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ESTIMATION ERROR COVARJ1NcI:
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This note completes the results of the Preceding paper (CooksRosenberg. and Wall, 977 ICRWJ) and the flotation and definitions ofthat paper continues here. The covariance between estimation errors forparameter vectors and , at times s and t.

s = I,,, t = i,,!
has previously been reported only for the case where s = (Rauch, l963Ranch, Tung, and Striebel, 1965; Meditch, 1967 and references in thepreceding paper). Formulas for these intraperiod variances (denoted byrather than .dT to simplify notation) were given in CR\\'. In anearlier work (Rosenberg, 1968), the interperjod estim1tion error covarj_ances were derived, but in a relatively obscure form. The purpose of thisnote is to provide easily accessible and computtjtjont!l. convenientform u las.

Inference concerning the historical behaior of parameters general!requires both intraperiod error variances and interperiod covariancesFor example, consider the paranleter shift between periods s and 1, f, -
. The minimum mean square error linear unbiased estimator orMMSLUE (Rosenberg, 1973) is b1 -- that is, the diflerence be-tvecn the smoothed estimators at these two time points. The meansquare error of the estimator is:

MSE(1 = E((h,

(h, / - ( - (3, ) ))

iThiS research ttis begun drin a todrou Wilson Dissertalioti }-cllossshp at I Is-lard Unhiersjt and ssa tsilit the support of Ntion5t Science Iitiinil.tion(iii it G S3 306. The he Ipfu I continents of is ILi e hu da i are g ía cliii is ac knots edged

457



= E((h,, (h, -

((hf / d,) (h, / 3))')
I) ii J)

-- .1.! - ti,!
Thus, the mean square error is a lunctiori ui intraperiod error varjlr1ce
and interperiod covarianees.

lnterperiod estimation error Covariancesare also needed br nf_
ence concerning the values of parameters at t o or fflire times

Lei,, he p given times. The variance matrix of Cstiilljtion errors for
/3, is made up of intraperiod variance and interperiod covari

submatrices the submatrix in location (1. /) is P,,

2. A RECURSION JOR rilE ERROR VARJAN(l MA lRI(-i.S

The estimates for the parameter vectors. i 3, '
CR\' through the "gain' matrices of the ''bor ard'' and "backward
filters":

(I) (forward) A, = (I +

(2) (backward) J, = 4''(I ±
The computational procedure involves recursive application of thesefilters to accumulate the forward information matrices ll ,, and filteredvariables/1, , I .....Tand the corresponding backward terms G,,and r, , = 1',..,, 1. Then the information from forward and back-ward filters is summed to obtain the smoothed estimates h, , and their
estimation variances P,fT, t = T.

rhe recursive formulas hide the simple relationship between Succes-sive estimation error covarjances in fact, the variance matrices are them-selves lined by the recursion:

(3) PIT =

To verify this equality, postmultiply by J, and invert both sides of theequality to obtain:

PIT = K;p,,1j = p, ;-'
Then substitute the expression (CRW 16) for the information niatrices,taking note of the fact that H,.

, + G, z.2 = H,, + G,
,

'J; (H, + G, ) = (II,. , + G,, )A, -
Next, express H, , in terms of II,, by (CRW,7) and G, ,, in terms ofGNI,l hv(CRW,l2)

J(H,1, + J,fG,,l,,cI) = (K,/-I,,1 G,+,,,)A;
4S
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Then substitute (I ) and (2) for the gain matrices

(I + G, , i, I Q)'I' -

. I 'I'
= (HF' + H Qr/i,,'' + (i( ,, )(j + Q' II,:,)

The terms in (i,
! r + I Cancel out.

Ii// (J' 11t' Q)H,v'( Q'F 'II,,).
Preniultiplication h) 'F' + /I( ,CF Q leads to the desired equaljt

4) i' + JI,,vQ)'-/J,, = II,11q)-'((f) Quii,
)H,, ± 11,,'FQ'F I!, II,, + /I,;,'F QF'';/ Q.F I).

3, COVARIANUI RfiWJ.1\ LISI 1\IA1()\ JIRRORS
IN DiEFiRI.\U PEkJJ)5

For ans' twO time Periods .c and 1, S 1, it is shown below that
(4) KA' -. K1 Phi = Ph ... j
Equations (3) and (4) provide a complete recursion anlong all covari-ance matrices. For example, by recursive application of (3) to (4), eversmatrix ma be expressed in terms of the variance matrix of the latestestimate:

(5) 'j!T = KK1 ... K P1JJ;'1
' j <' 7

The derivation of (4) is rather tedious and will be presented here forthe simplified case where F = 1. Let H, be the informationmatrix in period .c. and let Ii, = vm,/72. Also, let K,, = K, 1K, - 2 ....and J,, = . - J, be the sequential products of gain matrices overthe interval .s i. (Notice the con1plicited
subscript convention: tr .cJ,, = K,, = 1). The estimation error (b, T - ) can he expressed as a func-tion of the stochastic terms in the model h' collecting the recursive equa.tions in CRW, as:

(6) (b,1 = P, A'x1/ff2 -
L''

f J,,.1e1/ ±

Taking the expression (6) f two periods.,, and t, and evaluating the



a

product moment, one find':

(7) I, , /, A,, 11, A ,

+ JI( i,,ii,i;, J,,G,, hj+I QG1.i1.i;)j ii
The three expressions are the respective COI1t1I)LItjOf)S to error from
stochastic terms up to period 1. hetseen . arid r. and beyond

1. Thesecond summation in each expression can be res ritteii as the f1c1ti\e
of the first SUflhiilatton plus OflC or t 0 addtionaI terms j:or examplesince

I -f Il,1Q

by (I). it follows that

A',,//,,Q//,,A;,
= L' K,(k, 1)11, / 'I

'-I
Ar; (II, / K,!!1,, )A

Regrouping terms and adding and suht ractirit A1 110 OAI yields

= K,IHO!QA;f + ks(/IA + lI A)k; K/I,

Furthermore since !1() = 0. K0 1. and Il = HA I - + IIfrom (CR\\. 10), the preceding expression reduces to:

Similar SinlplifjCatjoj)s fr the second and third expressions yield

(9) = 1/, IH K, k,//,A;, - i,,",1

(!O) J11G,1, QG,1 1j'_
I--'

,;//, 1Ql/ 1A;) A;,



Subsututiorl of these expressions into (7) results j-

(II) P [(11
(

I i' 1/)ri Hii Ii /

= P i i fri (/I + G,
P / = Ti., 'ii :1, 'I: = 1.1,,.

l'his is the second eilLiaIit\ !n (4). 1 he tirt equalit\ then tollo hspeated application 01(3) tO this equation (fl .1)

4 Mixs SVL..xRl Es i i\i-\ I ION ERRoR F( 1k .x P.kA \l I Ti R Sini i
It is often ol ni terest to compare 'alOes Of the parameter Vector .itto points in time by means of the estimated parameter

shift (h, -J:ronl (3) and (4). the mean sq uare cstiniatn error matrix is:

(12) MSE((,1 - h,,) (ii, d)) = 1 ' Pri
-- j) L' I) )- t / Zr I I

5.

These restilts SflOW an eleear,( relatioii'Ji [) an1on the Cstifllatjoii
error covariances. The sillOt)t Ii jnt procedure proposeii ill (RW, hichdoes not lollow this pattern, mvolves 31 matrix i risers iofls (1 Operationsto compute the forv. ard gain matrices. b) formula

( ) above: 1 to com-
pute the backward gain matrices b form ida (2) above: and 1 to Compute
the variance matrices h formula (I 6) ii ( RW ). Once these matrices have
been computed and stored. rio further iilatrjx iflVC[5i0115 arc required to
compute all interteniporal coxariance rilatrices xiii formula (4).

Simplifying form ulas do ex!st that reduce computational diflieults h
exploiting the structure implicit in equation (3). The procedure derix ed in
Rosenberg (1968. chapters 4 and 5) entailed 110 Iliat ri \ iflVersiofl:; in the
filtering state and required on l a single illatrix inversion overall. \lter,ia.
Lielv, recursive application of lornitiIa (3). as a substitute For (CR \V. 17)
reduces matrix inversions to 21 ± I. I loss eser, despite the gain in com-
putational eflicienc . these algorithms seem to be ss orthiess because of
numerical instahlitv The CR V. lilterinc form ulas are inherentl stable
because the errors in corn put at ion are a tten uated d tie to subsequent
niuhiplication h gain niatuices xx ith eigenx alues smaller than unit.
Formula (3) uses the prod net oF 'me matrix xx ith cigenvalues smaller
than units, with another having eigenvalues greater than unity, to ex-
trapolate information from one period to the next The errors in such a
procedure inevitably build up ox er a long saniplc series and. in our cx-
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perience. have proved uncontrollahk. Ihe only practical usehjj5ç
formula (3) above is as an error check to validate an alorith in based
(CR \V. 6). Form ula (-I) is the etlicient inethod to Ci)iflUte lit tCftCiflporiJ
estirilation error covariarice.
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