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TOWARDS THE CONSTRUCTION OF AN OPTIMAL
AGGREGATIVE MODEL OIF INTERNATIONAL TRADE:
WEST GERMANY. 1963 1975

~

By Joux S. CHipMan*®

A mapping from internativnal - dvmesiic prices ariving from Sanmelson’s 1953 vilel nf
imernationnd irade is fined i German data. A melind and a search prucedire are deseribed
Jor construering an uggregaive, low er-diviensionnl. mdel for which an appropriniely delinged
measure nf aggregation bias is necepably small. amd puriitiars of 1he ser of invernativially
vraded eommandivies are vhrained which tulfill this eriveriom jor purppses of expluinmg 1he
respective domesiic prive indices, e w n ime, 1 is jowoud thar the sprimal number of ex-
planatory variables timpory and expon price indices ' lies somewhere herween 6 and

I, INTRODUCTION

Almost all econometric models currently in use are macroeconomic in
nature, dealing with variables such as national income. emplovment. the
general price level. etc.. and ignoring relative prices and resource alloca-
tion. The reason nations engage in trade. however. is that they difter in
their relative endowments of labor. capital. and natural resources and
therefore in their relutive production costs in the absence of trade. One
can therefore hardly ignore relative prices in a model of international
trade.

It appears to have been generally overlooked that in 1953, Sumuelson
[23] presented a model of the relation between international and domestic
prices that is very simple in structure and highly amenable to statistical
treatment. Samuelson’s paper is best known for its celebrated “fuctor
price equalization theorem.” to the effect that if certain stringent condi-
tions are fulfilled. notably that all countries have identical production
functions, that they all preduce some amount of every traded commodity
(this assumption can be relaxed somewhat). that their factor endowments
are in a precise but complicated sense not too far apart,' or alternatively.

*Rescarch supported by Ford Foundation grint 730-0114, program on Internitional
Economic Order. Griateful thanks are duc to Ahdessatar Ouanes for his untiring and eapert
computational assistance. I am alse much indebted to Werner Ruostin and triedrich Marx
of the Price Division of the Statistisches Bundesamt., Wiesbaden. for their help in furnish-
g me with the price data and weights used in this studs. Finally, [ wish 10 thank the
referces for their penctrating comments: hbut they are of course absolved of all responsihilits
for the many shortcomings that still remain.

'To he precise. the endownment vectors of the various countries should afl lic in the
same “diversification cone” (¢l Chipman 1. p. 24)).
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that there is no “factor-intensity fCV_C“i”" i a generalized SC_“NC.I then
the rentals of factors of production will be cqual aeross k_'UU"ll‘!cs; Owing
to the startling nature of this result, and lo‘ the obvions Faet that iy iy ol
fultilled in the real world immigration h;ll.'l'lCl'S 0 o.nld not he flccdul if the
result were true), attention has heen dl\’cl’lc(l' from lh.c' fact that th
thcorem is only a corollary of a much more basic proposition which dog.
not require any of the stringent ;ls.\'umplmnrf cnumcr.ul.cd above. The by,
proposition is that under the assumption of compcl.l.ll\'c markets. absence
of joint production, and constant returns to SCillCill there are at least g,
many “products™ as “factors’ then the rcnl.uls of thc I;!lt'cr will depeny
only on the prices of the former, @nd in particular will be independent of
factor endowments.

This proposition can be generahized sull further, as shown in the next
section. to state that as long as the numbcr of internationally traded com-
modities also produced at home exceeds or equals the number of priman
factors of production, all domestic prices will depend uniguely on inger-
national prices. independently of factor endowments and the balanee of
payments. In a way this result 15 even more startling than the factor price
equalization theorem; and it cries out for statistical verification.

An immediate difticulty that presents itsclf at the outset is that the
hypothesis that the numnber of traded commodities produced at home ex.
ceeds or equals the number of primary factors is not subject to empirical
verification- at least directly; for the outcome depends entircly on how
the products and factors are aggregated into groups. Tarifl schedules of
varicus countries distinguish at least 10,000 commodity groups, and cach
of these is. typically. itself a highly heterogencous aggregate Allowing
for the heterogencity of capital, not to mention that of labor. it should
not be hard to reach or exceed this number on the “factor” side. The
theory itself provides no guide as to how one might recognize the number
of products and of factors,* any more than it provides us with 2 guide as
to the correct numerical magnitudes of the coctlicicnts. This latter analogy
provides us with the required clue: we should let the data decide the
question.

The hypothesis that the number of traded commodities produced at

IThe commonk aceepled condition gencralizing the notion of “non-reversai of factor
in§cnsil)" to the case of # Lactors and 1 producis iy the Gale-Nihado condinon that ths
principal minors of the Jacobian matrix of the transtormation from product prices 1o fa-
tor rentals be all positive. CF. Chipman [1. p. 30;.

3The German T-digit code {11] covers 8675 commodiy group:. The tanit soheduks
[0] require a Turther expansion of this list 1 « 9-digit code.

40nc _in_lcrcsling criterion setting 4 lower limit on she number of “producty” s the
!hc subdivision should not be 5o fine as 1o seriously violate the assumption that there is o
Jomt production. This eriterion is recognized by compilers of industnal classiication s
tcms: ey those of the NACi system who remark {20, p. 6i0 “The hiner the degree o
subdivision the less chanee there i, of tinding homogencous units a1t the le=el chosen
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home excecds or equals the number of primary factors can  in principle
be tested indirectly by reason of the fact that it implics that domestic
product prices and factor rentals depend on prices of imports and ex-
ports alone. independently of factor cadowments and of the balance of
paynients on current account. However, our logical conundrum remains:
in carrying out such a test. should “labor” be treated as a single homoge-
ncous ageregale, or as a set of “specific factors™ immobile among in-
dustries? The treatment of capital and natural resources presents even
greater difficulties, particularly that of finding reliable data. It seems not
unreasonable, therefore, to procecd on the hypothesis that the number of
traded commoditics produced at home exceeds or equals the number of
primary factors, and to try and construct an optimal aggregative model
on the assumption that this hypothesis is tree: having at that stage settled
on the optimal (on the hypothesis) number of groups of products and fac-
tors and on their composition (thesec numbers satisfying the analogous
hypothetical inequality in terms of the groups of traded commoditics
produced at home and of primary factors), one could then procced with
the required statistical test. Should we at that point decide to reject the
hypothesized modcl as an unsatisfactory representation of reality, we will
at least not have rejected it because we chose unsuitable modes of ag-
gregation:® and we may have lcarned something along the way.

My approach in this paper will thus be to adopt the hypothesis that
there exists some way of partitioning products and factors into groups of
aggregate producis and aggregate factors such that the number of aggre-
gate products produced at home exceeds or equals the number of aggre-
gate factors, and such that the aggregative model is a good approximation
of reality. The object of the statistical analysis is then to decide, on the
basis of the data, on the optimal number of aggregative groups of prod-
ucts and factors, on the optimal way of partitioning the given scts of
products and factors into the required number of aggregative groups, and
on the numerical magnitudes of the parameters - all simultaneously.

Owing, however, to some mathematical programming. statistical, and
econometric problems that remain as yet unresolved, it has been pessible
in this paper to carry out the above objectives only to a partial extent.
The first difficulty that must be faced is that whatever criterion is chosen
for measuring aggregation bias, the number of partitions of £ objects into
k* groups is, for any realistic values of &, so huge that computation of the
optimal mode of aggregation is quite out of the question. This difliculty is
inherent in the aggregation probiem, and cannot be avoided. We mnust be
content with finding modes of aggregation for which the aggregation bias

3See. for example. Johnson’s [17] argument that the “Leontiel paradox™ can he ree-
onciled with the Heekscher-Ohlin modet if skilled labor is ageregated together with physical
capital rather than with unskilled lahor.
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1s acceptably small, and which lhcrcl'grc :s‘[:ll](] @ good Cl”.lii.I‘.CC of being
close to the optimal partition. The criterion .(.)I aceeptability: chosen n
section 3 below is that the mean square error of the hlo'-.\ln-up'aggrcg-‘m\c
paramcter osttmator should be signiiic;.mzly .lcss (at a prcscrlbcd_mgnm.
cance level) than that of the corresponding direct least squ.urcs'csllmzuw_
This leads directly to the second difliculty, however. \\.'thh 15 that the
appropriate test statistic has (under the nu.ll h_vp.olhc:ws) 4 non-centry
Hotelling 73 distribution, the pereentage points of \.\'hwh are as yet up.
known except for the case of a single dependent variable. Precise resuly
are therefore obtained only for the more limited problem of finding ap
optimal partition of the exogenous vuriubl.cs. (the lfl[Ci'nilli‘i)llill prices)
into aggregative price indices for purposes of forecasting a single endog.
enous variable (a domestic price or aggregate price index).

The third difliculty that is skirted here but which must eventually he
faced is that it is impossible to separate the problem of commodity ag-
gregation from that of temporal aggregation. since the data reflect dy-
namic adjustment processes rather than equilibrium states. The decision
concerning the appropriate lag structure and that concerning the ap.
propriate commodity elassification system  should properly be mage
simultancously. It goes without saying that the analvsis of commodity
aggregation presented here reflects some incvitable and unknown degree
of distortion resulting from sub-optimal temporal aggregation ®

2. THE GENERALIZED STOLPER:SAMUELSON Mapping

My starting-point is Samuelson's [23} model of production and trade.
in which prices of commodities produced in positive amounts Just cover
unit costs, which in turn depend only on the input prices. I shall assume
that there are four categories of commodities, and that over the period
of time studied. commoditics do not switch categories. Let p', p, and I3
be row vectors of prices of k, internationally traded (exported or im-
ported) products alse produced domestically, &, imported products not
produced domestically, and k3 products produced domestically but not
tradea internationally, and let plbeal x ks row vector of rentals of ky
primary factors of production (including industry-specific immobile fac-
tors). Then we hyve

Pl=p'a, 4 Pidy + Py o+ pag
(l) pl < /’IAIE + [’2/121 + [’l.“;} + 1'14/]_,1
,’j = /"AIJ + f’zf‘zj + pJA,n + [’4{‘43.

0L 0r 4 diserec: . »
21 For a discussion of the temporal dggreganion problem. see Zellner & Montmarquctte
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where the A, are k; x &, input-output matrices (which will in peneral
depend on the prices p'. p?.p’ p*): the striet inequality in (1) 1s required
to ensure that a slight perturbation does not result in commodities switch-
ing categories. In this paper I shall confine the empirical analysis to the
case of the Leontief technology in which the input-output matrices A,
are fixed.”

The equations tn (1) may be written in the form

2 (PP [T = Ay A0 = (P pYY[ay | - 42
~ Ay An Ag  — Ayl

For a given set of observable values of the external prices (p'.p?), the
solution ( p*. p*) of (2) (which exists by assumption) will in general not be
unigue, but will depend on factor endowments and the balaince of pav-
ments on current account.® Formally. we may write the set of solutions
of (2) as

3

E;j,pa) ={p.pH [l — Ay A AL [ = Ay
L — Ay Apf|Ay - Ay
L, O ['.4;; I — Au) Ay [ — Ay
R A O T 0 N PR I

where z is an arbitrary | x (k5 + Ay) row vecter and M~ denotes any
generalized inverse of M If the (ky + ky) x (k. + k3) matrix on the
right side of (2) has rank &y + k, (which implies that &k, = k,. ic.. that
the number of traded products produced at home exceeds or equals the
number of primary factors), then the arbitrary term in (3) will vanish and
the solution of (2) will be unique. This is the essential mathematical result

TRemoval of this limitation would he one of the many steps one could take to improve
upon the methods presented in this paper. Non-lincar regsession methods have recently
been employed hy Hudson & Jorgenson [16] 1o estimate variahle input-output matrices
in @ mcdel which, like the present one, exploits a “non-suhstitution theorem™ arising
out of Samuelson’s work.

8The situation may he visualized as follows, for the case ky =2, ky=0. ky =1,
and k4 = 2. The country’s production possibility frontier will be a ruled surface (its shape
depending on the factor endowments): if, starting from balunced trade, the country goes
into detieit. it most shift resources out of the expoit and import-competing industries
into production of the domestic, non-traded good in order to satisfy the increased demand
for the latter (assuming it to he a superior good). This can be accomplished hy moving
along the lincar segnient of the ruled surface to which the price plane is tangent. If
kg = 3. however. the production possibility surface will (except for singular cases) he
strictly concave to the origin, and the price of the domestic good will necessarily rise as
the deficit increases, to an extent depending on factor endowments and consumer pref-
erences. Assuming consumer lastes to remain stable, the domestie price will then depeud
on factor endowments and the size of the deficit in addition to the international prices.

Ile., any matrix 3~ such that MM~ M = M. C{ Chipman [3].
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/ underlying Samuclson’s fuctor-price equalization theorem.™ Sipee empir.

cal matrices can be expected always 1o h;n'.c f'ul!-runk. lhcvcomlitiu“
ky = kg4 is also suflicient (with probability 1) !()r uniqueness of lh;:. soli.
tion of {2). Under these conditions. ;md.ussummg! 'tllM! that lhc‘ l.]]u[n\ ]
Ay satisties the Hawkins-Simon conditions [13] (l.cj. has [_m\'lluc Prific,.
p;ﬂ minors), it may be verified that we can express this solution a

4 - N
(ptp'y = (/’l-l’:)r[--ln SAUS TR R HE P LA I BV A I TH)
(An — A Afi 40U — Ay = Al

where
Ay = Ay + A - .-hx)’l-"_n (0= 1.2.4)

and where A denotes any rightinverse of 1,

Since (4) is a generalization of the relation first mvestigated )}
Stolper ind Samuelson [24] between internationaj prices and domestic
factor rentals for the 2-product. 2-factor case. it may be described as (he
“generalized Stolper-Sumuelson mapping.” Our main object in the neyg
section will be to obtain quantitative estimates of the parameters of thiy
mapping, or rather of a simplilicd aggregative variant ol"il. by means of y
regression model in which the external prices (p'.p') are treated g
exogenous variables and the internal prices (p* py as endogenous var.
ables. Some care must be taken. how cver, in order (o Justifyv the treatmen
of external prices as exogenous. In the first place. it must be noted tha.
in general. it is not logically possible for the external prices ( plopyin (4
to be exogenous except under certain conditions or within certain wel.
detined limits. For. the assumed cxistence of a solution to {2). together
with the assumption that the matrix on the right in (2) has rank Ky + k.
implics that the vector on the left side ol (2) must be contained in the
(k3 + ky)-dimensional space spanned by the rows of the matriy on the
nght Ik, + A, > &, + ks, this means that the price veetors (p',p°)
must themselves be so confined. and their exogenous variation assumed
to be limited to g subspace of dimcn.\'ionuiil}’ ky + k.10 ki + k. <

"l generat. with input-output coeflicients depending upon Mput prices. the uniquencs-
need anly be local in the absence of further conditions (see tootnote 2 above), This mean
that the mapping {4) may he dilferent for different countries even if production functiony
arcidentical as between countries. But this does not caneern us here, sinee we are interesied
oniy in the mapping for a particular couitn

"Taking account of the dependence ot mpat-output coctlicients on mput prices, the
domain of the mapping (4) will be not g linear subspace but i submanifoid of dnicnsion
A;; + kg The idey of constramed or conditiong] cxogencity can also be avplained n the
lollowing way. Let k) 4 4y . %, , Ka-and suppose that 7' &y 4 &, of the ternationsl
prices are unconditionally exugenous: suppose further that the country’s imports and e
POrLs are functions of the micrnational prices. and that seme of the Tatter prices arc i
turn influenced by the country’s imports and exports How many of them prust be so -

MO




irj-
Bion
b lui-

Btic
the
Xt

¥ his

s
ATi-
ent
hat.
(4)
ell-
Rher

ness
SN
jions

icd

the
NOTE
the

il

sy

ky + ki, then since also ky + &, < Ay + Ay, werequire ky — &, 2 ky -
ks 2 0. In the conventional case o which Samuelson [23) concentrated
attention in which &, = 4, = 0. this requires ky = A, (equal numbers of
products and factors); it is appuarent that the present, more gencral,
formulation is substantially less restrictive than this.

There remains the empirical (as opposed to logical) guestion as to
whether the international prices ( p', p?) may properly be specified as
exogenous, given the above vonditions and limitations. There arc at least
three possible grounds on which one might question this hypothesis in the
case of West Germany. (1) It could be argued that Germany’s share in
world trade is large enough so that autonomous shifts in its imports and
exports (or at least some of the latter) can be expected to exert a substan-
tial influence on world prices. While this is no doubt true, the real issuc is
whether there have bheen significant autonomous shifts and whether they
have been of importance relative to externally induced effects. For exam-
ple. although Germany is an important exporter of coal, one could hardly
argue that the 60°, increase in the price index of its coal exports from
October 1973 to October 1975 was a consequence of its own influence in
the international coal market rather than of the rise in petroleum prices.
(2) Onc might argue that cost-push inflation induced by union pressure
would lead to a devaluation of the mark and thus to a rise in the interna-
tional prices (which iire denominated in marks), so that the causation
would be the reverse of that assumed. However. the value of the deutsche
mark (in terms of U.S. dollars) rosc quite steadilv throughout most of the
period, by over 50°, in fact. (3) Domestic prices of those agricultural
products subject to the variable levy under the European Community’s
common agricultural policy are insulated against changes in international
prices. This cannot be denied: unfortunately, however, at the level of
aggregation employed in the present study it was not possible to separatc

fluenced? The answer is: exaclly &y + kg —r. This is nol a fortuitous result. bui is
simply a logical requirement of the assumptions made. If we knew the magnitude of r
and could identify the r unconditionally exogenous internationai prices. we could em-
ploy them as our exogenous variables. But we do not have such knowledge a priori.

2This docs not mean that the domestic repercussions of the rise in oil prices could
not have had a further influence on coal prices. Indeed. this was probably the case. The
volume of Germany’s coal exports was 30°, higher (and of industrial production of coal,
10", higher) in the first quarter of 1974 than it had been in the third quarter of 1973,
while the coal export and domestic prices had riscn by 47, and 9" respectively: by the
third guarter of 1974 the coal export and domestic prices had risen by 30", and 28"
respectively. Thercafter the volume of coal exports dropped off sharply and continued
declining until the third quarter of 1975, reffecting increasing domestic demand: and coul
prices continued to rise signiticantly. The sharp rise in the volume of coal exports in 1974
could well have contributed to the stuggishness of the initial rise in price, and the sharp
drop in the volume of coual exports in 1975 to the subsequent acceleration in price. Never-
theless. there is no question that the driving force was the petroleum price. The outcome
would have been substastially the same if Germany hud not been a significant coal
exporler.
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vilue of agricultural imports from the U.S. (¢f, Preeg 21 p. ERIT

3. CONSTRUCTION OF AN Orrivat AGGREGA TV} Mope

Un the basis of the mapping (4) we postulate the multivariyge muyl.
tiple regression mode] ™

(5) Y=XB+kI£E=U.GWNLTMNf):h@g

where Yis an n x m matrix whose TOWS dre conseculive observations of
the m = k, + Ay internal prices (p*. p*). X is an x Kk matrjy whose
rows are consccutive observations of the k =k + k> externy) Prices
(P'.p*). B is the k x momatrix of the generalized Slnlpcr-S;mluclson
mapping (4). and £ is an n x m matrix of random crrors, Of course. (4)
represents a theoretical relationship among equilibrium prices. and we
have no formal dynamic theory of the adjustment process o deseribe the
prices we can actually expect to observe, [y Wias nevertheless decideq. n
order to coneentrate on the commodity aggregation problem. to it th
model (5) directly: monthly data were averiged to quearterly data in the
belief th:it this would minimize the specification error introduced by the
negleet of lags '

BSuch a separtion is planned in a1 more disuggrepative study curremtly in progress.

HHere, row g denotes the row vector of rows of £, and © denotes the Kronecker
product. “&* denotes the expectation operator, assamed condutional on Y

Bt should be noted fiest of all thai. o I8 suggested by the discussion n fooinete 12
above, information voncerming gquantities of imports and exports, and domestie production
and consumption, could not very well be ignored in Any satisfactors explination of the
dymmic adjustment process. even though these vartables are absemt from the cquilibriup
relationships tmong the prices, Even supposing. however, that they could be evcluded as g
fiest approximution the mtroduction of brgged prices would of COUISC not remove temporg]
specitication error if the “true™ dynamic Process is considered 1o be 1contmuous-tine
one (¢f. Telser 12510 at best it might reduce . By the main practical and methodo-
logical difliculty involved in allowing for lags is that they use ap degrees of freedom, mik-
ing it NECOssary to increase the amouny of aggregation over commaditics: that is, we canpol
reduce tempora| aggregation error withouy geraviting the probiem of aggicgation over
commodities. Moreover. it js clear that in deciding upon the optimal mode of aggregation
over commodities, suntlarity in lag patterns would have to be tiken ino decount in addi-
Uon 1o the kinds ol considerations (structursl sunilarities and |nu|licollinc:lril_\j that are
involved in the static case (cf, Chipman (2], {3 In shont,
tion in dynamic madels still needs 1o be developed.

In 2 study of price relitionships in qh.: cise of the Japanese veonoms, insolving
monthly data on nipe aggregative internationy) price mdices, Ho [i15] found the average lag
lengths (o vary from two 1o six months, and 1o be concentrated aronnd three and jour
months, Undouhludl_\'. such lags accoum for some of the snomaties found in the empirici
rcsulls reported below: jn particulir, the high explinaton power of mimng and quarrsing
mpoit and export prices on domestic fuel prices found i some of the regressions may be
ascribed to the fact thut both import und export coul prices and domestic fuel prives
lagged behing petrolenm impor prices.

i theors of optimal A2 rCgd-
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Genuine price indices (as opposed to unit value indices) for imported
and cxported products are available for very few countries." For West
Germany, monthly data are available back to January 1958, in terms of
three Laspeyres series with bases 1958, 1962, and 197G, for some 200 com-
modity groups (9, Reihe 11 At the time the study to he reporied here
waus carried out, dati had been acquired going back to 1963 for 37 import
and 37 export categories, furnishing 52 quarterly observations; these were
aggregated into 12 categories of each as indicated in Table la, furnishing
k = 24 exogenous variables." Monthly consumer and wholesale price in-
dices, and quarterly wage and salary indices, were employed as indicated
in Tables 1b- 1d;" these furnished a total of m = 39 endogenous variubles.

The export price indices are f.0.b., and the import price indices ¢.i.f.,
exclusive of tariffs. Tarifl-inclusive import price indices are availuble only
for certain basic materials.” Customs duties as a percentage of total im-
port value are shown in Table 2, indicating a marked decline front 1963
to 1964 from 7.16°, to 4.27¢,. followed by a gradual decline to 1.68", in
1975. The general import price index rose by 54.6°, over the same peried,
with some substantial fluctuations including the four-fold increase n
petrolcum prices in 1973 74. The neglect of tariffs. while unfortunate,
is probably not too serious, espectally since non-tarifl’ barriers have not
been taken into account.

Let us now formulate the probiem of constructing an optimal ag-
gregative model. Let us assume that the price indices have been multiplied
by a single set of weights (the more complicated problem of dealing with

16Namely. West Germany, Sweden. Finland. Jupan. and South Korca (cf. Rostin
[22. p. 393]). A U.S. series of gradually increasing coverage has buen issued by the Burcau
of Labor Statistics since 1974, the most recent accounting for 159, and 547, of the value of
U.S. merchandise imports and exporls respeetively (mainiy nmanufactures).

7This preliminary aggregation doubtless introduced some distortion in the subsequent
analysis, and in retrospect could have been inproved upon in seme ways, Of course, the
original price index dala are nol free from such defects, being themselves aggregales.

18CH. (9], Reihe 6. 8, und 15 respectively. Since the study reported here was com-
pleted. a breakdown of the vage and salary dala inlo industries roughly comparahle
in classification to that of the international prices has been obtained. as have producers’
price indices for industrial and agricultural products (Reihe 3 and 4) which employ the
same methed of classification as the inlernational price series. Annual protit data by in-
dustrial calegories are also available (ef. {7]). A more comprehensive study cmploying
these series. back Lo 1958, is currently under way.

19(9}. Reihe 2. Annual lariff revenue data are published in the annual supplements of
[8j. Reihe Z (and unpublished monthly data have recently been acquired). classified accord-
ing lo the 2-digit Brussels Nomenclature. which forms neither a finer nor a coarser par-
lition than the industrial commodity classification system {10j uscd for the price index
serics. Work is currently under way o converl the one Lo the other by regression and other
approximation methods. with the help of import statistics classified by the two methods
(in [81. Reihe 2, 1. 7). as well as of average larifl rates compuled according 0 the in-
dustrial classification system from tariff schedules by Hiemenz and Rabenau {5, pp. 23-6].
[14] separately for the European Communily and other countries. for the years 1958, 1964,
1970. and 1972.
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TABLLE 1a

CrassiicAtics o1 INtERNAToNat Cosvobtins Exriring GrRMAN Tkany
LASSIEICA LG b ,

AGGREGATED FROM CLASSIHICATION ACCORDING 10 INj) RRELATIONY
AU e . B .
) ("("R(ll)l crox, Tocerer Wik Weigins Per 1000 18 Tyeor, AND

' Eapors Prict INDIN REsproanvery

- Impon

Classitication Waght

1. Agricultural, Torestry, & hshery rass produee l-:?,HN

. S

Agricuhural ! } &Ll

[Forestry ,’,(()»(.’

Fishery (a '

2. Mining & quarryving ; ll

Coal mining producis _ ’(,'j ;

[ron ore. non-ferrous metal ores. pyrites 2950
Potash & salts

1438

Quarrving products o i
' X oy & . b n e s
3. Perroleum & petroleum products. & other nmining products 8826

Petroleum. gas. & hitunitnous rock 6207
Otiner mining products, incl. peat
Petroleumn products RATY
4. Tron, stechiand their products 86.66
[ron & steel 5629
Foundry products 1.69
Products of deawing plants. cold rolling malis, & steel
shaping 8.68
Producis of structurat engineering 387
tron. steel. sheet & meral goods 16.13
S. Non-ferrous metals (nel. precious met:ils) & semi-tinishes 79.09
6. Machinery# X1.77
Products of mechanical engineering (incl. locomotives &
agricultural tractors) 62.78
Oftlice machines and data processing cquipment 18.99
7. Roud vehicles (excl. agr. tractors & clecrr. driven vehicles) 46.98
&, Electrical & precision goods. cie. 739
Elecirical goods AR
Precision & optical goods [R{E]
Musical instruments. tovs. atkleric goods. jewelery. ete. 9.03
Y. Chemieal products 7822
10. Wood. glass. plastics & ruhher products 83.04
Fine ceramices in
Glass & glass products s.93
Sawn wood. pivwood. other worked wood 1379
Wood produets 6.17
Wood pulp. cellulose. puaper REF
Paper & paperboard 3.06
Printed products 368
Plastics producrs 92
Ruhber & ashestos producis 0.0y
T Leather & teatile progucts 9828
Lenather 38y
Leather products & foorwe:r 993
Textiles 6292
Clothing 2154
12. Foodstufis, heverages, & tohacco 87.52
Foodsiuffs & heverages. ete. K713

Toh:cen producrs 0.39

"\[‘nm
Weighy

1594
(N
0.5
03
299
M0y

M)
78
165

[
93
1S3
NS

Yo,
AL

2099

hNG
RRIY]
nu

My

9% 30
1914
1500
13637
98 90
A
8.0y
413
0.4
6

7 ‘_{
RR1
L
5%
i
T30
1574
103}
37
MO
39
KARYS
FR!
N4
RIS
08|

a-. . . .
The two groups m this calegory were comhined in the price indev statistics in 2

193K and 1962-hased series, and firss hroken apactan the 1970-based series.
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. KT
k3 10
0.50
0.36
.98
0.4

20
7.58
105y

L3
9.36
EANR}
B0 .04
B 295

) 99
R
- RN

nn

17.64

9%.50

j 1914
5001
3037
9890
2138
5.00

b 1331
0.8
699
7.38
330
821
667
427
7.30
1574
10,15
0.7
20
394
1548
SB4
2544
2463
081
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TABLE 1h

CONSUMER PRICE INDEN OR 4-PresonN Mippre-INcose FsMprovis
Hotstnorps v Geraasy, Wirn Weianis Pre Tuot vasn

Classitication

1. Food, heverages & tobacceo (incl. restanrants)
2. Clothing & Tootwear

3. Lodging

4. Electrienty, gas, and fucel

5. Other houschold goods & services

6. Transportation and communication

7. Personal care & health

8. Education & entertainment

|

l
[

9. Personal effeets, other goods & services

TABLE e

Wetrht

439 K3
1998
93.63
RRR N
109.78
61.98
30.97
62.97
3501

WHOLEsALE PRICE INDEY, GERMANY, Wl WHGHTS Prr THOUSAND

Classiiication Weight
1. Grain, seeds, fertilizers & live animals 1058
2. Textite raw materials, intermediate products, hides & skins 5.9
3. Chemeals for technical use, drugs 9.6
4. Coul, other solid fucls, & petroleum products 2088
3. fron, stecl, non-ferrous metals & their semi-manufactures oS
6. Wood. wood products, & building & plumbing muicrials 88.8
7. Scrap and other waste products 19.3
8. Foodstutls, beverages & tobuaceo 217.0
9. Clothing & tootwear RRRY
10. Hardware, art materials, cte. KPR
1. Eleetricat, precision & optical produets, jewelery, ete. 19.4
12. Transportation equipment, machinery 788
13. Miscellancous supplies 1.2
14. Pharmaccutical, cosmetic, dental, and medicinal articles Jo.6
15, Paper & paper products, printed products, school & office supplies 14.7
TABLL Id
WaGEs AND SALARIES BY INDUSTRY. GERMANY, Wi
WEGHTS (PEr T000) 1N WAGE AND SALARY INDEX RESPRCTIVELY
Classific:ition Wage Weight Salary Weight
I. Mining 19.07 2247
2. Eleetricity, gas, and water supply 17.33 RAN R
3. Primary & producers” goods industries i8%.9% 129.71
4. Investment goods industries iS4 28554
5. Consumer goods industries 195.74 8847
6. Food. beverage, & tohaceo industrics S1.59 3936
7. Construction industries 146,15 30.17
N

. Trade, eredit institutions, & insuranee

545
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TABLE 2
AvERAGE PrroeNTact Tarme Rate on WO Grrvas Inpogis

[I63 1964 1965 1966 1967 NN 106D 19T BT 1Y T gy

706 427 365 3R 34D LD IR LM IR 2as gy

chain indices will not be taken up here). so that aggregation takeg the
form of addition. Let G and I be k x k* and m x m™ grouping Matrice,
having at most one unit clement in each row and the remaining elemeny
2er0, b being a proper grouping matrix with exactly one unit clemeny n
each row, where A* < Kk and m* = m. Detine XY* = XGund ¥ < yy
The aggregative model then takes the form

(6) Y* = Y*¥B* + L*. &¥L* = 0. &¥row E*¥Y(row %) = | g+

where €% s the assumed but not “true™ expectation operator. The i
crepancy between the “true™ and “false ™ expectitions of Y being gy# .
EXY* = X(BI — GB*). the aggregation bias may be defined as an ap-
proprizte “distance” between the transformiations Bif and GB*. |y N
I have argued in favor of the Mahalanobis distanee, so that we may defing
the distanee of any A x m* matrix C from B/ to be

(7) d(BIH.CY = m* " w(BH — CYX'XN(BI — CyUI'SHY .

We deline d(BH. GB*) to be the aggregation biay associated with (he
model (6). It was proved in [3, p. 668] that for given ¢ and /1. this ag-
gregation bias attuns a4 minimum with respect to B* when B* = /gy
where G* = (G'X'XG) G'X'X (X*'X*) X*'X The minimum ag-
gregation bias is then

(&) MG.H) l'llil.f d(BIl,GB*)

m* L HBYX (1 - GG*YBH.

The problem of optimal aggregation is then that of selecting G and #
out of a certain class of pairs of matrices (G, 1) so as to minimize (8).

The problem as just posed is, however, guite intractable. Suppos
H and k* are fixed. Then a proper grouping matrix G.considered as a st
of columns without regard to their order. completely defines a partition of
k elements into A* subscts. Now, there are a total of

: o ll\.* : <\A
—,,-Z(~—l>(l.)u*~ i)

k* < ,

BGee faotnote Y. For empinical matrices ¥ owe can eapect V¢ - Y6 o have full o
k*. so that G* = (7} NG WG UY Gf s called in P veencrahized  quasiamens
of ¢
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such partitions (cf. Chipman (2. p. 151]). Taking. for example, k = 24
and k* = 9. the number of partitions is approximately 1.206 x 10",
There would be o hope of finding the optimal partition cven if B were
cempletely known. We must be content to accept a partition for which
the minimum aggregation bias is acceptably small. And. of course. we
must be content with estimares of B and B*,

In the case at hand, our 52 x 24 matrix X of quarterly observations
of international prices. while quite ill-conditioned.” is of full rank, as is
every X* = XG that anises. The least-squares estimators of B and B* are
then given uniquely by 8 = {(X'X)'X'Y and B* = (X*¥XY*)y'x*y+
It was proved in (4. Theorem 1] that

S Sd(BH.GB*) < 8d(BH,BH) = NG, H) < k - k*.

In words: the “blown-up™ aggregative least squares estimator GB* of
BH has lower mean square error than the direct least squares estimator
BH if and only if the aggregation bias associated with G and # is less than
the reduction of dimensionality from the original to the aggregative
model. The latter hypothesis can in principle be tested. by means of the
statistic

(10) vo= m* trl(H'S*H — H'SHY(H'SH) ')

where § = Y'[I — X(X'X)'X'|Y.S* = Y'[I - X*(X*X*)'X*Y.
When the residuals tn (5) are normally distributed. m*(n — k) has (under
the null hypothesis) a non-central Hotelling T{ distribution. Calculation
of its percentage points remains a difticult task: I therefore have concen-
trated in the present study on the case m* = m = | and H = 1, in which
(n — k)e/tk — k*) has (under the null hypothesis N(G. 1) = & - k*) a
non-central F distribution with & — A* and n — & degrecs of freedom und
non-centrality parameter & — k*. If the hypothesis AM(G. 1) £ 24 — k* is
not rejected (say at the 57 fevel), G is considered to be acceptable.

It remains to tind a search procedure to discover partitions that have
a good chance of passing the aforementioned test. To this end, Mar-
quardt’s [19] estimation procedure has been applied.

Letting X = QI P’ be the singular value decomposition (cf. [12}) of
X,where Q'Q = P'P =1, and I' is the k x k diagonal matrix of singular
values of X (in descending order), we define I, to be the diagonal matrix
obtained from I' by replacing its & — r smullest diagonal elements by
zeros, and I'! to be the generalized inverse of I', (positive diagonal ele-

N The condition number s(4) of Y. defined as the ratio of the largest to the smallest
non-zero singular value of X (el [12]). is in the present case 2039296/ 0612 = 333218,
For all variables other than petroteum and non-ferrous metal import prices. when Y is re-
scaled so that Y'Y is a correlution matrix. 17 of the 23 corrclation coetlicients exceed

99,
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ments replaced by reciprocals. zero elements left unchanged). The Miitriy
X, = @, P is then the best approximation of X by an 4 » LTIy oy

» ) . . s
rank r.7 Its generalized inverse is 1) - P L7 and Marqguardy's esti-
matorof Bin (5). ol rank +. is

" oy
(n B, = \,VY.

Marauardt has shown [19. p. 601 that it certain g priori bhounds A
placed on the elements of 8, (11 ) will have lower mean square CITOT thay
the least squares estimator 8 = g,

These estimates were caleulated for r = 24,23 —boIn Figure ) i
shown the “rank chart™ corresponding 1o the fourth column of B con.
taining the estimated regression coeflicients (measured on the verticyl
axis) for the dependent variable CP1 4 (consimer price index componen
for electricity, gas. and fuel). for cach value ol r (measured on the horizon.
tal axis). The chart has 2 remarkable feature (which it has in common with
those for most of the remaining dependent variablesy for 24 Zors |
the regression coetlicients oseillate wiidlv, with implausibly large magni.
tudes in absolute value. but they become quite stable for 16 > , . 3
the stable regions. the estimates provided visual clusterings which were
used for trial grouping matrices G. The same process was repeated with
X replaced by the original price index series (and the estimates scaled
back 1o the weighted torm). and agitin with Y normalized to have col-
wmns of unit length

With the triadd ¢ matrices so obtained, the hvpothesis test of (9) was
carried out for cach dependent variable separately (the case m* = gy - 1},
The results are summarized in Table 3. At k* = 12 71.03", of the trig]
modes of aggregation passed the test: but the Marquardt estimates were
Judged to have somewhat mnplausible cconomic values. For 4* - 4. only
0.85", of the trial modes passed the test. It was concluded that the optimal
A* was somewhere in the region 9 2 k* > 6. While this argues in favor

n the sense of minmizing the Frobenics norm

L ) . VA e
N - X =t A0 -y ISR

AThis method abwo furnishes a means of effecting the requirement of copstrained

exapencity desenihed in section 2 and Tootnote |1 above, the diserepancy between 3 and

A, being attributed 1o errors of Mesurement. or rousding. ar of dyaamie adjustment i 3.

or 1o the approxinmation of an r-dimensioral submuanitold by an r-dimensienal lires

subspice
Hyf Yo. Vo are the data motrices with 1he original price mdices, and By i
tie dingonad matrices of weights, then v - YoWy V= Yol The estimae (11) comvericd

to “elasticity form™ s H'_,,v[},ll'}'. The Marquardt estimate in ongmat form, sealed bick
lo waghted form, is H'jz(.\'o): Yolby - ll'_;'(_\'u'_;'}: F.oiakewise, normalization entaks
replacing Yo by Vy = 46N ™ where A s the diagonal matriv whose diagonal clenents are
the square roats of the dragonal clements of 0Xg. baran uanabvars of the seritivity of §
losuch scale transformzstions see Wedin [26].
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Cruvicar Upprr 57, POINIS TOR TESTNG \\Hllhllk Biows-1]
Lowir Mran Souare FRROR [iian

LEAST SOUARES ESTIMATORS. AND SOME SUMMARY Rist g1y

AGGREGATIVE ESTIMATORS Have

;77 Aop-M-p 12 T 9 5 - 6 \
= A AT =24 AT 1D K td i3 io i’ ™ 1y a0
l é'rillc‘ll 05 pont 1.74 P86 19YS 2w 2.0 ARR _3'4(, 257 2y
h Highest: anserved 6602 | _'..”J._ |(?.h,‘h 31 1\\ ;‘ e
Categors Wpt2 WPLIS WPl 2?2 WAG?T SALG
R l,o\.\(:sl: o-hacr\ cd 0110 0608 0584 ()}79‘; I8ty
| Categon WAG?2 SAL T WpPE7? WAG? Wil iy
’ ) : l’crccmlugu: of abserved
: vilues below
i critical point 71.02 36,26 41.67 1660 083
) Number of modes of i ‘ ‘
ageregation tested ] 7 12 36 3

ol simple models. it suggests that the 2-dimensional models that ha‘\_'c been
the favorite of trade theorists are not adequate to represent reality.”

In Table 4 are displayved the three scts of Marquardt rank 9 estimates
for the dependent variable CP1 4 (i.e., the fourth column of the 24 19
matrix 8,). scaled to weighted form. Three clusterings were tried on the
basis of the estimates in column | and the corresponding hlown~up ag-
gregative estimates are displayed in columns 4 6: the clustering can e
inferred from the values of the coeflicients. Columns 7 and § displav the
blown-up aggregative estimates derived irom clusterings suggested by the
estimates of columns 2 and 3. Table 5 shows the same results. but with the
regression coeflicients rescaled to the form corresponding to the case in
which the observations are the original price indices: this is called the
“elasticity form.” and is useful for checking the economic plausibility
of the magnitudes. The clustering can be inferred from the common values
of the r-ratios within groups. For example. we read from column 7 that
in partition 2, import prices of mining and quarrving and of petroleum
have been aggregated together. and the estimate implies that a ten per
cent nise in petrolcum import prices will lead (roughly) to a 2.5 per cent
rise in the domestic consumer price index component for electricity. gas,
and fuel.

From Tables 4 and 5 we read that partition 2 had the lowest agpregy-
tion bias for prediction of CPI 4. as measured by the e-statistic (namels
1.312). On the other hand. for purposes of predicting CPI 1 (price of

R U TN L

BCE Jones & Scheinkm:n [18]. who defend the tradinonal 2 x 2 model by showirg
that certain of its propositions, when appropriately reformuliated or weakened. CATTY ove
1o higher-dimensional cases provided all commoditices are produved und traded and the
their number does not exceed the number of [actors (the opposite of the situation beins:

N

considered here). Note that even if this is true it does not follow that 1 2-dimensional mode!
! can adequately represent a higher-dimensionat situation

S™M)
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TABLE 4

RaNK 9 MARQUARDY BSTIMAIES. AND RE1ATED Browx-Up AGURFGATIVE
ESTvanes, Exprissro N WeiGHED Fory
(Critical upper 3¢ point for test tor aggregation brs: 2,04 )

Muarquardt Rank 9 [cast
Estimates Blown-Up Aggregative bstimates Syuares
| 2 3 4 S [ 7 8 9

Orig- Nor- Par- Par- Par. Par- Par- OLS

Int'l Weighted  inal  malized  tition  tition  tition  tition  titon  Esti-
Price Data Data Data la Ib te 2 3 mate
1 AGR = -.056 053 B2 -.029 - 085 ...021 071 090 033
2 M&Q .29 291 338 284 A4R2 495 26F - 038 - 1.076
3 PETR 235 2806 106 .260 245 195 261 146 405
- 4 1&S -3 =72 4TSI S 502 —43) S 346 -7 2306
= S NIFM 083 -.025 029 032 073 125 071 090 694
% 6 MACH -.098 -027  -.033 108 153 197 071 080 —2.083
L 7RDYV -.029 A4 001 042 023 063 093 46 1.296
Z 8 ELEC -.014 -122 0 108 42 023 065 - 346 - 555 ~.639
9 CHEM -.074 =276 =244 - 092 - 085 - 021 —060 138 -2.031
10 WD.GL 122 -.109 009 100 - 316 940 - 36 .00 A73
I L.TEX 006 0i6 - -.002 042 023 063 071 090 1.167
12 FOOD 066 ~-.007 - .013 052 073 25 071 090 RIS
1 AGR -.022 - 406 244 042 028 065~ 566 - 088 —1.072
2 M&Q 242 783 1.003 2260 482 1535 1230 1.047 0 2097
3 PETR 025 - 488 a7 032 073 A25 0 45 <1700 — 493
4 1&S —.125 031 008 108 53 197 071 090 - 5345
- S NFM 029 373 A 032 073 125 477 203 - 1.024
~ 6 MACH 363 149 090 303 BAR) 074 093 146 =256
é 7 RDYV - 005 040 01§ 042 023 068 071 090 139
& 8 LLLEC -.0067 098 076 —.092 -.085 -.02i 093 146 304
.5 9 CHEM 075 -.004 .034 052 073 25 0N 090 514
10 WD.GL 042 094 202 052 073 125 095 088 — 1043
1 LTEX -.029 001 —~.076 042 025 063 071 090 1902
12 FOODb 053 401 189 082 073 (25 247 - 088 - 1.382

+(CP1 4) 20560 2024 1464 1312 1388
(all CPI's) 3449 3493 4028 3727 3.861

foodstufTs). partition l¢ would have been the best of these. The bottom
row of each table furnishes the value of the o-statistic for the case in
which H = [ly, 0.0} this provides a general-purpose measure of aggrega-
tion bias for the 9 CPI components simultaneously. and the best partition
on this criterion is partition la, with ¢ = 3.449. Partition l¢ turned out to
be the best of these for prediction of wages and salaries, i.e.. for the case
H = [0,0.1;].

The estimates obtained furnished a number of interesting results
along with some puzzles. Among the interesting results it was found that.
almost without exception, the regression coeflicients for wages and sal-
aries had, for each import or export price, the same sign for all industries
and comparable magnitudes when expressed in weighted form. While no
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formal test was applicd. the result could be interpreted as justifving the
treatment of Vlabor™ as a single factor. mobile among iﬁdnsl'ric;. Of
coursc. other interpretations would he possible. ¢z that union policies
to cquathze wage rates among industrics keep witge and <alary movements
i hne across industrics: but a decper analysis of such union policics
might reveal that they dre not unrclaed to potentiial labor mobility,
Another interesting result (combined with a puzzle) was that the cluslic.i-
tics of wages and salaries with respect to inicrnational prices were positive
for ncarly all export prices (the cxeeptions being categories 7. 11, and 12).
and negative for nearly all import prices (the exeeptions heing categorics
3.4 and 12). The result suggests that there is something to the common
practice of treating exports and imports as natural categories for purposes
of aggregation: but it also suggests that there are very important cxeep-
tions to this rule. One might be tempted to interpret the gencral result as
providing cvidence of @ ~Leonticf paradox™ for West Germany, though
indcpendent caleulations with returns to capital (as well as more detailed
dynamic analysis) would be needed 1o confirm this as well as to determine
whether one can justify treatment of “capital” as an ageregate factor,

University of Minnesota
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