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Annals of Econoniic and Social Measuremeni. 6/2.1977

FUZZINESS IN ECONOMIC SYSTEMS,
ITS MODELING AND CONTROL

By S. S. L. CHANG AND H. O. STEKLER

Conirol engineers have just begun 10 investigate the properiies of “fuzzy” systems. These
sysiems conlain siochastic variables whose disiributions are not known comipleiely. Only same
of the properties of these variables may be known, the bounds Jor instance. In ihis case, the
theory of fuzzy dynamic programming has shown that there is no unique comirol solution.
Rather there is a sei of opiimal policies depending on the risk one is willing 10 take. The
least risky policy minimizes the maximum loss.

This paper iniroduces the concept of fuzzy sysiems and Juzzy dynamie programming 1o
economic sysiems. There are a number of possibilities for fuzziness in economic svsiems. We
present a general concepi and illustraie it with ore case: siochastic ceefficienis which are
bounded but where the entire distribution is nin known, A5 an example. the control laws for a
“fuzzy” firsi-order muliiplier-accelerator sysiem are developed, and the solutions are analyzed.

I. INTRODUCTION

In recent years, both economists and control theorists have been working
with systems which contain a variety of uncertainties. The simplest ap-
proach for introducing uncertainty was to add random variables to the
linear equations of the model. The solution to this problem is well known
and in economics involved the introduction of the certainty equivalence
cencept.

The next step was to assume that the coefficients of the model were
stochastic. Chow [1] developed the macroeconomic stabilization policy for
the case of stochastic coeflicients. He showed that the policy involved a
linear feedback rule which was dependent upon the joint density of the
coefficients in the initial period. Chow presented two methods for comput-
ing the means and covariances. The first was Bayesian; the second was an
approximation utilizing the asymptotic distribution of the structural pa-
rameters from which the reduced form parameters are then derived.

However, Chow noted that in making the control laws dependent
upon the joint density of the coeflicients in the initial period, information
about the coeflicients obtained during the control period was not being
utilized. Methods of efficicntly obtaining this information and then using
the new information optimally for control come under the heading of
adapiive control problems.

However, these techniques do not take into account some of the un-
certainties that decision makers face in actuality. First, it is known that
there are alternative specifications of economic systems which vield widely
different results about policy multipliers. Second. it is a fact that economic
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data are revised so frequently that the state of the system (even if that
could be precisely specitied) last period is not known with certainty.
Third. when data revisions do occur. they may be substantial. Then the
original coeflicients of a regression and the regression referring to the
same period but using the revised data may differ substantially !

Given the vast uncertaintics, it is unlikely that the error should be
represented by a probability distribution where the mean and covariances
can be computed at a given instant. However. if the probability distri-
bution is now known or cannot be used, none of the aforementioned
techniques are applicable.

A new sct of techniques have recently been developed to handle
stochastic control problems where the probability distribution of the co-
efficients or errors need not be specified. All that is required is that the
error or parameter be bounded. This new technique 1s known as fuzzy
dynamic programming, and the analysis show: that there is not a unique
optimal policy, but a set of policies depending on the risk that is aceept-
able. The most risky policy gives the least cost under favorable condi-
tions, but the largest loss when the uneertain parameters display the worst
possibic outcome. The least risky policy minimizes the maximum loss
(mini-max). However, this policy frequently yields a non-hnear complhi-
cated control law, but there is an approximate but simpie solution to this
least risky policy which is called guaranteed cost control. It 1s also possible
to obtain the entire set of optimal controls, with each depending on the
risk preference of the decision maker.

In this paper, we shall first develop and explain some of the tech-
niques of fuzzy dynamic programming. We shall then apply this technique
to controlling a stochastic multiplicr-accelerator system where it 1s as-
sumed that the distribution of the coeflicicnts is unknown but bounded.
Since we are analyzing a simple first-order systeni, it is feasible to derive
the exact minimax solution, and we need not examine the guaranteed cost
approximation.

II. Fuzzy DyYNAMIC PROGRAMMING
A. An Economic Model

Assume that our economic system can be represented by the first
order system:

(H yoo= Ay, + BG,

where both 4 and B are stochastic coefficients. There are alternative as-

I . Lo .
Foran example. see the inventory cquatiens in H. O. Stekler's. Eeonomic Forecasting
(Praeger. 1970) Appendix A.
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sumptions which might be made about thesc coeflicients. First, we could
estimate 4 and B from past data using appropriate statistical techniques.
Howcver, this would not be an appropriate approach for controlling the
cconomy if the structure of the economy were changing and if the coefhi-
cients varied with time. An alternative assumption that has been made is
that the coefficients 4 and B are composed of a known value plus a
random disturbance, i.e.

(2) A=A+e and B =B+ g

where e, and e, are assumed to be distributed as normal and independeit
or whitc. However, given the gross uncertainties inherent in the world we
can not realistically assume that we know A, B and the distributions of
e,, e, precisely.

We, therefore, propose anothcer approach, which we feel more realis-
tically reflects the real world in which economic decisions are made. We
shall assume that the decision maker must control an economy about
which there is some-but imprecise information. For instance, while there
may be a consensus about the possibic range of the 4 and B cocflicients,
we explicitly assume that there is no knowledge about the exact distribu-
tion of the random variables.

Suppose equation (1) had been dcrived from the multiplier-accelera-
tor model:

(3) Vi =ox + L+ G,
II v(yul - .vl)
Then the 4 and B coefficients of (1) would then be

I —v

, and B =

“4) A=

Some information about ¢ is obviously available. We know that ¢ cannot
be greater than 1, nor is it likcly to be as low as .7. However, we are not
sure which of the values ¢ is likely to take in the interval 0.7 < ¢ < 1.0,
Similar information would be available about », but our discussion will
concentrate on c.

B. The Theory of Fuzzy Sets [2] anid Programming 3):

This state of incomplete knowledge can be represented by describing
¢ as a fuzzy set: a membership function g, on the real line as shown in
Figure 1. For any given x, m(x) represents the likelihood of ¢ = x given
our imperfect knowledge. This membership function may be considered
akin to a subjective probability distribution, where these prior probabili-
ties are based on the dccision maker's own experience, knowledge and
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Figure | The parameler ¢ as a fuzzy sel.

pereeptions. If a value between 0.8 and 0.9 is highly likely, then g is close
to 1 for 0.8 < x < 0.9. Outside this range u, falls gradually to zero. The
fuzzy set can also be deseribed by its level set S, = [x:u.(x) > «f. The
level set becomes smaller and smaller as « is increased. It is possible to pro-
vide an interpretation of . This parameter determines the cut ofl between
those values of the coeflicients which the decision maker would consider
and those which are considered irrelevant or extremely unlikely to occur.
For each value of « there is a set of optimal policies, and, in practice, it
would be necessary to undertake computer simuiations to determine the
sensitivity of the sets of policies to the value of this parameter.? In general.

the state equation can be written as

(5) Nt = f(xn u,. ql)

where ¢, 1s a r-dimensional vector consisting of r uncertain parameters
(corresponding to the number of uncertain cocflicients in our model) and
is represented as a fuzzy set in £7 space.

While (5) is representative of our imprecise knowledge of the system,
we must now explain how a decision maker would proceed. We assume
that he selects the values of the coefficients which after careful considera-
tion of all the factors, seem subjectively most appropriate to him. Inter-
preted in the fuzzy set model, it means the selection of a threshold mem-
bership @, and only the possible values of ¢ with a membership « or
higher will be considered from this point on:

(6) q¢€ S,
Equations (5), (6) and the usual cost function equation, which may or may

not include the parameter ¢ explicitly, now represents the control problem

2In Section [ below, we show how 1he policies for our simple model would vary with
changes in uacerlainly. However, as a caveal, i1 should be noled 1hal when there are many
coetficients in the syslem, it may be difticull 10 characterize 1he boundary of the fuzzy sel.
As yel, no generally valid solulion to 1his probtem has been developed.
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to be solved. It is intuitively clear that any control law would give a range
of values for the cost, corresponding to the various values ofgin S, . If a
control law is such that no other control law can do better for both the
maximum and minimum costs (¢ € S$.), 1t is said to be one of the set of
optimum control laws. The one which minimizes the maximum cost is
said to be least risky, and its risk parameter o = 0,

C. Solution to the Economic Model

a. Problem restatement

Equation (1) can be written in the form:
(7) Y1 = (4o + a)x; + (B + b)u,

where (4, B,) is the midpoint of S, and dependent on a, and |a.| < m,
and | b, | < m, specify the range of 5, The variables a, and b, are not

known at the time of choosing U,. The cost function is of the form

r=N-|

®) Jo= 2 (x4 Qud) + Px2

F=t

The problem is toselectu, 1 =0,1,2 ... N - | to give the lowest J,. The
control law has the form

()] u, = ~k,x,

with (9), J, can be expressed as

(10) J, = C,x?

where C, satisfies the recurrent equation

(i Co=1+0k +C, (4, - Bk)
(12) C, =P

n

b. Risk factors and minmim and Minmax solutions

In the above we have not yet specified the exact values of 4, and B.if
A, and B, are chosen to minimize (maximize) the RHS (right hand side)
of (11), the resulting C, gives the lowest (highest) value of J, or J,,, (Jomas)-
Given any sequence k,,t = 0,1,2.. . N — I, there is a corresponding J,,
and J,,,. There is 1o unique optimum solution as it depends on how much

max *

relative weight we place on the J,,, and Jonax- Let J, be defined as
(|3) Jp = (I - p)"max+p‘,min

and p is called the risk parameter. For any given p, 0 < p < |, there is an
optimum sequence k. = 0,1... N — 1, which minimizes J,.
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We now present the minimin and minimax solutions:

(1) p = | (minimin solution)

A, = Ay —m, = 4
B =By +m, =8B,
A B,C,,,;
0+ B

I

D
ki

(2) p = 0 (minimax solution)

S
]

Ay + m, = A,

B, =8,-m =8B_

(19) k® = min {k}"’- ;_3}

where

(15) KO = ﬁ%%;{

We note thatif &, > Ao/By. thena = —m,b = m, would result in a higher

cost. Therefore the minimax k2 is Ay/B,. This is the policy which would
be used in a deterministic case if the cost of using policy is ignored.

The coeflicients C, are calculated from (11) and (12) using 4_, B,,
and k¥ for the minimum solution and using A4,, B_, and & for the
minimax solution.

c. Steady-state solution

If N approaches infinity
Cl = Cl+l =C
We note (8) and (10) are of the same form
(16) k = _ABC
0+ CB?

Substituting (16) into (11) gives
(17 C=1+AC - AB’CHQ + CBY)"
Equation (16) can be solved for C

(18) C-_ 9
B(A — BK)

Eliminating C between (17)and (18) gives an equation for k:
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B 04 0
(19) k- Lie s
where -
it 2)

Equation (18) can be used only if & satisfies (19). For other values of k, C
is obtained directly from (11)

1) C-_ V+ 0k
1 - (A - Bk)?

The minimum and maximum values of C correspond to the minimum and
maximum values of |4 — BK| in the allowed ranges of 4 and B, if
|4 — BK| < |. Otherwise the maximum cost is for |4 - BK| =1
and ¢ = =«

III. CONCLUSION AND INTERPRETATIONS:

in the previous scetions we developed the rationale and some of the
methodology of fuzzy dynamic programming and illustrated it with a sim-
ple first-order example. Starting with a membership function, it was pos-
sible to define the range of the stochastic coefficients. After a particular
value of that function is selected, a ser of possible policies can be deter-
mined, with each policy dependent upon the risk the decision maker is
willing to assume. The procedure was illustrated for the riskiest {minimin)
and the least risky policies (minimax).

It should be noted that fuzzy dynamic solutions are unlike the con-
ventional stochastic control problems. In the latter case. with an exact
known distribution of the random variable, there is only one solution
which minimizes the expected value of the loss functions. With fuzzy dy-
namic programming when the range of the coefficients is known, there is
a set of solutions.

Given the set of solutions, it is desirable to focus on the properties of
the extreme cases. We therefore assume reasonable values for 4 and B,
and calculated how the vigor of policy (the gain) was related to the cost
associated with changing policy, Q. It can be seen from Figure 2, that
policy was used more vigorously in the minimax solution than in the
minimin case.

Equation (19) shows that the minimax policy may be even more vig-
orous than the solution obtained from a deterministic model in which the
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Figure 3 Minimum and maximum cost versus Q.
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Figure4 Minimum and maximum cost versus gain,

cost of using policy, @, was considered. However, the policy never exceeds
the full “gap”, which would be the deterministic solution when the cost of
using policy was ignored.

Figure 3 demonstrates that a minimin policy yields the lowest costs
when the most favorable events occur, but an extremely high cost under
the most unfavorable circumstances. The two outcomes for the minimax
policies lie within these bounds.

In Figure 4, we consider the cost and gain for the entire set of solu-
tions. In our example, the optimum range of the gain’® lies between .328
and .667. If the gain were larger than .667 BoTH the minimum and the

3The result presented here holds only for the first order case. In general there is a set of
optimal solutions which have the characteristic that any other solution which givcs a lower
minimum cost would also give a higher maximum cost, and vise versa. Moreover, in gen-
eral the derivations of solutions for higher order sysiems are more complicated than are
presented here and the optimum set cannol be represented by the gain.
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maximum cost are larger than the corresponding value at 667, Similar re-
sults hold for gain less than 327, 1§ we choosc a gain within this range, any
other solution which aives a lower minimum cost would then give a higher
maximum cost. and vise versa.

Since all these results have been determined tor a given value of o it
would be appropriate to determine how the policics would vary if the un-
certainty increased. [ o were decreased. the range of possible values of the
conﬂicic‘nls would bt increased, ic. the uncertainty is increased. Using
Equation (19), it can be shown that regardless of whnch co.cthucnl displays
an increase in uncertainty the vigor of the minimin policy is rednced?

For the minimax policy. equation (19) shows that an increase in un-
certainty in the A cocthcient. would increase the vigor of policy. An in-
crease in the uncertainty abont the policy multipler. the 8 cocflicient, may
either increasc or decrease the vigor of policy. However with @ < 1. (ie
the costs of using policy arc no greater than those associated with system
deviations). an increase in uncertainty wonld increase the gain, provided
that it was not previously at the maximum, 4,/B,* Again. the resalt differs
from that of stochastic programming. for then an increase in policy un-
certainty in the first-order model reduces the vigor of policy.

Thesc results cven for a system as simple as a maltiplicr accelerator
model should serve to illustrate both the richness of fuzzy programming
and its differences with the conventional stochastic programming solution.

SUNY. Stony Brook
Revised December 1976

4This leads to the resuli that with @ = 0. no policy at all would be undertaken.
$This is the deterministic solution when the costs of ssing policy are ignored.
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