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Aunals of Ecomomie and Sacial Measuremens nis, 1oy

AN OPTIMIZATION APPROACH IN MULTIPLE TARGET
PROBLEMS USING INEQUALITY CONSTRAINTS: THIE
CASE AGAINST WEIGHTED CRITERION FUNCTIONS

By GUNTHER BOCK v, WUILFINGEN AND Prrer Paciyt

fhe canventianal appraach i ecananiic pohey apiisizanan ISOg g werghied inarmally
yuadrativi criterian function iv crivicized lar iy cancefitnal inaticgudey and (In/u'!runm'u An
dlternative approach is develuped, representing the engire prablem in oy rigarans tegqualiny
framework The compuiativnal realizaion is hased an an altermating sequence of aplitnia-
non steps éind eveluarian af dua! variables. The aigorithun fur the soalyiion of the implivd
NLP prabiem is autlinted add the whale procedioe illusirated with « wnerical example. 1o
indicate the wethad's flexibulivy and usefuluess yae modificativns and  exiensions of the
basic idea are painted au

INTRODUCTION

During the List few years the discussion on optimal control ol cconomic
systems has primanly tocused on the development of adequate optimizy-
tion techniques, Until recetly, however, comparably less ceffort hay
been devoted to the aspeets of an adequate formal representition of
the objectives of economic policy. The standard quadratic criterion func-
tion, originally advocated by Simon, Theil and Holt.! has been apphed
almost uniformly, only sometimes accompanied by 3 dissociative phrase,
This paper sets forth an alternative approach applying inequality con-
straints instead of quadratic or otherwise penalized deviations. In ¢h, 1 we
start with a short critical discussion of the conventional approach. 'The
basic ideas of our formulation are 1o be found in ¢h. 2: while ch. 3 deals
with the problem of its computational implementation, the approach is
applicd to a medium-sized nonlincar cconomic model in ch. 4. the follow-
ing ch. § being devoted 1o the discussion of some modifications and ex-
tensions of the basic concept. The tinal ch. 6 sumnuirizes whai we think
to be the main advantages of the proposal.

I. Tue CONVENTIONAL APPROACH
Consider the standard macroeconomic mode! formulation

(h Sleox s i) =0

*Weare indebted 10 two sananymous referees for valuable eriticism of an carlicr draft
of this paper.
1CH Simon (19561, Theil (1957, 196%), Holt (1962).
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where v s the vector of contemporancous endogenous variables
v s a vector of lagged endogenous vartables
is the vector of contemporaneons instruments

P

uoi
w  isavector of lagged nstruments
¢ is a vector of exogenous varnables, which, in the case of 4
stochastic systems. contains the error terms as well
{is a veetor of nonhinear anterdependent. and implicithy defineg

Py

functions.

in general the optimization of ntodels of this kind procecds along the

following hnes:

o Take the preferred values of targets and instroments and put then
together in a vector =*. Note that the term “values™ in this con-
text is meant in the most comprehensive sense: it includes cg.
ratios and changes of variables as well!

e Speaify a criterion function suited. say. to stabilize the cconomie
path around some a priori track and/or to reduce the period-o-
period fluctuations in the cconomic path:

(2) (- - 2")VdAd -2

Hence the cocflicients of the weighting matrix are  depending on
the interpretation of the respective elements of = and =' intended.
first, to describe the politicians’ preferences. sceond. to account for
penalty term cffects and. third. to represent certain smoothness
requirements on the solution paths of targets and mstruments,

e Finally. to derive the optimal policy minimize the (expected) wil-
fare loss. 1.e.

(3) min (- — ')Az -2

st f()y=0

This approach is widespread in application primarily due to its opera-
tional convenicnce, One of the most frequent justifications for using the
quadratic formula has been that this is probubly the simplest form which
aliows for decreasing marginal rates of substitution:* in the absenee of in-
cquality constraints this is in gencral necessary for the existence of finite
solutions (cf. Fricdman (1975). p. 3). The standard approach has. how-
ever, been subject to growing criticism: some of the most significant items
shall be discussed bricfly.

2Far a tharaugh discussion of ils mterpretation n generai of Chow (1975, ¢h 9L
Garbade (1975). ¢h. 5. Holbrook (1973 ¢ch. 6. (974, 1975 or Norman Norman Palsh
(1975).

3CE Theil (1968), pp. 3 5. where some additional reference i pien 1o related prn-
ciples in statistics and engineering.
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ay First, itis to be noted that the theoretically rather flexible ap-
proach has lost some of its attractiveness in application, since fre-
quently a diagonal weighting matrix is used *
turthcrmore, it scems almost unlikely that the pelicymaker's
preferences fit into such an artifictally limiting framework as the
quadratic function. In this context the most serions problem
seems to be the implied symmetrie reaction. It is well known that
svmmctric functions incorporate a potential to bias policy be-
havior if the numerical values of the z'-clements are not chosen
appropriately (cf. Palash (1977). Shupp (1977)). This can be over-
come by the use of truncated or cxponential criterion functions
(cf. Palash (1977)). Apart from this. howcever, as Fricdman (1975,
p. 183) points out, ™., .often policy makers see certain variables
more as constraints, in the sense of bearing an implicit preference
loss only for values outside of « particular range.” This requires
an asymmictrical and possibly piccewise formulation.*
¢) Regardless of the degree of sophisticatedness of the functional
form of the criterion function a numerical weighting s indis-
pensible. As numcerons examples indicate, however, the optimi-
zation results in general turn out to be rather scnsitive as (o the
choice of the coeflicients in the weighting matrix.* Henee a mean-
ingful application of this approach requires a precise knowledge
of the cocflicients” numerical values. For obvious reasons il scems
fairly improbable that the policymaker is able to specify in an
appropriate numerical form his preferences concerning the refa-
tive importance of concurrent targets and. even more tedious, in
addition to that to fix the weights of the cross products between
targets and instruments.” The coincidence of both these facts
scems to give the entire approach a somewhat arbitrary touch.
There have been some proposals to integrate the iterative process
of optimization and preference revelation into a unified ap-

b

v

*On the other hand the further restrictive assumption of positive definiteness of A
often to be found in earlier studies is no more significant, since nowadays models penerally
are neither convex nor concave.

SCT. Friedmin (1972: 1975, pp. 183 196), Lair (1974), Poiricr (1976).

®Anatytical derivations of conscquences of a misspecification of A are to he found in
Theil (1968, ¢hs. 2, 3 & 5), ZellnerfGeisel {1968), Zeltner (1974) or Hallen (i1977).

Even il the model builder tries to figure out the policymakers™ preferences by an
adequate procedure it is to ask tao much o expeet a consistent preference scheme on an
a priori basis. For some of these a priori procedures to derive a functional representa-
tion of the politicians® preferences of. e.g. Johansen {1974) Bray (1974, 1975). Additional
information concerning the penalization of instrument variations can, however, under
certain circumstances be drawn according o Gordon (1976).

8 he problem of relative weighting is generaily aggravated hy the fact that the
variables use to ke unnormalizzd. Hence one cannot discriminate hetween that part of the
weighting scheme serving for normalization and that one expressing preference ordering.
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proach.” As far as the application of thesc algorithms 1o [y,
nonlinear systems is concerned there scems. however. o be ng

convincing cvidence up to now.
An integrated wellare loss function of the standard t¥pe obvipygs)y
lacks the facility to discriminate cfliciently between targets and re..
strictions. Aithough restrictions can be madc effective simply by
an arbitrarily high weighting term. this causes numerical problcm.s
in the case of morc than that particular argument in the CTiterion
function since the value of the criterion function is dominateg by
penalty terms." If there are more than one “restriction™ ofthu.[
type taken into account the weights may in effect cancel out. Fyr.
thcrmore, it seems possible that the policymaker is not indifferent
concerning the order of activation of certain instruments, possibly
due to decentralized or hierarchical decision processes. in th'c
standard approach this has to be expressed within the framework
of the general weighting scheme too.
Evaluating the optimization results by means of just a single wel-
fare index may be insufticient under various aspects: first. there js
no obvious economic interpretation of the results: second, this ip;.
plies among other things that the performance of different rupg
(employing different z*-values) cannot be evaluated in terms of
ultimate targets; third, due to the fact that a lot of simulations i
necessary to evaluate the local properties of a particular solution,
a systematic sensitivity analysis turns out to be somewhat tedious.
As far as the first three items are concerned Livesey’s (1973a. p. 1)
conclusion seems inevitable: ““Hoping to come up with the unique social
welfare function is a fruitless task. For this reason it would be desirable to
keep the welfare function as simple as possible and to incorporate policy
objectives. . .in the model as inequality constraints.” This is the way
which is to be pursued in the present paper. A consequent application of
nonlinear programming (NLP)- techniques will---as can be shown
throughout the presentation-—in addition surmount at least in parc the
shortcomings of the traditional approach indicated under d) and €) above.

2. AN ALTERNATIVE APPROACH

In the previous chapter we tried to bring out some of the main prob-
lems associated with the application of a weighted loss function in eco-

9CT. Ruslem/\’clupillai/\\’eslcoli (1977) and carlier work by Zeleny/Cochrane (1973),
followed by WaIlcnius/\\"ullenius/Varlia (1976) or Donckels (1977). All these approaches
are. however. developed within the standard quadralic framework.

1ocy, Luenberger (1969), p. 302. The significance of this poinl depends upon the rela-
live magnilude of the veeighling lerms as compared with the numerical precisencss of the
c;)gn;;;u!cr. For an alernative penzlizing schenie handling limited discrelion ¢f. Garbade
( )-
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nomic policy eptimization. In what follows we outline the features of our
alternative approach. In order to keep to the essentials and to clarify our
position we start with the description of a rather rigorous version (;i' the
basic procedure. In ch. 5 below some of the stronger assumption will be
relaxed in order to point out some potential modifications.

Our starting point is a vector z* too. although we make 4 different
use of the information contained therein. As has been outlined above,
z*is a rather heterogeneous mixture of targets of economic policy, ex-
pressed in numerical values of certain endogenous variables (but of dif-
fering importance for the policy-maker). and “preferred” values of in-
struments and/or their respective paths. One should., however, recognize
that some of the elements of z* have originally been incorporated into
the criterion function in order to approximate some more or less tech-
nically determined restrictions on the time paths of those particular vari-
ables. In a first step. we try to separate these clements from the entire
z7-vector. This is done by direct formulation of inequality constraints on
the respective variables: these constraints are combined into a vector x¥
and added as an integral part to the model. As Kornai (1967. p. 398)
points out this *...system of constraints expresses thus the compelling
forces of outward circumstances,” which are to be distinguished from the
wishes of economic policy entering the objective function to express the
preference of economic administration. For expository purposes we will
assume that z¥ contains only instruments recognizing that in short-term
planning because of the inertia of legislative processes this vector might
contain more elements than in the long-term framework !

In view of the criticism raised in the previous chapter we further
reformulate the whole bundle of remaining z*-values in terms of suitably
chosen incquality restrictions, the upper bounds of which are integrated
into a vector z§.'? Finally. we require an initial ordering of these in-
equalities according to their relative importance. Actually, it is not neces-
sary to assign to each zf-value a cardinal preference number: all what is
required is an ordering."”

Without having made it explicit up to now. the fundamental dif-
ference between this approach and the traditional formulation can be
exemplified figuring out the basically different interpretations of z* und
z*. While the former is assigned to “desired levels.” the latter is to indi-
cate the maximum (or minimum) tolerable level of certain variables.

HEor the mement we further leave out of consideration that there may be preferences
concerning a sequential activation of instruments. In our application (cf. ch. 4} this idea
is taken up again.

12Note that this general formulation may without any further complications imply
upper and lower bounds on the range of instruments and/or endogenous variables. The
separation of targets and instruments in z; and z; actually is nonessential. cf. ch. 5.

BEven if there is only a grouped ordering our approach -although somewhal more
complicated is stili applicable; ¢f. ch. 5.
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Actnally, as far as upper and lower bounds are concerned. we consider
this to be a more adequate representation of the real policy problen:
furthermore, in most realistic situations we expect some ordering of .
gets to exist. If this is the case a formulation as ontlined above turny ot
to be somewhat more straightforward than to try to catch up this ‘"dcring
within a rcasonably complex weighting scheme: apart tfrom that we con.
sider it to be intuitively more pausible to the policymaker. We are poy in
a position to identify the basic methodological differences. Whije the
standard approach can be characterized as a minimization problem wnger
equality constraints the esscnce of this method is to construct feasible $0-
tutions of a mixed equality - - incquality system by an itcrative procedure.

Before we now come to the exposition of our procedure, let ug sum
up: z¥ is 2 vector containing npper bounds on instruments. the respective
variables are contained in the vector z; (the clements of z, form a subset
of u). 7} is the vector of upper bounds on ¢ndogenous variables, jis cle-
ments being ordered according to their importanee for the politician, L
us assume that the system’s endogenous variables are ordered such thy
the i-th order restriction refers to the variable x,. Let =y contair the firy
ina, endogenous variables, which are to be restricted. From what was .
plained above it follows that the politictan wants to know a policy which
fultills the following equality /inequality system:

4 o < 3F
f()y=20
7 < ¥

But, as it was pointed out--among others-- by Livesey (1976) “The
formulation of economic pelicy is .. an itcrative procedare, with the oit.
come of one policy evaluation influencing the formulation of the next
planning exercise.” So our aim is to give the policy-maker together witha
sclution of (4) as much information as possible for the evaluation of the
derived policy under the aspects of the relative importance of his pref.
erences and the implications of their modification.

With this model formulation we now come to the caleulations. The
basic idea of the solution method is, starting from a z¥-feasible point. in
the procedure stepwise addition of the restrictions in Z¥ according 1o their
order—either to construct a (4)-feasibie point or region - or to show that
(4) has no solution; in this casc we compute the feasible value for that
particular restriction that causes infeasibility.

In the simplest formulation the steps of computation are therefore:

0) (Construction of a fcasible starting vector) Choose any (reason:

able) z#-feasible set of instrument values and compute via /() = 0
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the respective endogenous variables. Set the Z¥-element counter
ir =0
)

1) Sctiz =1+ 10> g, the number of elements in z{, then stop.
2) Test, whether the /-th order restriction in Z¥is violated by the cur-

rent value of the respective variable x;. If not, goto 1),

3) Solve the following problem:

—

min x,
u

s.t.

< zf

where =¥ s the truncated vector F containing only the first
i — Iclements.” ic. those restrictions which have been dealt with
in carlicr steps 2) or 3).°
4) Substitutc
(6) IH o= max (Gh, ™)

i

where = is the maximal permitted value (of the i-th order restric-
tion) for x,, and x™ the minimum achieved in (5). Gotostep 1).

Notc that step 4) above is cssential: we have either constructed a
z¥'-feasible point or - in the case where x™ is greater that the original
value 7§ shown that this j-th order restriction is incompatible with the
preceding ones of higher importance (including the vector z#). For the
soluiton of problem (5) we make use of a l.agrangean approach (cf. the
next chapter for more details), especially to compute the multipliers for
binding restrictions.

Going through steps 1) to 4) finally leads to the information output of
the ultimate feasible solution as wel! as the respective results from inter-
mediate steps. If an optimization step 3) was performed, this would in-
clude the values of the multipliers'® to indicate the relative importance of

HOr cquivalently: a vector =%, whose clemenisi+ 1. .. .. imax arc fixed at the highest
ceonomically still meaningful values. Note that the minimum of x; is independent of the
ordering of 71F,

3 Noiv that proceeding this way the restrictions are in any case fultilled whereas in the
weighted criterion function approach it is generally not guaranteed that the solution is
“close™ to the desired path: ¢f. c.g. Livesey (1973 a b:1974).

' Evaluation of the multipliers in the present paper means that we make use of the well
known property of the Lagrangean multiplicrs. namely to indicate the derivative of the
criterion function w.r.t. changes of the right hand side of the respective inequality con-
strainis: of. e.g. Lucnberger (1969). pp. 221 223. Pcterson (1973). This allows for any easy
calculation of local elasticities.
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the effective #F- and z¥-restrictions, which indicate the sensitivity of e
results wor L vartations of the z*-values; this is the information needed
for policy analysis. I'rom the well-known manifold evaluation possibilitic,
we only note the following: a high dual for an instrument at the boupgj
states (‘m the one hand its cflectiveness and on the other hand the necessiy
to control it preeisely: i high multipticr for an endogenous variable at the
bound states the cruentl importance of a precise knowledge of the respec.
tive 3% -value, Y

With these results at hand the policymaker has the following option:
cither to accept the result as delinite or, if he considers the informationy)
content of the multipliers 1o be insuflicient, to respecily the veetors T¥ and,
possibly, =¥ concerning values and ordering.” In the latter case we would
start the computational procedure anew. Hencee the essence of this method
is to perform an alternating sequence of computation and evaluation
steps.””

3. THE ALGORITHM

For the solution of (5) and the evaluation of alternative policies as
outlined above an algorithm is needed which is not restricted to the hin-
dling of quadratic criterion functions, which allows for inequality restric-
tions on endogenous variables as well as on instruments and, finally, com.
putes the values of multipliers at least for the incquality constraints.

The literature on solution methods for this general NLP-problem (3)
15 not very extensive, especially for the numerical treatment of medium-
sized or large-scale problems. In the following we outline our algorithm ?

A) Transform all inequality restrictions to equalities by introduction

of quadratic slack variables:

Note that in a stochastic system. where the restrictions get a stochastic character too,
the multipliers can be evaluated ender this aspect. Hennstically, the restriction then could he
read as

Xpbo IR or oy, v

e

A
I

where ¢ is a random term.

“‘Rcordcring of vourse can only be expeeted 1o be effective in the case of a sullicient
nonlincarity of the multiptiers.

1Just to see whether the preferences are feasible, obviously. other (and simpler) pro-
cedures would do as well: ¢.g. the changing of the target virtable i (S) in cach step would
be unnecessary. To choose, however, the lowest preference variable as a hxed target would
not give as much information concerning the feasible region as does the chinging procedure
adopted here.
This sequential procedure is in the spirit of Kornai (1967) and Livesey (1976): ¢f fin.
9 too.

MFor a more detailed exposition of. Bock v. Willingen/Pauly (1977). pp. | 0, One
of the referees noted that “the superiority of the nonlinear programming algorithm to ans
other existing algorithm is not at all elear.™ As a general remark this is correct: but one of
the a priori reasens for the development of this algorithny was its high rate of convergence.
which in our maditication (employing an idea of taasonen (1969)) is overquadratic. More-
over. the Jucobian in (10) is very easy to compute for econometric models.
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(N 20 + 5] = 3F
7y + §) = z¥

~—

Transform the restricted optimization problem (5) to a non-

restricted cxtremal problem by introduction of the Lagrangean:

(8) L= xi+ Miz, + s - 5%

1

+ My + 53— o) 4 A f(+) = min
Set up the whole set of necessary conditions for an extremum of £

o <,_L MLOL L L oL iy

axduds 95, oM, oM, a4y
Note that in any case of nonlinearity in the system (4) the respec-
tive derivative equation in (9) contains a nonlinear mixture of
system variables and multipliers.

The respective derivative for a variable entering the system
only in linear form is, of course. a linear combination of mul-
tipliers. The derivatives w.r.t. the slack variables simply state the
well known condition that the stack or the multiplier must equal
zero.

D) Solve this system (9) simultaneously to get the optimal values of

instruments. endogenous variables and multipliers.

The implementation? is characterized by the following properties:
e The model fis coded in data form. not in a program or procedure:

¥ and z§ are represented simply by indices and critical values of
the respective variables. This makes model meodifications or
changes a very easy task. and in either case we do not need to
translate any program anew.

The system (9) uses analytical derivatives. They are created inter-
nally by the program using the input for the model £ and the vec-
tors z¥ and z¥. Thus we circumvent the rather time consuming
approuach via a formula inierpreter and code generator, whose out-
put normally has to be translated before further processing,

(9) is solved with the Newton-method. The iteration prescription

iSZJ

(10) Y = ¥ = O F(Y)

where 1 is the vector of unknowns. which in our application con-
tains the whole set of variables x and u, the slack variables s, and
the multipliers A and A7. Note that the derivatives of (9) in the

22CY. ibid. for a more detailed discussion of the implementational advantages.
BCL any standard reference. e.g. Oricga/Rheinboldt (1970).
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Jucobian J contain the first and sccond derivatives of the Origing|
model (1).

The derivatives needed in the Tacobian J are also computed
analytically and generated internally; in cach iteration 7 the whoje
system (9) is evaluated simultancously for the computation of (e
new Jacobian of the last iterated value 1. F denotes the veetor ef
residuals of all equations for .

o The main computational burden in the approach is assoclated wigh
the solution of J ' or equivalently the solution of & large seule
lincar cquation system. In our implementation we first extracy from
the original system (9) the upper and lower triangular pare, then
test the remaining interdependent system for bleckdiagonal strue-
ture™ and i it has one repeat the triangulization ang decom-
position procedure for cach block and so on. Eventually (i0) i
applied to cach indecomposable block separately, cmploying if
necessary - sparse matrix icchmques as familiar from EP-imple-
mentations,

4. AN Exasprr

The function of the following chapter is to give a rough impression
of the working of the procedure. For eXPOSItOry purposes we have ap-
plicd our method to a medium-sized., nonlincar, and interdependent
theoretical model. 1t can be characterized as a modificd Kevnes-Wicksel]

. W . . .
monetary growth model® of an open ceonomy™ with price flexibility and
labor market disequilibrium: special emphasis has been put on the intro-
duction of stock and flow constraints as well as on the fullilment of the

. 27 . L 0y
government budget constraint.” Itis a condensed version of a larger two.

. . v - P
sector model, which has been deseribed in detail clsewhere.® In order to
focus primarily on the application of the proposed algorithm and the
speeilic form of the criterion function, in the present paper a more com-
prehensive discussion of the model has been skipped

Withm the context of this model we try to solve the following prob-
lem: assume there is an ordered vector =, of targets of economie policy

BThe hasic tdeas have been outlined e.p in Hellerman /Rarick (1972).

' g

Bt c.g. Fischer (1972,

2 Lor g survey of madels of this kind of. Prachow ny (1975),

The fundamental mportance of these ASPOCt I mucrocconomic policy amabyses has
recently been pointed out c.2 by Branson (1976).

Y P e -

PCT Bock v \\Ulhn_ucn/l';ml_\ Y77) . pp. 16 25 Fven this condeised versian sums
up to about 100 equations, approximately halt of thems are esseataliy imierdependent. With
Tegard to the degree of dusagereeation as well gy o the basic coneptual frameword the
modelis very imuch in the spinit of recen
Mussa (1976).

A detiled version of the equation SISIEI s,
un request,

thy developed more com prehensive models. o ey

of course, avadable from the authen
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1
]

p
.
DEF
~DEF
~BPA
| BPA |

with

O O IR PVE )

——
2

where P = rate of inflation
U = unemployment rate
DEF = budget deficit
BPA = balance of pavments account

At the policymakers® disposal in this (fixed exchange rate) svstem
there are three instruments: government expenditures (G). the amouns of
the monctary authority’s autonomous open market transactions (011).
and the exchange rate (w): two of these three instruments. however. are
constrained as well. namely

The optimization results can be drawn Trom Fig. 1. Since in our ap-
plication there are upper and lower bounds on the same variable o shght
modification ol the general procedure is applied: il the violation of the
upper (lower) restriction in step 2) makes an optimization (5) NECessary
we account for the respective lower (upper) constraint at the same time:
this is just to reduce the computational expense. Note Turther that we
adopted the special case referred to in the exposition of suceessive activa-
tion ol policy instruments.

Starting with the chotee of a z, — leasible vector the solution pro-
ceeds along the following steps: ™

1)  Add: P < 2no computation

Iy Add: U < 3 minimize U,

I Add: DLF < 2:no computation.

IVYy Add: -DEF = | minimize - DEF.

V) Add: -BPA < 15 minimize - BPA.

VI) Add:  BPA < 10:no computation.

The final solution 1 has the undesirable property that the most
important restriction is at its bound: we would assume that the policy-

0N O1e that <iice the

Note that. since the instraments hise heen seltree successively, the value of g targa
varable may . in @ sabsequent step. suil fall below that value achieyed previoush. when the
respecuive vicnable wis chosen as a target varwble.
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maker takes this ftnal result as the basis to ask for further analvsis of the
loczl properties. Nevertheless it turns out in this example thay the policy -
maker’s preferences are at least feasible. 1 this were not the case we had
to ask the policymaker to respecily s preferences, 2.8, by weakening the
restrictions in ¥ . Then the procedure had to be applied anew.

5. MODIFICATIONS AND EXTENSIONS

Up to this point we have explicitly considered only one-period prob-
lems. In a multiperiod approach there could be slight modifications of
the formulation. E.g.: the z*-value in z§¥ would be treated as restrictions
on the average value of the respective variables:

)
(12) VT- =, <2t
]

where T is the long run planning horizon. If it is the policymaker's pref-
erence not to allow some variables to deviate in a single period from the
average value by more than o certain amount, we would add the following
restrictions: )

(13
where
b = diag (1 + 0.01-5)

and b, > 0 is the maximal tolerable (percentual) deviation from the respec-
tive average value.”

If--in the multiperiod case - the politician’s preference actually is to
maximize a certain variable {say capacity growth or per capita consump-
tion) upon holding of the restrictions formulated above, this would cause
no computational problem: the last step of the procedure described in
ch. 3 would be the maximization of that particular variable under the
restriction of (4). A discounting in the criterion function would be un-
necessary because we can reformulate any kind of intertemporal pref-
erence into an adequate inequality restriction.™

Of course concerning our main aim, the entire climination of the
weights from the approach, the linear criterion function in (5) ts not essen-
tial. Any other, e.g. a quadratic function containing only one single vari-
able would do as well and be conceptually equivalent. In this cusc.

3 The problems arising in the multiperiod case concerning the algorithm have been
discussed in Bock v. Wultingen /Pauly (1977).p.6.

Rn g recent paper Ku/Athans/Varaiya (1977) have pointed oul the cructal impor-
tance of the numerical value of the discount rate for the stability propertics of dynanic
systems. Despile that the introduction of a discounting factor would only be another ele-
ment of arbitrariness.
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however the numerical evaluation of the m ultiplicrs would have o take
into account the specific form of the criterion function: this would be 1,
case particularly for piecewise defined functions,

rom the exposition of the computational procedyre in
should be evident that the assumption of -¥ containing only Instrumenq
and = ¥ containing only endogenous variables is not essential either With
2F containing also instruments the approach would be identical f ther,
are endogenous variables in ¥ the construction of o feasible Starting
point would have to be slightly moditied. because it could involve gy
some optimization steps as in (5).

One of the fundamental ingredients of the present procedure g 4 S¥s-
tematic evaluation of the multipliers. Using an algorithm, which does nog
compute the values of the multipliers, thanges of the criterion functiop
value with regard 1o variations of the restrictions on the instrumenys
might as well be computed simply by simulation runs with modified values
of the instruments (as long as no restrictions on endogenous varighles are
or become active). In contrast to that the computations of muitipliery
W.rLorestrictions on endogenous variables would deserve for repeated
optimizaiion runs for slightly altered =*_values of the respective elements,

In our example we gave the multipliers only for those steps in which
an optimization was necessary and  trivially  he duals are zero for
nenbinding restrictions. To gain a deeper insight into the implications of
the given preference order. we could perform sten 3) afier adding anv ¢le.
ment of = irrespective of whether the restriction was effective or not
Furthermore. we could in any case insert the fo!luwing step:

(3a) Set each element of =¥, where the restriction s not binding at 4
value with a zero slack.® Now compute the multipliers of (he
restrictions.™ the information contained herein being of speci
importance in the stochastic case (see fin. 17).

Finally let us look at the requirement of strong ordering of all restric-
tions. A natural weakening would be 3 grouped ordering in the sense that
some *-values would be considered of equal importance by the politician,
In this case we would have 1o add not only one but severgl restrictions in

a particuiar step of the computation procedure.

If none of the £roup is violated by the solution of the |
is no further problem and we can proceed to the next
restriction. Otherwise we lirst try with some
construct a new solution which fultiils thos
that turns ouwt 10 he impossible.

Ch. 3 i

al

ast step. there
group or single
auxiliary criterion function to
¢ restrictions to be added. It
we rawse all restrictions of the group
Un‘u»ll-f? =622 o g gy A* = 162 — 5 with § small, but nonzero Obvionsiy

6 = Owould lead 1o degcncrzlc‘ .

BHut the new solution will of coarse h

4ve not ail restrictions brading: so to ger the
mulupher informay,

01 possibly desesyes for more than one additional eptimizalion step
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simultaneously by the sarne rate o achieve feasibility.™ Note that this
states an infeasibility of the original vector z too.

We have tried to show that the present approach is a very flexible
tool and allows for a variety of extensions and modifications: the funds.
mental idea in any case is based on one single unweighted target variable
in the course of solution and on the manifold application and evaluation
of the multipliers.

6. SUMMARY

In the present paper we set forth an alternative approach to the
formulation of the criterion function in multiple target optimization prob-
lems bascd on the use of one- or two-sided inequality constraints on tar-
gets and instruments. The computational aspects of its implementation
have been discussed in detail. As far as the application to problems of
economic policy optimization is concerned. the main advantages of our
proposal can be summarized as follows: i

o [t allows to scparate distinctly between targets of cconomic policy
and more or less techaically determined restrictions.

e Most of the notorious problems involved in the specification of the
weighting matrix in the standard quadratic or otherwise penalized
deviations approach can be avoided.

o The problem of sensitivity of the results w.r.t. variations in the
weighting matrix is circumvented.

e The formulation of targets and restrictions requires a considerably
lower degree of preference revelation. Actually, all we need is an
ordering of the targets--at least grouped —and numerical values
of upper and lower bounds for targets and instruments.

e As far as policy evaluation for different preferences, i.e. modified
sets of *- or *-values is concerned, we suppose ocur approach to be
more suitable than the resort to a single welfare index in the stan-
dard approach.

e The local elasticities of the target values w.r.t. the restrictions upon
other targets and/or instruments may be evaluated making use of
the Lagrangean multipliers.

e If a global analysis is preferred. in this approach a systematic
variation of the bounds allows for a straightforward construction
of feasible regions of solution.

¥ Assuming implicitly some sort of “local homogeneity” of the politiciany” prefer-
ences. In spite of the grouping this may be questionable. just as the following procedure: add
all restrictions of the group simultaneously and change the bounds successively until all mui-
tipliers of the group have the same value (which is practicable of course only in the case of
sutficient nonlinearity: 1t furthermore introduces an additional problem of choice. since the
duals are conditional on the respective target vanahie!
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o Although we make no stochastic optimization in our procedyr,
the stochastic nature of a particular system can be taken ino 4.
count by an appropriate evaluation ot the Constraints” dyy] .

arn.
ables.

As far as our experience indicites these advantages outweigh (he
computational impediments which may be connected with he applicatiop
ofour method in a particular problem. Thus we are notin a position o
share the pessimism sometimes expressed concerning the formulation of
cconomic policy problems in terms and techniques of NLp. A systematic
comparison, however. must be left to future research,

University of Ilumhurg
Departmeny of Economjc
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