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SECOND-ORDER APPROXIMATIONS FOR ESTIMATING PRODUC-
TION FUNCTIONS

BY Virrorio Corpo*

This papershows that the (ES and VES productien functions have the same second order approximation.
Furthermore it is shown that in most cases the second order appreximution is better for the VES than the
CES. Therefore second order approxivations should net be used 10 make inferences with respect to

parameters of a CES function withow strong independent evidence that the *trae™ production model is
indeed CES.

1 NTRODUCTION

In the estimation of productior functions the usual hypothesis is that the function
is one of a restricted class which satisfics some a priori restrictions in technology.
The productien fuctions most frequently used are the Cobb-Douglas. CES and
VES. in that order. If relevant data on factor inputs and output arc available,
thesc data can be used. in principle, to identify the relevant production function,
using quality of fit as a criterion.

The CES and VES production functions are rion-linear in the parameters;
therefore, direct estimation of thesc functions requires non-linear estimation
procedures. To avoid complications arising from a non-linear cstimation proce-
dure’ Kmenta (1967a) proposed to approximate the CES function with a Taylor-
series expansion. Since then, this procedure has been widely, used (e.g.. Griliches
(1967), Zarembka (1970), Griliches and Ringstad (1971)).

G. S. Maddala and J. B. Kadane (1967) have shown, using Monte Carlo
techniques, that for samples built using a CES production function. Kmenta's
procedure does not give reliable estimates of the elasticity of substitution.
although it gives reliable estimates of the returns to scale parameter. Further, in
the Kmenta approximation to the CES. only the scale parameter is free of units of
measurement in the output and factor inputs.

Further, in a direct non-linear estimation, only scale and substitution
parameters are free of units of measurement in the output and facior inputs.

Griliches (1967) and Griliches and Ringstad (1971) have also used Kmenta's
appreximation, not to estimate the CES praduction function, but to test for
departures from the Cobb-Douglas function. The power of such a test depends on
the particular alternative hypothesis being used: in the strict sense, Griliches is
testing the null hypothesis that the production function is Cobb-Douglas against

* E would like to thank Professors Marcel Dagenais. Franklin Fisher. and Robert S, Pindyck for
their remarks which helped considerably to improve the presentation of this paper. [ am also grateiul
to Dr. Mohan Munasinghe. Rescarch Associate at the International Institute of Quantitative
Economics (1.1.Q.E.) who commented upon this paper and improved its style. This research was
financed in part by a grant from the Quebec Department of Education and by e LI.Q.E.

' Direct use of non-linear estimation procedures have led to problems such as: slow copvergence.
obtaining of a local maximum but without information about the presence of other maxima. important
cancellation errors in the computation of derivates. use of substantial amounts of computer time., ete.
On this see S. M. Goldfield and R. E. Quandt (1972, 26-27).
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the aliernative hypothesis that the production fynclion itsglf is of the Kmenty
form. However, this type of hypothcsis 1s not of common mterest. Usually, we
wish to choose specifically between a Cobb-Douglas ill}(! i CES production
function, and this objective is not accomplished by the Griliches procedure.

More generally. the purposc of this paper is to show that when we wish to use
the data to test the hypothesis that the production function is a CES by using
Kmenta's approximation (as a matter of fact, only the scale parameter is free of
the units of measurcments), then the problem becomes more fundamental.
Another well-known production function—the variable elasticity of substitution
(VES), of which the CES is a special case. first used by G. H. Hildebrand and T. C.
Liu (1965) and developed by M. Bruno (sce also Y. Lue and L. B. Fletcher (1968),
R. Sato and R. Hoffman (1968), Lovcll (1973))—has the same form as Kmenta’s
approximation of the CES function when second-order approximation of it is
developed.

Further, for a person willing to test the null hypothesis that the production
function is CES using Kmenta’s approximation, the crucial point has been
summarised by Kmenta (1967b. p. 193): ** An incvitable implication of using a
function f, as an approximation to another function f, is that f; is also an
approximation to functions other than f,. This is obvious and hardly relevant:
what is relevant is how well f, approximates f, within some range of practical
importance.” But Kmenta's approxiniation to the VES also meets the above
requirement. It is shown here that almost always, Kmenta's approximation is a
better approximation to a VES than to a CES production function.

Therefore, Kmenta’s approximation should not be used to make inferences
with respect to parameters of a CES function, without strong independent
evidence that the “true”™ production model is indeed a CES. Althongh in most
studies the data is used to identify the type of production function, in this case
Kmenta’s approximation cannot be used for this purpose. As a matter of fact, it
cannot be used to make inferences with respect to parameters of a VES function
either, because in that case all the parameters are under-identified.

The organization of the rest of this paper is as follows. In Section |, the
second-order approximations to the CES and VES production functions are
examined. Next, in Section 2 the “goodness™ of the approximation is studied. In
the Appendix a derivation of the error bchaviour in the approximation is
presented.

1. Tue CES AND VES FUNCTIONS AND THEIR SECOND-ORDIER APPROXIMA-
TIONS

The CES production function allowing for non-constant returns to scale is
given by:

(D V=9yBK™+(1-8)L™"T"" withO=p=1, p>-1. y>0. »>0
where:

V = Output
L =1Input of labor services
K = Input of capital scrvices
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Kmenta approximated it with a Taylor series expansion of the first- and second-
order terms around p — 0 to obtain:

(I mV=Iny+wvsin K+v(1=8)InL-}ups(l =8)InK-InLy

Nerlove (1967) presents a VES function with constant returns to scale which
he attributes to Bruno. The same type of function has been presented recently also
by Lu and Fletcher (1968). The Nerlove nomenclature is followed here.

The Bruno production function allowing for non-constant returns to scale
can be written as:

(2) V=9[6K ™"+ (1~-8)K mep »im T with >0
V=K"Y[6+(1-8)k"""™1""  Ghere k = K/L>0.

To have arcal valued function with positive output the following restrictions
are imposed:

y>0and 64 (1-8)k"'" "™ >,
For any positive v, a positive marginal product of labor requires:

(1 =m)(1-§)krti-m
é +(] — S)kP“—m)

and a positive marginal product of capital requires:’

>0

3

S+(1 —8)mk*t ™
S+(1-8)kr'=m

>()

Strict quasi-concavity of the production function requires:
pO(1—m)+8+m(l-8)k"" ™ >

(This condition and the positive marginal product conditions imply that the
elasticity of substitution is greater than Zero.)

Function (2) is homogeneous of degree v and has a variable clasticity of
substitution given by:

where a is the partial elasticity of output with respect to capital.
From the above constraints the following incqualitics can be derived:

(i) v>0, y>0, k>0
(i) $+(1-8)k"""™>0

(iii) (1-m)(1-8)>0

(iv) 6+m(1-8)k*" "™ >

(v) p8(1~m)+8+m(1-8)k"""™ >0

2 Within a range of K and L this function has diminishing marginal returns to cach factor. This
range depends on v, 8. p. and m.
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ay . - 3
Lei us impose the additional restrictions:
(vi) 0<8 <1
(vil) 1+p>0
Inequalities (iii) and (vi) iniply 1 - m > 0. If a Taylor-series expansion of (2) s
taken around p = 0, and if only the first- and second-order terms are considered,
the following is obtained:

3) InV=Iny+p[d+m(l=8)]InK-—v(im—-1)(1-8)InL
--';—"(m —1?S(1 -8 K ~In LT

This equation is under-identificd, its estimation is not of interest. Rather, the
important point is that (3) 1s of the same form as (1'), and therefore (1') cannot be
used to estimate the coefficients of a CES function, without further a priori
information that the CES is indced the true model.

In general the error in approximating the VES functien by (3) is given by:

(4) In vZ!PW—In chm;l = V(l - m)(i —5) In k
"‘l;ﬁ(l —m)*8{1 - 8)In k]l+§ln [6+(1-8)k"" ™

2. MEASURING THE “GOODNESS” OF THE APPROXIMATION

To study how well (3j approximates (2), numerical experiments were per-
formed for different values of the parameters. For the first case, let us employ the
saine parameter values as Kmenta (v = 0.9 and § = 4/9), so that the results will be
comparable. However, there 1s an additional paramcter, m, for which values are
needed. It is already known (Section 1) that m < I. In order to obtain a more
restricted range of values for this parameter, the Hildebrand and Liu estimates
(presented by Nerlove, (1967)) can be used; these cstimates are presented in
Table 1. These estimates must be used cauticusly because they were derived for
the constant-returns-to-scale case. In any event, only those cases within the
neighbourhood of constant returns are of interest.

Table 1 shows that in 13 of 17 cascs 1 is a number less than one in absolute
value and, in 10 of the 13, m lies between zero and one. Thus, in the experiments
the fellowing values were used for m: - 1.00, —0.80, —0.60. —0.40, —0.20, 0,0.20.
0.40, 0.60, 0.80, 1.00.

When m =0, (2) reduces to (1) so that the results are equal to those obtaincd
by Kmenta. When m =1, (2) reduces to a Leontief production function, and
therefore the approximation in (3) becomes an exact one. The ratio of Vippr 10
Vexaa Was calculated for the same range of values of p and k used by Kmenta. The
numerical experiments indicate that for the most common empirical case of
O<m <1 (10 out of 17 industries in the Hildebrand and Liu cstimates), (3) is

J_Thesc constraints are consistent with the assumption that the associated CES production
fu nction also should be a positive real valued function with positive marginal product of the factors and
be strictly quasi-concave (j.e by substituting m = 0 in (iif). (iv) and (v)).
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TABLE |
VALUE OF THE PARAMETER m N D FERpEay InNpuerrans

Industry m
Food and kindred products 1.752
Textile mill products 6.400
Apparel and related products - 1366
Luiber and wood products 0.200
Furniture and fixtures 0.597
Pulp. paper, and products 0.539
Chemicals and products 1.763
Petroleum and coal products 0.344
Rubber products - 0,065
Leather and teather geods - 0.455
Stone. clay. and glass products (1640
Primary metal products 0.451
Fabricated metal products 0.297
Machinery except electrical - 0,327
Electrical machinery 0.397
Transportation cquipment 26.750
Instruments and related products 0.544

Source: Nerlove (1967 _p. 78).

almost a better approximation of (2) than of (1) (case m =0). Further, in over 98
percent of the cases considered. the approximation tmproves monotonically as m
increases from zero to one.

Table 2 presents the value of Vapor/ Vesaa fOT the pair of values (4/9, 0.90) for
the parameters 8 and v respectively and for several values of the labor-capital
ratio and parameters p and m.

For expertmeuts performed with the pairs of valucs (0.4 1.10). (0.56, 094,
(0.56, 1.10) for the parameters 8 and v respectively, the conclusions do not
change .’

TABLE 2

VALUES OF V, 0/ Vi a

Labor-Capital Ratios

Control values are: = - 1.00. 8 = 0.44. v = .90

P 0.1 0.50 1.00 2.00 5.00 10.00
=1.00 2.1651 1.0055 L0000 1.0242 1.4396 28184
-0.50 L3 0.9994 1.0000 1.0046 10821 12913
=-0.10 0.9980 0.9999 10000 1000} 1.OOTR 1.0059

0.10 0.9941 0.9999 1.0000 1.0001 1.0009 1.06020
0.20 0.9704 0.9994 1.0000 1.0003 10615 0.9996
0.50 0.7744 0.9954 1.0000 1.0006 0.9761 (.8840
1.00 0.3548 0.9763 1.0000 0.9945 0.7963 0.4619
10.00 0.0000 0.1952 1.G000 .2198 0.0000 0.0000

* These results are available from the author upon request.
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TABLE 2 (Continued)

Labor-Capital Ratos

e ———

Py 0.10 0.50 100 2.00 5.00 10.00
[
Caontrol values arc: m = ~0.80. 8 = 0.44, = .90
—l—.(TO— 1.7307 1.0029 1.0000 1.0169 1.3019 2.1565
-0.50 1.0818 09994 1.0000 1.0032 1.0570 1.1993
-0.10 0.9984 1.9999 1.0000 1.0001 1.0013 1.0042
0.10 0.9958 0.9999 1.6000 1.0001 1.0007 1.0016 -
0.20 0.9792 0.9996 1.6C00 1.0002 1.0014 1.0009
0.50 (1.8338 09968 1.0000 1.0006 0.9861 0.9244
1.00 0.4637 09834 1.0000 0.9971 (.K574 0.5778
10.00 0.0000 02771 1.60¢0 0.3077 (.0004 0.0000
Control values are: m = —0.60, 8= 0.44, v= 090
-1.00 1.4449 10613 1.0000 1.0113 1.2003 1.7255
-0.50 1.0474 094995 1.0000 1.0022 1.0380 1.1315
-.10 0.9948 1.0000 1.0000 1.0001 1.0009 1.0028
0.10 0.9972 0.9999 1.0000 1.0000 1.0005 1.0012
0.20 0.9859 0.9997 1.0000 1.0002 1.0012 1.0015
0.50 .8838 09978 1.0000 1.0005 0.9929 0.9547
1.60 0.5795 09888 1.0000 0.9987 0.9073 0.6921
10.00 0.0000 0.3769 1.0000 04127 0.0021 0.0000
Control values are: m = -0.40, 8= 0.44, v=0.90
-1.00 1.2573 1.0003 1.0000 1.0072 1.1266 1.4419
~-0.50 1.0247 .9996 1.0000 1.0014 1.0241 1.0825
-0.10 0.9991 1.0090 1.0000 1.0000 1.0006 1.0018
0.10 0.9982 1.0000 1.0000 1.0000 1.0004 1.0009
0.20 0.9910 0.9998 1.000G0 1.0001 1.0009 1.0015
(.50 0.9237 0.9986 1.0000 1.0004 0.9972 09759
1.00 0.6935 0.9928 1.0000 0.9997 0.9453 0.7954
10.00 0.0000 0.4911 1.0000 0.5304 0.0102 0.0000
Control values are: m = —0.20, § = 0.44, v = 0.90
~1.00 1.1369 0.9998 1.0000 1.0043 1.074% lj;ié 58
~0.50 1.0108 0.9997 1.0000 1.0008 1.0142 1.0485
-0.19 0.9994 1.0000 1.0000 1.00060 1.0004 1.001}
0.10 0.5989 1.0000 1.0000 1.0000 1.0002 1.0006
0.20 0.9946 0.9999 1.0000 1.0001 1.0007 1.0013
0.50 0.9538 1.9992 1.0000 1.0003 0.9995 0.9893
1.00 0.7963 0.9957 1.0000 1.0002 09717 0.8796
10.00 0.0006 0.6133 1.0000 0.6533 0.0387 0.0008
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TABLE 2 {Continued)

Lathor - Caupital Ratios,

P” 010 (1,50 1.00 2.00

Control values e iy - 000, 8 ~ 084, ¢ - 000

1.06 1.0634 09947 L0000 10023
(.30 INTIRES 090998 1.0000 1.OMHIA
[{N T} 094014 1.0000 10000 100G
.10 0.999.4 1.a00o 1.0000 1.0000
0.20 (L,9970 w994 1.0k 10000
0.50 09747 0.9998 10000 1000}
.06 ({800 07y (MR LOony

HLOO LK)ty (7519 L.OoGo 0.7700

Control visltes mie: m — 0 258044, ¢ - 0,00

1.00 1.02 34 09997 1.0000 INTITN
.80 10002 0.999y | ANUHY XL,
0,10 09998 oo 1.0000 1.GO00
0.10 0.49997 1 ANKD 1000 10600
0.20 099860 1.0000 L0000 1 0000
(.50 0.98K0) 00,9998 1.0000 10004
1.00 00441 ,9949 10000 KPR

10.00 0.0457 D846 10000 0.8720

Control vilues are: m - 0.40, § - 044, » = 090

1.00 1.00s4 1)

.50 .9904 0.9944 10000 1.0001
0.10 19999 1.000) 10000 10000
010 0,944y 1O EO) 1IN
0.20 0.9994 1.0000 ) 1.0H430
0.50 0.9984 0,99499 1.0 1.000}
100 19706 0.9996 10000 LKD)
10,00 01977 0.0283 1ANNN) 0.94060
APPENDIX
The Behavior of the Error of Approximation
Let us write:
() = B
Em)=In Ve ~In V.., =in v
[ 27N )
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l\ / We are intercsted in studying the hehavior of the absolute value of H(m),

where H(m) is defined as:
/

II(m)—#“" |

(\ul

but we can rewrite H{m) as:
}'{("l) — el:'(m)__ l

Now H(m) is a strictly increasing monotonic function of E(m). Further:

E{(m)>0H(m)>0
E(m)<0&H(m)<0
This suggests that instead of working with |H(m)| we could work with
|E(m)]. But
|E(m)l=\/(E(m)?
Therefore
a|E(m)] _ I AE(m)
=E(m)
am \/-é ml) am
. . E
So, sign of {alE(’”)l} HOf{E(r yd (m)}
voam om
We have:

(m)—v\l—m)fl--ﬁ)lnk-—(l—m) 8(1-8)In kT
+v/pIn[d+(1-8 )k"(l ™
From hkere we obtain:

oE(m)  vd(1-§) B L etiem
am ”6+(:—5)k6“ m){(1-k YIn k +p(1 —m)

X (8+{1-8)k*""™)(n k)’}
Theretore:

9E(m) _ vd(1-8)
am  6+(1-o)k”

+(In k)z[—(l —m)(1-8)+{1—m)(l _6)kpll -m)
(1= m)[8+(1-8)k"" "™ In (5+(1-8)k*'™™)]

E(m)

(1 —m){(l ~k"“""")£ In{8+(1-8)k""'"™]Ink

r

+(In k) —52’-8(1-~8)(1—m)2+’5’5(1—5)(1—m)2k"“"""

_p(l —8)(1 —m)2(8 +(l _B)kp(l'm))]
I 2

+in k"] =5 801-8)(1 - my @ +(1- 8k ™|
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This expression can be used to obtain the ranges of . p. m and k for which
dE(m) .
E(m) Py <0; te., where the error E(m) decreases in absolute value as m
increases. particularly when we move away from the case m =0 (CES) to the
region m >0 (the most common type of VES production function obtained in
empirical studies).

Department of Economics and Institute of Economic Research,
Concordie University,
Sir George Williams Campus
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