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Annals of Economic and Social Measurement. /3. 1974

GENERATING SUBMODELS OF A SIMULTANEOUS EQUATION
MODEL: AN ALGORITHM USING FISHER’S CORRESPONDENCE
PRINCIPLE

By JAMES STEUERT*

Using Fisher's Correspondence Principle. a graph-theoretic algorithm is presented for generating all
simultaneous submodels of a simultaneons equation modvl Primitive vertex simple cycles of the direcred
graphs are combined to generate the simultaneous submodels. The algorithm is efficient and can be used to
locate problems of specification. even in models for which the number of simultaneous submodels is pro-
hibitively large. Fisher's convergence criterion is discussed, and the algorithm is applied to the 27-equation
Klein-Goldberger model.

[. INTRODUCTION

This paper deals with the problem of applying Fisher's (1) Correspondence
Principle to simultaneous equation medels. Fisher argues that causality requires
simultaneous equation models to be considered limiting approximations to non-
simultaneous models of the same form, but with very small time lags. As a result,
Fisher derives a set of conditions which well-specified models must satisfy. He
suggests tests that can be easily used to locate problems of specification.

The tests are useful because they apply both to the full simultaneous equation
model, and to ali of its simultaneous submodels. A simultaneous submodel is a
subset of the full model’s set of equations; each variable of a given submodel
depends either directly or indirectly on every other variable of the submodel. All
variables that are not in the submodel are held fixed and are considered constants
or parameters of the submodel.

Because these tests apply to all simuitaneous submodels of the full model, they
can be used to locate submodels which do not satisfy Fisher’s Correspondence
Principle and are thus misspeciied. A submodel is misspecified if at jeast one
equation in it is misspecified. More specifically, one can suspect the behavior of
some equation as a function of a select few of its independent varnables, because
other variables of that equation that are not in the submodel are held constant.
By identifying such failed submodels of the full model, one may be able to find the
equations or parts of equations which cause the specification problem.

2. DIRECTED GRAPHS AND SIMULTANEOUS SUBMODELS

The application of Fisher’s Correspondence Principle thus requires the genera-
tion and testing of all simultanecus submodels of the full model. Every variable x
of a simultaneous submodel depends on every other variable y of that submodel,
either directly through the determining equation of x, as 1 x = x(...,y,...), or

®* This research was supported by National Science Foundation Grant No. GS-2403 0 Massa-
chusetts Institute of Technology. 1 am indebted to Franklin M. Fisher for supervision and advice but
retain responsibility for error. Referees for the Annals aided in the organization of this paper.
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mdircetly through the deterimning equations of other varbles (say. 2y of the
submodel, as in x = x{... oo yand zo= 2o A submodel s simul-
tancous becanse of the functional dependencies of its equations, regaridless of the
specific form of those cquations.

The dependencies of a simultancons equation model may be represented as
the set of vertices and ares of a divected graph. Tn this representation, cach vertex
represents a variable (such as x. y.or z), and an are of the form x « y bplics that
varigble x depends directly on variable ¥ via x’s determining eguation
x = x(....yp...) Given this directed graph of the full model’s functional depen-
dencics, a sunultancons submodcl 1s defined as a sct of variables {say, w, x. v, z)and
the equations that determine them, such that every vanable x of that set is depen-
dent on every other variable y of that sct. cither direetly via x's determining
equation x « y. or indircetly through other cquations of the submodel {say, ='s

)/

W=.352-X+Y2

X=Ww-2
Y=76-X+ LOGmW
Z=W+Y

Figure 1 Directed Graph of a Simultaneous Equation Model

equation, yielding x « z and z « y). Sec Figure 1 for an example of the directed
graph of a simultaneous equation mode!. The graph theory relevant 1o gencrating
stmultaneous submodels wil! be discussed later.

3. GENERATING SIMULTANEOUS SUBMODELS

Locating all simultanecus submodels of an n-equation model by direct
enumeration (i.c.. by testing all 2" combinations of equations to determine if that
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combination is simultancous) 1s infeasible for all but the smallest models. This
paper describes an algorithm which cfficiently gencrates all simultancous sub-
models of a large meodel (n = 23) in a small amount of computing time. Further,
this algorithin first gencrates & small sct of “primitive’” simultancous submodels
which are Tater combined i special ways to gencrate all simultaneons submodcdls.
(A simultancons submodel will henceforth be referred to simply as a submaodel )
A submodelis gencrated or “grown” by combining an alrcad y-gencerated submodel
with onc of these primitive submodels, This feature of the algorithm is useful in two
respects,

First, a submodel generated by combining a failed submodel with a primitive
submodel will also inclnde the misspecificd cquations or functional dependencies
of the original failed submodel. The failure (or success) of the combined submodel
will not provide more specific information about the location of the problem than
that provided by the onginal failed submodcl. For a large simnltaneous equation
model the application of Fisher's test to all submodels may be infeasible becansc
of the large number of such submaodels. By not “growing’” submodels from failed
submodels, the number of submodels tested may be greatly reduced, withont
sacrificing any information about the location of misspecificd equations and
dependencies.

Second. if a successful submodel 1s combined with a primitive submodel, and
if the combined submaodel fails the tests, then further information may be derived.,
Variibles (and dependencics) of the fadled submodel that are constants of the
successful submedel are 10 be suspected as canses of the faiture. In other words, if
the primtive submodet is added, some constants of the successful submodel become
variables. and the behavior of those variables and their dependencies may be the
cause of faiturc. This provides more specific information about the location of a
misspecitication than does simply identifying the fuiled submodel and its eguations,

4 Grapn Throry

The dependencies of a simuitaneons equation model may be represenied by
a directed graph. In this representation, cach vertex of the directed graph corres-
ponds to an cndogeneous variable of the model. and an arc coiresponds to a
functional dependency of the model. It is assiumed that the model is consistently
normalized with a different endogeneous varniable on the left-hand side of cach
equatton. The arcs directed inward toward variable x specify those other variables
that x depends on in its detenmining equation. For example, if x = x{u, b. ¢). then
variable (vertex) x would have the arcs x « a, x « b, and x « ¢ directed inward
toward x,

A simultancous submodel of a model is a set of varniables, along with the
equations that determine them, such that each variable i1s dependent on every
other variable via some chain of functional dependencies. Thus, 4 simultaneous
submodcl corresponds uniquely o a set of vertices and their connecting arcs, such
that there exists a directed sequence of arcs connecting every ordered pair of
vertices (a start vertex and anend vertex). Such a directed sequence of arcs is known
as a directed path, or simply a path, For example, @ + b « ¢ « dis a path between
vertices d and a. This path specifies that variable @ depends on variable d.
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The directed graph of an m-equation model is a set of m vertices, and a set of
arcs connecting those vertices. An arc of the form @ — b is an ordered pair of
vertices (a, h), where vertex a is called the start vertex of the arc, and vertex b is
called the end vertex of the arc. A path is thus an ordered seguence of arcs
(Ay,A,, A3, Ay, ..., A) where the end vertex of A; is the same as the start vertex
of A;, , (i, where the arcs are consecutive). A simple cycle is a closed path where no
vertex is the start or end of more than one arc of that path i.e., the start vertex of
the first arc of the path is the same as the end vertex of the last arc of the path,
and no vertex is repeated. For example, the path (@ — b, b — ¢, ¢ - a) is a simple
cycle, and may be represented as a sequeice of vertices a = b - ¢ - a. For a
given set of vertices, there may exist more than one simple cycle which consists of

those vertices (Figure 2).

THE SIMPLE CYCLE
122354551
HAS THE SAME VERTICES AS
THE SIMPLE CYCLE
122-256->3>4-1

Figure 2 Two Simple Cycies From One Set of Vertices

Thus, a vertex simple cycle, or v-cycle for short, is a set of vertices for which
there exists at least one simple cycle as previously defined. Two v-cycles are said
to be connected if they have a vertex in common. A connected sequence of v-cycles
is an ordered sequence of v-cycles, each of which is connected to some previous
member of thesequence. The primary result of this theoryisthat every simultaneous
submodel may be represented as the vertices of a connecied sequence of p-cycles
of the full model’s directed graph. The following discussion will demonstrate this.
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PATHS:

s 237654

P, =45

P =56

P, =61
TRAVERSE:

124-2-5->3>6-2>5>4->5-56->1

SEQUENCE OF V-CYCLES:
{{1as61}{a254){s365}>
< 4 < 5

PINCH i <
NUMBER

Figure 3 Generation of Traverse From Paths P, ,

Let the vertices of a simultaneous submodel be numbered from 1 to m. Because
the submodel is simultaneous, there is a directed path between every ordered pair
of vertices of that submodel. In particular, there is a path between vertex i and
vertex i + I, for i # m;and there is a path from vertex m to vertex 1. Now create
a large path by concatenating all these paths, to yield the sequence of paths
(Py2, Py, P34, Pys, ..., Pyy). If each path of this sequence is replaced with its
sequence of vertices, this large closed path inay be reduced to a single closed path
which is a sequence of many vertices connected by arcs. Vertices may occur more
than once in this path. Such a closed path is called a traverse. Every simultaneous
submodel corresponds to at least one traverse. For a given numbering {labeling).
of the vertices of the full model’s directed graph, every simultaneous sub-
model corresponds to a unique traverse, assuming that paths Py, ; are chosen by
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a predetermined unigue rufe. such as shortest path of smallest numerical ranking.
Figure 3 illustrates the generation of a traverse frem paths Py, .

The traverse of a simultancous submodel may be represented as @ unique
sequence of r-cycles. Consider a traverse T which is a sequence of k vertices. some
of which may be duplicated. If no vertex is repeated in this sequence. ther Tis a
r-cycle, and may be represented as just one e-cyele. Ifa vertex (say, 4) occurs more
than once in 7, then 7 may be split into two closed paths by “pinclung”™ T at
vertex 4 (Figure 3). Tmay now be represented as a sequence of two smaller traverses
T, and T,, which have vertex 4 in common. If this pinching algorithm successively
applied to T's sequence of traverses, and if each traverse is replaced with its pinched
sequence of traverses, the original traverse T may be reduced to a sequence of
r-cycles because pinching will eventually eliminate all duplicate vertices. Thus a
traverse may be represented by a sequence of r-cycles, each of which is connected-
to a previous r-cycle of the sequence.

Pinch vertices may be chosen in order of the smallest duplicated vertex first.
Therefore, associated with every r-cycle of a connected sequence, there is a “pinch
number,” which is the smallest numbered vertex that it has in common with any
previons r-cycle of the sequence. (See Figure 3 for an illustration of pinch-numbers.)
Pinch numbers are nccessarily non-decreasing because that would unply an
interval which would have been pinched previously, contrary te our rule of
selecting smallest pinch vertices first. For exampie. in Figure 3, a r-cycle with
vertex 2 cannot be appended to the current sequences of vr-cycles, because the
resulting cxpanded traverse would have included two occurrences of vertex 2 and
thus could have been pinched with vertex 2 first rather than with vertex 4. A ¢-cycle
of the sequence must be connected to a r-cycle of a smaller pinch-number.

A primitive r-cycle is a r-cycle which cannot be represented as the union of a
connected set of smaller r-cycles. Thus, by definition, any r-cycle may be represented
as the union of a connected sequence of primitive p-cycles. Ifany r-cycle of thcabove
representation is replaced by its representation as a sequence of primitive ¢-cycles,
and if the primitive ¢-cycles are then grouped by their pinch number, any traverse
may be represented by a sequence of primitive r-cycles ordered by increasing
pinch-number. The above results are fundamental constraints which mike
practical the algorithm for generating simultancous submodels.

5. THE ALGORITHM FOR GENERATING PRiMITIVE V-CYCLES

The theory discussed above suggests an algorithm for generating simuitaneous
submodels. Basically, the technique involves twosteps. First, gencrate the primitive
r-cycles of the full model's directed graph. Second, combine these primitive r-cycles
in sequences which gencrate all simultaneous submodels. The number of r-
cycles of a directed graph may be very large. However, the number of primitive
t-cycles should be significantly smaller. This turned out to be the case with the
Klein-Geldberger model (Appendix A), which yiclds 111 primitive r-cycles.

The procedure for generating primitive v-cycles is known as a “tree-search™.
Brauches of the treecorrespond to the paths of the directed graph that are searched.
When a paih ieads back to the starting vertex of the search, then a v-cycle is found
because a closed directed path has been generated. When searching the directed
graph. a pathisextended by adding to itan arc which connects the end of the present
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GRAPH:
1 2

w
P
o
=2}
~
-

VCYCLE A: {1,2.3.6,7]

V-CYCLEB: {2.3.4.5.6)
2 3 4 5 6

NON-PRIMITIVE V-CYCLEC:  {1.2.3.4.5,6,7}
i 2 3 4 5 6 7 1

O—+—O—+—O—+—O—+—O—+—0O+—O0—+—0

CONCLUSION: GIVENPATH1—-2->3->4-5 VERTEX 6
MUST NOT FOLL.OW BECAUSE OF ARCS
6<3ANDG6—>2

Figure 4 Pruning: Inhibited Search for Non-Primitive V-Cycles

path to another vertex. This newly connected vertex might be the starting vertex.
in which case a v-cycle is found. However, that vertex must not be a part of the
current path, because a simple cycle 1s a closed path in which no vertex is repeated
{the starting vertex is an exception to this restriction). This search procedure must
rememeber its current path and the already-searched directions at each vertex of
that path, so that it may *“*back up” and continue the search in another direction
when the search is exhausted in a given direction.

The search just described would generate all simple cycles and would be
impractical. However, an additional restriction is used to greatly reduce the search
time for generating primitive v-cycles. This technique prevents the search from
generating v-cycles which are the union of two smaller, connected r-cycles (Figure
4). The “pruning’’ technique shown in Figure 5 accomplishes this and makes the
algorithm practical.

The above procedure, if applied to every veriex as starting vertex with no
restrictions, would generate an m-vertex v-cycle mtimes, once for each of m vertices.
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S=START VERTEX,
K=0,J=S,SOFAR (1) =%
PRUNED (1) = {1,..., M}

Y

V-CYCLE
FOUND
RECORD IT

Y

ADD
TO
PATH

NO

VERTEX FRCM
ALLOWED (K)
THAT {S> T(K)

CHOOSE SMALLEST

J 115 TRY
TK)=J

NONE{FOUND

BACK TRACK
K=K-1

NO

ALLOWED (K} =
ADJACENT (K)
N PRUNED (K}
N SOFAR (K)

YES

FINISHED

1

INCREASE PATH LENGTH
K=K+1

——

y

IDENTIFY NEW PATH END
VIK)=J

l

SET “ALREADY TRIED"
TO “NONE SO FAR"
TIK}=S-1

ALL VERTICES OF PATH
EXCEPT START VERTEX
FOR K> 1SOFAR (K) =

SOFAR (K — 1) U {J}

B!

ADJACENT TO PATH END
ADJACENT (K) =
{x 10->x)}

'

FOR K> 1 EXCLUDE
NON-PRIMITIVE PATH
PRUNED (K} =
PRUNED (K ~ )N
X IVIK = 1) > X
AND SOFAR (K) < X
AND X # S}

IF K>2 AND V(I) > V(K) FOR 1=K ~2TO 1

THEN PRUNED (K) = PRUNED (K) N 7 {X #S I X >
SOFAR {1 + N} N {X IViK - 1) > X}

iF V(K — 1) > SOFAR (I} OR S THEN BACKTRACK

Figure 5 Generation of Primitive }-Cycles by a Depth-First Tree Search Assume a Directed Graph

of M Vertices.
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To prevent this redundancy, the algorithm is first applied to the entire directed
graph G with vertex 1 asstart vertex, then to G-(1) with vertex 2 as start vertex, then
to G-(1, 2) with vertex 3 as start vertex, and so on. Thus every simple cycle generated
by this algorithm is generated only once, with its minimum-numbered vertex as
start vertex.

The tree-search algorithm was programmed in Assembly Language for the
IBM 370/155 computer. With pruning the algorithm generated the r-cycles in
0.352 minutes for the version of the Klein-Goldberger model given in Fisher ().
Without pruning, the algorithm never finished, but would have taken an estimated
240 minutes. Clearly, pruning makes the algorithm practical.

Because a v-cycle may be derived from several distinct simple cycles with the
same vertices (but different paths), the algorithm may generate a v-cycle more than
once. Also, there is no guarantee that the v-cycles generated are primitive. The
v-cycles generated by this algorithm are verified to be primitive by comparing them
with ail smaller v-cycles, and testing to determine whether or not they are primitive.

6. GENERATING SIMULTANEOUS SUBMODELS FROM PRIMITIVE V-CYCLES

Now that a set of primitive v-cycles have been generated, it i1s necessary to
combine them to form simultaneous submodels. As the pinching process demon-
strated, every simultaneous submodel may be represented by at least one traverse,
and every traverse may be represented by a connected sequence of primitive
v-cycles. This sequence of v-cycles must be grouped in order of non-decreasing
pinch-number and each v-cycle of the sequence must be connected to some v-cycle
of a smaller pinch-number group. In this manner, every simultaneous submodel
may be generated by appending to an existing sequence of v-cycles (an already-
generated submodel) a primitive v-cycle of pinch number equal to or greater than
any previous v-cycle of the sequence. Note that the pinch-number property is not
intrinsic to a primitive v-cycle; it is determined only as applied to a currently
generated submodel. This procedure is also a tree search, but is of a somewhat
different form. Backing up involves changing the primitive v-cycle at a previous
element of the sequence, and then looking for all sequences generated by appending
primitive v-cycles to that sequence.

The above procedures for generating simultaneous submodels take a total of
2.15 minutes on the 1BM 370/155 to generate all the simultaneous submodels of
the Klein—-Goldberger model given in Fisher (1). There are 111 primitive »-cycles
and 25,565 simultaneous submodels. The algorithm is successful mainly because
of the pruning technique for generating primitive v-cycles.

7. THE CONVERGENCE TEST

The convergence criterion of Fisher (1) is applied to each of the simultaneous
submodels specified by the above algorithm. The requirement is that the average
of G"(YO) converges, where Y = G(Y) is the simultaneous submodel, and YO is
the initial vector of the variables endogeneous to that submodel (with all other
variables held constant), and where GYY0) = G(G" '(Y0)) with G°(Y0) = YO.
In practice, this average is formed iteratively using the formula Y(n + 1) =
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TOTAL NUMBER €€ SUBMDDELS WHICH HAVE

PASSEL CONVERGENCE = G690
FAILED Y{N#1)-Y(N} =111
FAILED Y(NI=G(Y{N)) = C

SLCWN UP STMEHCW = 330

TUTAL NUMBER OF SUBMOOELS
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FAILED Y(N)-G(Y(N}}= O

BUEM UP STMEHOW = 6RB

a WHICH
FASSEC CONVERGENCE = 551
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nowon

Figure 6 Summary Statistics on Convergence Tests of Submodels of the Klein-Goldberger Mode!
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(1/in + 1)(Y(n) + nG"{Y ) where the average at step n of the iteration is denotad
by Y(n). At each iteration, G'(YO) is formed as G(X), where X = (" (YO was
formed at the previous iteration. The algorithm is determined to have converged if
(YU + 1) = Yinyi < e forall i = 4,2, ..., r where r is the number of equations
of the submodel ; where Y;is the i-th component of the vector Y of endogeneous
variables of the submodel; and where the & = 0.001]Y0,|. In practice, the ¥{n)
often converged very rapidly to a solutien ¥(n) = G{Y(n)) of the model (within the
&; given above) whereas the |Y(n + 1) — Y(n)] converged much more slowly. The
total time taken by the convergence program is largely that of the convergence
test since the generation of the submodels takes only about 2 minutes. With the
Klein-Goldberger model {Appendix A) it was found that the |Y(in + 1) — ¥Y(m)
test had failed for most of the submodels for over 500 iterations, whereas the Y(n)
had converged veryquickly to G( Y(n)). The convergence of the average isapparently
much slower than the convergence of the iteration based on G.
Thus the convergence algorithm in its final form is as follows :

{a) For each iteraticn n =1 to 500, form G*(Y,) = G(X) where X is the
previously derived G"!(¥,).

{b) Form the running average of G"(Y,) as Y(»n) = G"Y,) + ((n — 1)in)-
Y(in—1).

(©) Test |G(Yp); — G" YY)l < ¢ for all components i If this test succeeds
for 5 consecutive values of n, the submodel passes the convergence test.

{(d} If n.s 500, do step (). otherwise, go back to (a).

(e} Testconvergence ofaverage :if{Y{500); — Y(499)] < &;for all components
i, then do step (f); otherwise, submodel fails.

(f) Test requirenent that average be a fixed point: if (G(Y(500)), — Y(500),
< ¢ for all components i, then submode! passes the convergence test;
otherwise, it fails.

When the test is applied, it is useful to store some statistical information about
the submodels. The stored informationincludes : (1) the total number of submodels
which have passed the convergence test: (2) the total number of submodels which
have failed the : Y{(n + 1) — Y(n): test (1e., reached iteration 500 without passing
the test); (3) the total number which failed the : Y(n + 1) — G(Y(n + 1): test (i€,
passed Y(n+ 1) — Y(n): test and then immediately failed the :Y(n + 1) —
G(Y(n + 1)): test): (4) the total number of submodels which blew up somehow
(e.g.. some components of the vector ¥(n) got extremely large compared with the
imtial components of YO). In the first 2,000 submodels generated for the Klein—
Goldberger model (Appendix A), only one submodel failed to pass test (3). Test (4)
reported a blow-up condition when |Y(n)|; > 100,000 |Y O};; for any component i.

Moresignificant information was determined by storing theabove information
correlated with the number of submodels which contain equation K for each
k = 1,2,...,m where mis the number of equations of the full medel. The print-out
of these numbers made it possible to determine which equations of the full model
were involved in events (1), (2), (3) and {4); and which equations are most likely
misspecified according to Fisher’s Correspondence principle. An example of this
output for the Klein-Goldberger Model (Appendix A) is given in Figure 6. Note
that equation 5 appears likely to be misspecified.
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In the model tested, about half of the 2,000 submodels tested failed : and more
models failed with ¢; = 0.001 {Y0,| than with &, = 0.01]Y O}, which was expected.
The test took 7.414 minutes of CPU time; if all 25,665 submodecls had been tested,
it would have taken an estimated 60 minutes of CPU time. An advantage of the
algorithm as programmed is that the test mnay be stopped after a given number of
submodels have been generated, and the relevant statistical information printed
out. Useful results may be obtained without testing all submodels, although
convergence of untested submodels cannot be guarantecd.

Another option of the program is the selection of submodels to be tested, The
user can specify that only submodels which include a given subset of equation
numbers will be generated and tested for convergence. Another option specifies
that only submodels which do not include any of a given set of equation numbers
will be generated and tested. Thus the algorithm facilitates the application of
Fisher’s Correspondence Principle to an econometric model and the discovery of
misspecified equations.

Massachusetts Institute of Technology
Submitted May 1972
Revised September 1973
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APPENDIX A
The Klein~-Goldberger Model as Used in Applying the Convergence Criterion

(1) Zt = Al - Y + CONI

(2) Z2 = A4-Y + CON2

(3) 23 = All- Y + CON3

(@) 24 = CON4-X + CON>

(5) Z5 = AI8- X — (A19-(Z9- Z6 - Z7)/Z8) + CON6

(6) Z6 = (1/A24)- (X — A22-Z3 — CON7-Z7 — A22-C21 — CONS)
(7) Z7 = CON9-29 — CONI10- 26 + CON1I

(8) Z8 = 429- X + CON12

(9) 29 = —A32-Z7 + CON13
(10) ZI10 = (Z8/(Z9- Z6 - ZT))(~ ZI8 + A38((Z9- 26 - Z7-Z11/Z8)

+ ZI8 — Z14) + CON14)

(1) ZIl = PI — A41- X — (Z8/(Z9-26- Z7))-(ZI8 + CONI5)
(12) Z12 = (444-(Z3 + C21)) + (Z8/(Z6 - Z7 - 29))- A45- C24 + CONI6)
(13) Z13 = Cl +{C2-X-29-26- Z7/Z8)
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(14) Z14 = C3 + (C4- ZI1 - 29 - Z6 - Z1/Z8)
(15) Z15 = (CON17-Y-Z9- 26-Z7/Z8) + CTS
(16) Z16 = (X - AST-Z9- 26 - Z7/Z8) + CON18
(17 Z17 = ~(9-Z7 + CONI9

(18) Z18 = (A55-26-Z9-27/Z8) + CON20

The Z’s are the endogeneous variables of the full model, while the X, ¥, and P1] are
literal substitutions (identities) for the following expressions.

X=Z1+Z22+Z3+Z7Z4 - Z5 + C21 + FCON1

Y=Z1+2Z2+Z3+7Z4 —Z5+ C21 + FCON1 — Z10
+ (Z8/(Z6-Z7-Z29)-(—Z13 — Z14 - Z15 - Z16 + Z17 — Z18
— C23 + FCON2)

Pl=Z\+22+2Z3+Z4 - Z5+ C21 + FCON1 - Z8 — Z12
+(Z8AZ6 + ZT + Z8)) — (—Z13 — Z16 — C23 + FCON?3)

P = (Z6-Z9/Z8)

All other symbols are constants (which includes lagged variables for the purpose
of the convergence test). The correspondence between the Z’s and the quantities
they represent follows.

Z1 = C: consumption of durables, billions of 1954 dollars
Z2 = (C:consumption of non-durables and services, billions of 1954 dollars
Z3 = R: residential construction, billions of 1954 dollars
Z4 = H: stock of inventories, billions of 1954 dollars
Z5 = 1,,: imports, billions of 1954 dollars
Z6 = h: index of hours worked per week, 1954 = 1.00
Z7 = N,,: wage and salary workers, millions
Z8 = W : wages and salaries and supplements to wages and salaries, bijlions
of 1954 dollars
Z9 = w: annual earnings, thousands of dollars
Z10 = S_: corporate savings, billions of 1954 dollars
Z11 = P_: corporate profits, billions of 1954 dollars
Z12 = 7, : rental income and net interest, billions of 1954 dollars
Z13 = IT: indirect taxes, billions of current dollars
Z14 = T;: corporate profit taxes, billions of current dollars
Z15 = PT: personal taxes, billions of current dollars
Z16 = BT : business transfers, billions of current dollars
Z17 = GT: government transfers, billions of current dollars
Z18 = IVA:inventory vaiuation adjustment, billions of current dollars

The expressions of the following variables were substituted literally as they are
identities of the model.

X = X:gross national product, billions of current dollars

Y = Y: personal disposable income, billions of 1954 dollars

PI = PI: proprietor’s income, billions of 1954 dollars plus P and IVA
P = Z6-Z7 — Z9/Z8: implicit GNP deflator, 1954 = 1.00
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The following variables depend solely on lagged or exogeneous variables and were
not included in the incidence matrix of endogencous variables.

r:yield on prime commercial paper, 4-6 months, percent

[ investment in plant and equipment, billions of 1954 dollars

D: capital consumption allowances, billions of current doilars

r:average yield on corporate bonds (Moody’s), percent

The following variable was not included (except as a constant) because coeflicients
supplied in Fisher (1) caused it to be a constant.
SI: contributions for social insurance, billions of current dollars

The constantsused in this model, as well as the initial values of both the endogeneous
and exogeneous variable may be found in Fisher (1).

APPENDIX B

Incidence Matrix and V-Cyeles of the Klein-Goldberger Model

Incidence Matrix
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The Primitive V-Cycles of the Graph of the Full Model

Primitive VCycles of 2 Vertices

(2,13)(3.15) {1, 2) (2. 50 (5. 6) (2. 15 {1, 43 (1. 131 (4. 5) (3. 8) (7.9 (1. 5) (2.3) (6.7)
(LIS G3,HiBA1{.3) 2.4 (3.5

Primitive V-Cycles of 3 Vertices

(L7152, 40, 1) (1.6.18) (1. 11.14) (3.6, 13) (1.8.15) (1. 6. 10} (2.6, 13) (3. 8. 13)
(3.6.15)(2.8.13)(2.6.15) (3.8, 15)(1,6.13) (2.8, 15) (1. & 13)

Primitive V-Cycles of 4 Vertices

(1.4.10.11) (1.4.8,10) (2.3.6. 10) (1.5.8.18) (1.10. 11.13) (2. 3.8.18) (3.4.6. 18)
(1.3.6.14) (3. 4. 1. 14)(2.4. 6, 14) (1. 10, 11. 16) (3. 10. 11, 12)(3.4.8. 14) (3, 5.6, 14)
(1,6.7.17) (3. 11. 13, 14) (1. 5.10. 11) (1. 5.8.10) (2. 3. 8. 10) (3. 11. 14, 16) (3. 4.6, 10)
(2.4.6.18) (1.2.6.14) (3.4.8.18) (3.5.6.18) (1.3.8.14) (2.4, 11.14) (3.5, 11. 14)
(1,10, 11, 15)(2. 4. 8. 14)(2. 5.6, 14)(3.5.8. 14) (2. 11.13. 14)(3. 11. 14, 15)(1. 3, 8. 18)
(2,11, 15,16} (3.4.10. 11) (2.4. 6. 10) (3.4.8,10) (3.5.6, 10) (2. 4.8.18) (2.5.6. 18)
(1.2.8.14) (3.5.8.18) (3,10, 11.13) (1,4.6. 14) (2. 5. 11. 14) (2.5.8.14) (3.6.7.17)
(1,310, 11) (2. 1. 14, 15) (1, 3. 8. 10) (1. 2. 8. 18) (3. 5. 10, 11) (2. 4.8. 10) (2. 5. 6. 10)
(3.5.8.10) (2.5.8.18) (1. 4,8 14) (1. 5,6, 14) (2, 3.6, 14) (3,10, 11.15) (2. 10. 11. 16)
(2.6.7.17) (1.2, 8,10) (1. 11. 14, 16) (3. 11. 12, 14) (1. 4.8. 18) (2. 5.8.10) (2. 3.6. 18)
(2,3.11.14) (1. 5,8.14) (2.3.8. 14) (3. 4.6. 14)

Primitive V-Cycles of § Vertices

(3.10. 11.15.16)
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