rate F is the home currency
price of foreign currency: g is the expected rate of depreciation or
[2/E, and = is the expected rate of inflation or P/P. Variables with »*
superscripts denote the foreign counterparts of home variables. 8 and R*
will be defined below.

Fquation (1) describes home demand for output. Home demand con-
sists of consumption demand (which depends upon disposabie income.
gross investment demand (that is, net investment, 7, plus depreciation,
3K)and government demand. The excess of home production over home
demand is the home trade balince. Equation (2) describes foreign demand
for world output. Equations (3) and (4) are the supply curves for world
output: in the present version of the model they are price-elastic. Equa-
tions {5) and (6) are equilibrium conditions in the goods market. The first
requires that world supply of output equal world demand: the second re-
quires that the home price of output equal the foreign price.

Equations (7) through (10) describe the asset sector. There are ac-
tually four assets in the model: home money, foreign money. home bonds
and foreign bonds. These assets carn Q, p. 7 and i* + p respectively in
terms of home currency. or —p. 0.7 — p and i* in terms of foreign cur-
rency: the interest rate difterentials are, of course. the same from either
point of view. Since home and foreign bonds are assumed to be perfect
substitutes. their interest rate ditferential will be zero in equilibrium
(equation (9)), and the number of assets is effectively reduced to three:
home mouney, foreign money, and world bonds. The demands for these as-
sets are aggregated over the citizens of both countries. Using the world
wealth constraint. it can be shown that all three asset markets must be in
equilibrium when any two markets are in equilibrium: this is Walras™ law
applied to the stock portfolio equitibrium. Equations (7) and (8) are the
equilibrium conditions for the kome and forcign money markets: they im-
ply equilibrium throughout the whole asset sector. Equation (10) gives
the real world wealth of the private sector. Firms are assumed to hold all
of the capital stock and to issue bonds (or equity) to finance new invest-
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ment. The real market value of the existing capital stock js qh 4 grps
where g, the price of existing capital relative (o new capital. depengs n 4
Familisr way upon the real rate of return on bonds and the margina| pr,.
ductivity ol capital.” (Here, Y/R s osed as a proxy for the Miarsin.
rroductivity of capital.y The two governments” bonds are assumed o b,
perfeet substitutes Tor private bonds. and their real valye, “/”)Bg .
(L/P*)BY is 1 component of wealth ®

In this model. we assume that the home government holds forcign
bonds. R*, as o forcign reserve asset. It is more convention:l to maod|
curreney as the foreign reserve asset: however. we think that our assump.
tion is morc realistic. The forcign government holds home bonds, g as ity
foreign reserve assct. So government holdings deplete the SUpply of ey
wealth available to the private seetor by the amount (/PR + (1/P*)Rs.
the wealth cquation (10) refleets this et

Equations (1) through (10) determine the stitic or instantancoys Cqui-
fibrium values of ¥, y* p p* i+ y N*E E and W The dynamic ¢qug.
tions. (11) through (14} and (18). propell the instantancous cquilibrium
through time. Equations (11) and (12) are CKeyvaesin T investmeny func-
tions. The constraints, (13) and (14). require governments to pay for their
budgcet delicits and foreign: reserve acquisitions by issuing money or
bonds.* Equation (18) states that expectations are formed :1duptivcl_\'; the

More specifically, ¢ = (PR A/ mhwhere MER » the srarginal product of
capital. See Tobin (1969) ar Sargent z2nd Wallaee (1971, This is the stImplest way o ragon
17¢ models inu:rpnr;mn.Ly Kevaesian mvestient functions an-| having wo direot Ik betweer,
mterest rates and the margin:| productivity of capital,

8Government bonds are modeled as call loans, ke savings
going rate of interest while their nominal value remains fised,

Consentional detinitions of policy regimes must be moditicd in an obyoys win A
“loating rate” regime is one in which R and R* are held comtant, and so on, -

BWe can derive the exact expression for the world disposable meome and indicate
the niture of pproxim:ztion we employ. In the process we can also demonstrate bow the
governmert budget flow constraing cquations (E and (1) are cmploved.

[)iﬂ'crcmi;nc( 10)

Aecoants. they pay the

WM 8o Ryip HM vy Ripis
FAGR & gR) v (M5, Ii; - R‘);’I”
LMY Ber LRy prpLe (K% = g* R
Since P = Eps e have R*7ps I:'R‘,‘ Pand Kip o<k 2Pt We e ot rezroup
the fiest and the fourth terms respectively as (A7 . Be ER*) ;P and (314 Be* - R:E)
* Replace them by (13) and (1), Neag ustng the GNP identities (1) and (2 etling 4 =
6% = 0). weobluin Asuming ¢ = g £ ),
Wy 1y e (ye P ey A (4*  hK*
(Mo By Rigip - ML pGy RE)y PHire,
I weignore the loss due to inflation and AN (¢ LA and Y DA* are small,

then () - /-’I,Q (Y T* s the world disposable meome whichis the amount that can he
consamed whijle feaving real waorig wealth inter

H36

R W 4 T




- I
a
ro-
- Al
¥

fion
el
-
s

el

R ol
hal.
en

Eihe

. g
- i

up

WG N3

cases of static expectations und perfect foresight correspond to the special
cases where 3 > 0and 8~ = (The lutter may require a special dclinili(;n
of derivatives and a terminal condition ruling owt “speculative bubbles”
or instability: see Sargent (1973), Surgent and Wallace (1973) and Km-m
(1976}.) Equation (17) is a rationality constraint on expectation forma-
tion. In a perfect foresight model, it would follow directly from {6). While
we do not assume perfect foresight, this constraint does seem natural in a
one good model.

A > denotes a time derivative, while 4 **~"" denotes a change at a
given moment in time. Equations (15) and (16) are the stock constrainis
corresponding to the flow constraints (13) and (14). The home govern-
ment chooses time paths for G, T, M, B, and R* subject to (13) and (15)
and the foreign government chooses time paths for G*, T* M* B* nd
R subject to (14) and (16); then the model determines the time paths gof the
remaining variables.

1. STATE SPACE REPRESENTATIONS

We begin by expressing the model in 2 standardized form called a
state space representation. This will enable us to make use of several well
known procedures that have been developed in terms of that form.’ A
state space representation consists of two matrix equations, the state
equation and the target equation:

Az(1) + Byo (1) + Baea(1)
Cz(1) + Dyoy (D) + Diey(t)

]

(19) (1)
(20 ()

The state equation describes the dynamics in the model. The dimension of
the state vector z is, roughly speaking. the dynamic dimension of the
model. The instruments being studied comprise the elements of vector vy
the rest of the instruments and the exogenous variables (including inter-
cept lerms) are put in z;. The target equation is a reduced form equation
describing the instantaneous equilibrium at 4 given moment in time. Any
subset of the endogenous variables can make up the elements of the target
vector 1. The state vector z pushes the instantaneous equilibrium :nd the
target vector through time. In this section. we show how the world trade
model can be represented in this form.

We have already noted that in this model the real rates of interest
must equalize; that is, equations (9) and (17} imply i — 7 = i* — v%. This
is an immediate resuit of the assumptions that the two countries’ bonds
are perfect substitutes and that their products are identical. In what fol-

i

YA0ki (1976) presents a comprehensive introduction 1o the state space approach for
cconomists. A detailed discussion of most of the technigques we use 1 this paper may be
found in Aoki’s book.

637

v N e A TERG

"
[

R

T T




H
H
B
Y
%

lows we will make four more simplifying assumptions: (i) The outpyy
supply curves are price inelastic. (i) lnvcsuAncnt. Is just a function of the
real interest rate. (iii) There is no depreciation (ie. § = ¢ - 0*). (iv) Fy.
pectations are static (i.c. r and r* are fixed and equation (18) js ignored).

‘ These additional assumptions are not particularly appealing. ang j,
principle there is no reason that they have to.hc made. The stage space
techniques described here are capable of handling the model as describeg

- insection 1. However, it turns out that M Mmost cases we would require

numerical estimates of various parameters in order 1o obtajn conclusive
results. Lacking these numerical estimates. we prefer to simplily the medel
to the point where we can obtain interesting results based simply upon
sign restrictions. We leave it to future rescarch to determine how robust
these results will be. We will be able to make some observations aboul
adaptive expectation formation and perfeet foresight in thig model.

The classical supply assumptions. when combined with the fact that
the real interest rates must cqualize. have two important implications:
First, the instant:ineous cquilibrium dichotomizes in a classical manner,
The real interest rate is determined in the market for world outpu! while
price levels and the exchange rate are determined in financial markets
Lquation (5) may be used to climinate X'* in (1) and (2). and then these
cquations may be solved for X and ; — (= 4* ~ %) Since world output
is price-inelastic. and since the capital stoeks are fixed at a given moment
in time. the real interest rate js the only variable left to cquilibrate the
world output market. Prices and the exchange rate are determined by the
tvo mouey market equations and the law of one price. Sccond. the two
countries’ capital stocks and outputs are closely tied. L_og~lincuri1.ing the
capital formation cquations (11) and (12), we have k = Jo ~ jilli - =
and &* = 2R (A ) = gE - EG - m) where & and &* are the logs
of the domestic and forcign capital stoeks, and Jrand j¥ are positive
constants.™ Thus

R =[G /38) ~ Gosiol + (1/)k

and integrating, we obtain cquation (30) below where ¢ js 4 constant de-
pending upon initial values of the home and forcign capital stocks." The
classical supply assumptions then imply a log-lincar relationship between
the two countries’ outputs, equation (22) below.

Making use of these preliminary remarks, we ean express the world
model in the following log-linear form: (Two notational conventions are
observed below. A -~ - below a letter denotes a vector of domestic and

“The reader will note that & = K /K tha IS we ure actually assunung that the per-
cenlage increase in the capital stock is a function of i - .

Mor mathematjcyl convenience, we have assumed that Jo/iy = 1877t the results that
follow can be modified M An obvious way if this ASSUMPLoOn is not justiticd.
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foreign variables: for example. p = [pp*]. Generally. small letters de-
potes the logs of the corresponding capital letters. The txcepiions to this
rule are 7 and i*. which represent aciual interest rates and not their logs

So.forexample. i — p* = i — P/ Pis the expected real rate of interest )

(2h) Y= 50+ s,k

(22) o= st o+ osFkr

or

(22) yro= (s¥sO)GEDY + constant

(23) i~ m=ng— my —nfy* + mg + n¥g* = L
(24) X o= hy + hy — hfy* — g + h¥g*

(29) p=e+p*

26 m o= p =M~ Myp — nhi + myy + myw

27) m* — p* = md + mEp — m¥i* + mEyr 4 omEw
(28) i=i*+p

(29 wo=wy o+ ok + wERE 4 owam + owEm* 4 owh, + wih}

— \\’4‘[) —_ “"?‘P*_ Wy = W, + Wy, H'} = "';‘ + “>;‘

(30) K* = ¢+ (J¥/ink

(31) ki=jo—jili = m

32) i + aby = ay + @i + asg
(33) afm* + afbf = af + afp* + ate*
(34) adm + aldb, =0

35) afdIm* + a¥Ab} =0

(36) T=p+ w*

37) T=p"=8(p-p)

where alf of the coeflicients are positive.

Equations (21) and (22) are log-linear versions of the supply curves
(3)and (4). Equations (23) and (24) are the log-linear solutions of (1) and
(2). Equations {25).....(28) correspond 1o equations (6). . ... (9). Equa-
tion (29) is a log-linearization of the wealth equation (10) where capital
gains and losses have been ignored: w,. w¥. ... w;. w} are the relative
sizes of the various components of wealth. Equations (31)...., (37) cor-
respond to equations (11). (13)..... (18). o, and a; are the relative sizes
of the components in the sum M + B,: so. for example. a; /ay = wy/w:e
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(=M/B,) and af jaf = wi/wi(= M*/B¥). Taxes and foreign re-
serves will he held constant in the exercises that follow: s, 7= g and
R* have been subsumed n the Intereept terms.

We begin by deriving the tlarget equations. or the reduced forp, equy-
tions for the instantaneous equiltbrium. Prices are determined ip financiy)
markets: using (21). (22). (23). (36). (29) and {30) to climinate Yolop b
and w. we can solve (26)and (27) for T

(8) p=N'~N&k + Nog + Nym - Naby + Ny 4 constany
/’”3(’“.\', +nfsEiF i) + PS4 mgw

1\/‘] =

\mz*(n,y, + nts¥ir )i+ mysEjk iy miw¥

nyny o, p¥ I = myw, 0
‘/\"_, = _a\" 3=

min,  m¥p¥ \ 4] I - mi¥

ngw, 0 ‘ /m, + m, -m,
/\,4 = /\i =

) * * . X

0 mfwf --m; mi + mj3

I~ gy 0
N, =

0 I — mfwk

(The ofi-diagonal elements in A, Ny and Ny are neglected as small copy.
pared with the respective diagonal clements.) Then (he exchange rate s
given by the faw ol one price, ¢quation (25). Home and foreign output are
given by (21} and (22). and the home trade balance js given by

(3% Xo= (s, - hEsEE ok — [ - h¥lg + constant,

The target cquation follows immedi;ncly from these equations.
Using (21).(22)" and (23). the capital lormation equation hecomes
(40) k = Jingk — [jn, Jin¥lg + constang

where
ny, = Sy + ’I;*\l*]?‘/[l

The state equation follows immediately from, (40). (32).(33) and (28).

HI. Ty Lrrecrs o l\‘L\('R()I:’('()N().\H(' Pouicy

In this section. We analyze the effects of monetary and fiscal policy
in the simplified version of the mode| outlined in the Iy section. The
techniques we yse can be described jn terms of the state and larget equa-
tions, (19) and (20)
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“Impact’ clk.‘cls are changes in l.hc Instantaneous  equilibrium
brought about by instantancous changes in the instrument vector. They
can be caleulated from the target equation: that is. )

Al = DN

None of the dynamic aspects of the model are involved here; the vari-
ables in the state veetor are held constant.

We also wish to analyze the on-going dynamic effects of macro-
economic policy; that is, we want to incorporate the dyvnamic elements
described by the state equation. There are several ways of doing this.
The approach we use here is often called a “perturbation™ analysis. This
approach 1s not familiar to most economists, but it is worthy of {lxcir note
since it can be used to analyze dynamic clfects in unstable (as well as
stable) models.

In a perturbation analysis we first define reference time paths for all
of the instruments and all of the exogenous variables. Let (1) and o, (1)
be these reference paths; then the state and output equations determine
a reference path 1(r) for the target vector. Now consider an alternate
path #;(¢) for the instruments, and let this alternate path be detined by

ei(f)fortrotind = 7,7 + €AT)
a1y = ) )
ety + Aeyforein g = (71,7 4 A7)

where J is a time interval that can be made arbitrarily small by making
small. Corresponding to the new instrument path, there will be a new path
i() for the target vector, and we can calculate the deviation

Al(ry = 1ty - 1)

of the new target vector from its old reference path for all ¢ > 7. Al
describes both the instantancous and the dynamic effects of the perturba-
tion in the path of the instrument vector.

It turns out that

Al = Ce™ BT Ar + Dy6,(0A0, + ofe)
where
lifrisinJ
o,{1) = {
OifrisnotinJ
ole)/e = Vase >0
and the matrix e* is defined by
e =T A+ (YDA + (P3040 + -

Pontryagin (1962, Chapter 11) discusses the derivation of this equation,
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and Aoki (1976 Appendix A) shows how the Caylev-Hamilon theorep,
can be used to calculate o4 jn aconvenient way, The term (e ’“'nng
Is a dynamic multiplier: it multiplies the perturbation in (he ins!rumcm
vector to give the perturbation in the target vector ¢ - ; 420 The secong
term is just the impact effect: it disappears after time 5 4 eAr,

Itis important to understand what is (and what jg 10 assumed
be small” here. No restriction is placed upon the size of the Petturbatiep
(Aey) or on the length of time considered (- 7). Itis the length of the
perturbation in the instrument vector (A7) that must be Tsmayll

Impact Effects:

Itis not necessary to derive the target equation expheitly. |p gp;
simple version of the model. the results are immcdi;llcl_\‘ dpparent frop,
equations (38). (39). (21).(22) and (25).

An Open Mark et Operation
Suppose the home government buys back sonie of jts bonds: thu js,
Am = ~—((1;/1r1)_&/)g >0

From equation (38). we have

[l - mywy + (o) far ), wil/(l - nigw ) Ay

Ap =
- 0
[l /0= mgw)] Am
= | 0

Where the second cquality is due 1o the fact that «, /. = wy/wy. From
(25}, (39). (21) and (22), we have

de = (I — wo) 'Am and Av = Ap = Ar¥ =0

Since m, and Wy are both less one. we know thyg (F = mgwyy s between
zero and one. So (he home price fevel (and the exchange rate) rises. and
the increase js more than proportiony o the increase in the money
supply.

The open marker operation substitutes money for bonds in private
portfolios (leaving 1oty] wealth nitially unchanged). and j creates an
€xcess supply of Mmoney equal to the increase in the money supply. If ex-
pectations ure static. (he result is quite simple. The interest rate is deter-
mined in the world output market, so Prices must move (o cquilibrate the
home money market. The home price increase would be proportional to
the increase in the money supply were it noy for the wealth effect. Rising
prices lower reg] wealth and money demand . thys increasing the excess
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supply of moncy. The forgign price fevel, the world output market and
the trade balance are not disturbed."?

If expectations were adaptive the result would be more complicated.
In this case, the rising home price level would create the expectation of
a domestic inflation and a depreciation of the home currency. This would
shift demand from home assets to forcign asscts, creating an excess
supply of home money and an excess demand for foreign moncy. The
home price level would rise more and the forcign price level would acty-
ally fallin reponse to these expectations effeets.

IT. however. expectations are very sensitive to current prediction er-
rers (i.e. B 1s large), then the whole process can invert. The open market
operation causes an cxcess supply of home moncey, but the home price
falls, creating a large expected appreciation of the home currency. This
shifts demand from foreign assets to home assets. climinating the excess
supply of home money and causing an excess supply of foreign money and
arise in the foreign price level. In thig pathological case, the home open
market operation would be deflationary at home, inflationary aboard and
the exchange rate would appreciate.™ )

Our results are sunilar in some respeets to those obtained by Mun.
dell (1968) in his small country model. Mundcil also concluded that
increasing the money supply would be inflationary; however, his reason-
ing was difterent from ours. An increase in the moncy supply was thought
to stimulate output and excrt downward pressure on the domestic interest
rate (as would be explained by the familiar 1S-LM curve analysis). But if
domestic and foreign bond-cquity are perfeet substitutes. any fall in the
domestic interest rate causcs an immediate “capital outflow.” increasing
the demand for foreign cxchange and depreciating the exchange rate. This
in turn stimulates export demand and leads ultimately to a new equilib-
rium with higher output and a depreciated domestic currency. The dif-
ferences between his reasoning and ours come from the stock-flow dis-
tinctions mentioned carlier and from hig assumption that home and

RClearly, this classical result depends upon the price inclasticity of the vutput sup-
pls functions.

BThese results may be verified by substituting (37) into (3%) and recaleulating Ap for
the case of aduptive expectations. If 4 is sufficienthy smail. the results described in this
paragrzph will be vblained.

Wysing Sumuelson's termirology. there appears to be 2 “eorrespondence” between
stability conditions and impact effeets in this model. We have been able to demonstrate in a
single country version of the model that stabihiy rules oul pathological impact effects
simifar to those described above. The present version of the model is. however, unstable Tor
all values of 3 (because of growth in the capital stocks): this will be demonstrated beiow
An obvious extension of the present work wonld be to redefine the model i terms of devia-
tions about some growth trend {presumiably tied to the capital stocks). We speculate that
Samuelson’s correspondence would sield interesting convlusions in such a model. but this
remains to be seen.
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forcign outputs are not identical. His reasoning depends heavily upon
terms of trade eflects that arc not presentin our model,

An Increase in Government Spending
Suppose home government spending is increased. From (38). we have

=t
myna(l — iy owy )
Ag

-1 ¢

_\p=

m¥n(l — mfw}
Then (25). (21), (22) and (39) give
Ae = mlmy(l — mygwy)™ = m¥(l - miwd) A

Ay

Ar* = 0 wnd Ay = -hyAg

Increasing home government spending increases demand for world
output. The rcal interest rate must rise to restore cquilibrium in ghis
market. This increases demand for bonds and decreases demand for both
currencies. Both price levels rise to restore equilibrium in financig! mar-
kets. If my > m#. the rising interest rate lowers home money demand
more than foreign money demand. In this case, the home price level rises
more than the foreign price level and the home currency depreciates '*
Ifm# > m,, home currency appreciates. Notice thyt increasing foreign
government spending produces anaiogous results. Either increases worlg
demand for ouiput. raises the real interest rate, and increases both price
levels. No matter which government’s spending is increased, the i flation-
ary effect will be greater in the country with the larger interest elasticity
of demand for money (unless wealth effects dominate), and that country’s
currency will depreciate. If expectations are adaptive the outcome is again
more complicated, and a large 8 can preduce pathalogical results.

The analysis is not complete until we explain how the new govern-
ment spending is financed. Money or bond financing will not alter the re-
sults above. The rate of growth of either form of government debt does
not affect the instantaneous equilibrium. If, however. the new spending s
financed by an increase in taxes, the familjar reasoning behind the “bal-
anced budger™ multiplier leads us to the conclusion that the impact cflects
will be moderated, but qualitatively the sume.

In Mundeil's {1968) small country model, expansionary fiscal policy
stmply crowds out the trade balance. and this seems to be the conven-
tional wisdom about fiscy] policy in open economics with perfect capital
mobility and flexible exchange rates. However, we sec that this resnlt is

CThis discussion assumes that heme and forcign wealth eftects are roughly equnaient:
thatis | - Mawy ™~ L - winl A relatively Mrong forcign wealih effect could then turm
the result around.
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essentially due to the partial equilibrium assumptions associated with the
cmall countty model. When the real interest is free to move, an increase
in governient spending is indeed inflationary.

Dynamic Effects
In the fast section. we discussed the impact or instantancous effects
of an increase in home government spending. We noted that debt finane-
; ing of the new government spending produced no mmpact eflects: how-
i cv::r. it does produce effects that acerue over time. Changing the rate of
; growth of the money supply or the bond supply will efiect financial mar-
kets over time. and it s an analysis of these dynamic effects to which we
now turn.

Consider the following experiment: IFirst. we choose reference time
paths for home government spending and all of the exogenous variables
in the model: then the model determines reference time paths for the
endogenoas variables. Now suppose instead that government spending is
Ag above its reference path in the “short’” time interval J = {r.r + A7)
putside the interval J. government spending s as betore. How will this
perturbation in the time path of g effeet the time paths of v, p und x? We
can gaswer this question by calculating the differences between the new
paths and the reference paths: thatis. we can caleubate Ay(e). Ap(r) and
Ax(nforalle > .

H deficits are money financed. the government constraint becomes

o= (ayfa)p + (asfa}g + constant,

Assuming expectations are fixed. we can use (38) to eliminate p, and re-
calling the capital formation equation (40). the state equation becomes

| I\
(;\\ j|”4 0 [ & _'Iljl g

K + 2 + constant

\;iz —dag oy crag/ag m (s + Crag)/ay

A\l . .
where @ = [mo(n s, + nESEJE/LD) + nnsy 4+ mgw J/U0 = ngwy) > 0

Oy

(1 — mgw) /(] — mygwy) > 0

[

o Y — mgwy) - 0,

Note that the ecigenvalues (jiny and c¢jag/a) are both positive: this
equation is unstable, as may have been expected. From equations (3§)
and (21}, we get the target equation

/p /wa e [k /Q\g + constant
vol=1y 0 mj + { 0
* . \ % :
r*, \ a 0 \( Y
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H ¥ ; . X ok g -
/ where g+ - (¥ (s, + nEs¥iE /i) + mys;tie/i
; {

/

+mEwF]/(] - miwEy > 0
of = mim /(1 — m¥ wi)

Itis suflicient to consider this three dimensiony] Brget vecion singe the
deviations in p* 4 and x follow immedia tely from thaose in yand p.

. ; 16

The matrix ¢ can be shown to be
et 0
At

¢ = 7‘("“](.4/(”“ _ (‘”,,_‘,) (""I""/‘.'“

. -1
\\'hcrc Y = ((Ill.g/ll’l )(_[|’I_; - (l’.‘/(h)
. ~ 17
So the dynamic effects
Al(t) = Cett e A TA
become
. SN jayy
Ap(6) = [ajimyenms o + [lees + Ay )ey fay el g
oy (et A Il:(‘“”“'"“"",](._\TJL’
Ar(n) = TS e Ny
Ap*(r) = (1‘ﬁ/',l1:("'"4"""eArAg

Two immediate effects of an increase in government spending are ap
increase in the real rate of interest and an increase in the deticit. These
two impact eflects set off two dvnamic processes that produce the dvnamic
eflects just calculated. The increase in the interest rate retards capital for-
mation, and this implies smaller output and higher prices, both domestic
and foreign. A smaller capital stock also implies o higher real interest
rate. so this effect feeds back and perpetuates itselt gver time. The Ty
“Xponential terms above gre attributable to this nitial interest rite etfect.
Itis important o note that these in flationary ¢ffects are due to supply con-
straints (rather thyp excessive demand) and that they have nothing to do
with how the delicit is tinanced.

Another immediate effect of an increase in government spending is
higher domesgtjc price level. This. combined with the higher real rate of
government spending, implies an immediate increase in the deticit. Setting
off the second dynamic process. The rate of growth of the money supply
increases, and this increases domestic prices." The higher prices iniply

®Again, the reader iy referred 10 Aoki (1976, Appendix Ay When the cigenvalues are
known, the o 41 Matry can he caleulated in 4 relatively straightfors urd man ner.

"Here we have omitted (he impact term DyXayspny for totational simplicity. This
clfect is only present i the interval - 1t is the impact cfect discussed earlier.

¥These price effects differ frop; the aPen market operation discusaed in the last section

because there is ng offsetting decrease i the supply of honds that keeps private wealth
vonstant.
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larger defiaits (even after £ returns to its reference path). so this effect also
feeds back and perpetuates itself. The second expanential term in Ap(r)
i« attributable to this financing eflect.

The third term in Ap(1) is due to a cross Jeedbaek effect. From the
state equation. we sce thata lower capital stock feeds back mto faster
growth in the money supply. The lower capital stock produces supply con-
straints, higher domestic prices and thus larger deficits to be financed.
Wwe would expeet the term to be positive. and this must eventually be so."
From equations (22). (25). and (39). we have

Ay*(0) = (s¥/s0UTF/i0Arw)
Ae(f) = Apl1) = Ap*()
Ax(n) = b — (BE/ DT OGN v

The most interesting question appears to be what happens to the ex-
change rate. The first term in Ap(r) grows at the same rate as does
Ap*(1). The second term adds to the growth in Ap(f). but the third term
may initially be negative. Thus the exchange rate could conceivably ap-
preciate in the short tun. but it will eventually depreciate,

Bond financing of deficits can be analyzed in an analygeous manner.
In this case the state equation is

k jin 0 k ~ i
g + constant

. +
bg —(1("(4/(1’2 —(1,(\’4/“2 bg/ ((Y& + ({7(\4)/(!7

where d, = myw;/(1 — mawy) > 0 and &, = ;. The eigenvalues are jiny
and —d,as/ @y, so the state equation is again unstable. In this case. the
dynamic effects. Ce*" "BeA7Ag. are

Aplt) = [ajlnzf’““(‘_” - [(as + ﬂ-lflz)dl/02]"_(1_7)‘!["4/“2

_ ‘del ((,/ln_;(lA T jl”?e 'i"”‘ll"J"'E)}(__\.r__\g

Ap(r) = [ s jyme’™ " AT g
Y = (aagfa) (g + dl“l/l\'Z)J > 0
Ap*(1) = [a*jime "™ "}edrAg

Again. the j,n,” exponential term is due to the higher real rate of interest
and its effect on capital formation. The second term in Ap(r) is the
financing effect, and the third term is a cross feedback effect from the
capital stock to the government flow constraint.

Bond financing of deficits increases the demand for home money

91¢y, 5 0. then the first exponential term grown more guickly than the second: it
1 < 0. then the second exponential term growl more quickly than the tinst, In cither cise.
the third term will eventuaily be pesitine.
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{(through the wealth cfieet), thereby causing lower humc. pricc& The lowe

prices reduce the deticits that have (o be financed. so 1hig clivet digy out
- over time. (The second term in Ap(r) approaches zero oy f = 2 beeoye
j targe.) The cross feedback term i Ap () has two componenis, The Posi.
tive component dies out over time, so the ncg:nliv.c component wilj {even.
tually) dominate. Thus, a bond financed increase in Lovernment Spending
is definitely inflationary abroad. but ity effeets on the domesije price leye]
and the ch‘h:mgc rate appear to be indeterminang withou( n umerical ey
mattes of various parameters within the model.

A final word of caution may be uppropriaic. Throughou (his amlyyiy
we have assumed that all of (he exogenous viriables excepl governmey
spending remain on their reference paths If the foreign government pe.
sponds to the home government's change of poliey, the ALVSES Will by,
o be modified.

IV, Thy INTFRDEPENDENCE OF Poricy Making

Returning 1o the general state space representation equations (19)
and (20)  we might ask whether there exists a time path for the instry-
ment veetor » that will gurde the target veetor | dlong any arbitrarily s,
leeted target path. If so, the trget veetor is said to be “perfectly cop.
trolfable.” It can be shown that the target veetor iy perfectly controllable
il the rank of the matrix

! [D1:C8]

is cqual to the dimension of the Larget output veetor | %

I turns out that the home monctary and fisey| policy instruments are
capitble of perfectly controlling home cutput, the home price level, and
the exchange rate More specifically, it can be show nthat given any lime
paths for the exogenous varkbles there exists 4 path for the instrument

_ veetor (mg]” that will guide the tirget veetor [pyp*) tlong any urbi-
trarily selected target path. 1t might be noted that to control both the
: home price fevel and the exchange rate, the home government must con-
trol the forcign price level, and the home poliey Instrements e capable
of doing just that.

Why is (he supply curve, (21). not 4 pricc-output triade-oft with
which the home policy authorities must be content? In the present context,
policy making is noy confined to (he mstantancous cquilibrium; the dy-

; PAOKE1970) provides Aprast. or see Aoki and Canzonen (1976) for 34 more detiled
discussion.

! HEorm 4 three dimensiong] ile equation from (). 132y and 133, detting 4, - =
; IR arheand 2% = afm* . alh? be the stae vartubles and letting £und e be the in-
: .\'Frumc:)( vitriables in o bForm g Brect cquition with opaad ptogor ¢y g target varnbles
The rank of Diwill be seen 1o be only two_but the rank O OB iy three,

04y

RN




OV R AR, LT

namics of capital formation cun also be explotted. By controlling the in-
ate and the vapital stock. the home poiicy authorities can shitt hoth
and demand for output over time.

How can two policy instruments control three endogenous variables?
Again, they can do this because they are able to exploit dvnamic elements
within the model. The familiar comparative statics rules about the number
of instruments equaling the number of targets do noi apply in this dy-

terest 1
supph

namic framework.

The real signilicance ol this controttability result is perhaps more
subtle than a straightforward reading would seem to indicate. 1t is quite
possible thata set ol vartables is “*perlectly controllable.” and at the same
time. the policy authority has fittle chanee ol actually achieving its poals.
This may be seen by noting that the two country model is perlectly syvm-
metric: the Toreign monctary and liscal policy instruments are also
capable of controthing the output vector [py* pl'. I Jor example. the two
governments are pursuing dilferent exchange rate targets, at least one ol
;hcm must be frustrated. 1t might also be recalled that the perfect sub-
stitutability assumptions combine with the classical supply assumptions to
imply a log-lincar relationship between the two conntries” outputs: il the
governments pursue independent eniployment goals. at least one must be
frustrated.

How are these observations consistent with the controllability re-
sults? Statements about controllability are essentially statements about the
existence of pohcies with certain desirable outcomes. Understanding this
is fundamental, for it is at the heart of what is implied by controllability
and what is not. To actually calcutate the monetary and liscal policies
that would lToree the vector [y pe]  along some target path, the home
government must know the time paths ol all of the exogenous variables
in the model. If. Tor example, the home government does not know what
the foreign government will do with its monetary and fiscal instruments,
then it cannot solve Tor the appropriate monetary and liscal policies even
though they are known Lo exist.

We think that the real implication ol these controltabihty results is
that the world model is too controilable or too intertwined for autoeratic
forms of decentratized policy making. Both countries policy authorities
are likely to be frustrated.

V. CONCLUSION
[n this paper we presented a dynamic two country policy model, and
we used state space techniques to discuss dynamic policy effects and the
interdependence of policy making. We anabyzed a simplified version of the

model since we were only able to place sign restrictions upon parameters
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in the model. An obvious ¢xtension of the present work would be ta appi,
the same techniques 1o an cconometric model.

Three other extensions may :lso prove interesting. First, the tel
tionship betw cen stability and mpact efleets may deserve more altention,
This extension was discussed in 4 footnote in scetion 111 Sceond, the per-
fect foresight case deserves some attention in o policy svialiation mogde)
State space representations cin be uscful in this context also- see Aok ang
Canzoneri (1977). Finally. the coneepts of “eontrollability™ 4nd “de-
coupling™ ¢an be used to identify dynamic policy tradc-ofis and dynamic
instrument assignments. and to design work:ble decentralized policy
regimes: sce Aoki and Canzoneri (1976).
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