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Rule-Based Monetary Policy under Central Bank 
Learning 

Kosuke Aoki, London School of Economics and CEPR 
Kalin Nikolov, Bank of England 

1. Introduction 

In this paper, we evaluate the performance of a number of monetary 
policy rules when the central bank's knowledge about model param- 
eters is imperfect but improves through learning. The recent literature 
on monetary policy has emphasized the role and importance of the sys- 
tematic component of monetary policy.1 The literature has shown that, 
by committing to conduct monetary policy in a systematic way, the 
central bank can stabilize inflation and the output gap more efficiently 
than would otherwise be the case. The advantage of rule-based policy 
stems from the fact that by committing the central bank can internalize 
the effect of its predictable policy on private sector expectations. 

However, the usefulness of rule-based policies is sometimes criticized 
from a practical point of view, because optimal rules in general depend 
on the structure of the economy, such as the slope of the Phillips curve, 
which in practice is not known with certainty. In the face of this uncer- 
tainty, a central bank is continuously learning about the structure of the 
economy. As a consequence, its best estimates of key model parameters 
may change. In light of these issues, the question of how to think about 
policy rules under central bank learning is a key area of research. 

In this paper, we use three popular monetary policy rules that per- 
form well in rational expectations models and evaluate their perfor- 
mance in an environment in which the central bank is learning about 
the structural parameters of the economy. We argue that rules that per- 
form well under learning should be adopted. 

We examine the policy problem of a boundedly rational central bank 
that learns the structural parameters of a simple New Keynesian model. 
Following Sargent (1999) we assume "anticipated utility" behavior of 
the central bank. More specifically, we assume that both the central 
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bank and private agents learn about the slopes of the IS and Phillips 
curve by recursive least squares2 and adjust expectations and policy 
in the light of the most recent parameter estimates. The three policy 
rules we evaluate are (1) the optimal non-inertial rule, (2) the optimal 
history-dependent rule and (3) the optimal price level targeting rule.3 
In our basic model, under rational expectations and perfect knowl- 

edge about model parameters, the last two rules are optimal from a 
"timeless" perspective, in the sense defined by Woodford (1999a) and 
Svensson and Woodford (2004). These rules involve history dependence 
because they optimally internalize the effects of the predictable part of 

policy on private expectations formation. Both of these rules deliver 
the optimal equilibrium, although they introduce history dependence 
in different ways. 

However, when we test the performance of these policies under 

learning we find that imperfect knowledge about the structure of the 

economy adversely affects the performance of certain policy rules that 
deliver good economic outcomes in a world of perfect knowledge. The 

paper shows that imprecise parameter estimates lead to policy mistakes 
that affect the performance of some history-dependent rules much 
more than others. In particular, the performance of the optimal history- 
dependent rule deteriorates substantially. In contrast, the optimal price 
level targeting rule maintains the benefit of history dependence with- 
out generating undesirable feedback from past policy mistakes that 
worsens the performance of the optimal history-dependent rule. 

We also draw some insights from the literature on feedback con- 
trol. We argue that the optimal price level targeting rule performs best 
because it has elements of integral control, in the sense that the policy 
reacts to the integral of past deviations of inflation from its target value. 

Integral control terms can reduce the propagation of policy mistakes 
in two ways. First, when mistakes are persistent (due to, for example, 
persistent mismeasurement of the natural interest rate), the integral 
terms can reduce the impact effects of the policy errors. Second, history 
dependence in optimal policy rules generate endogenous persistence in 

equilibrium dynamics that is independent of persistence in exogenous 
disturbances, as emphasized in Woodford (1999b). This endogenous 
persistence may work as a propagation mechanism of policy mistakes 
for certain policy rules. Policy rules that have elements of integral con- 
trol terms can reduce this endogenous propagation. 

The paper is organized as follows. The second section reviews related 
literature. The third section presents the model of the economy and 
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the problem of optimal monetary policy, and discusses least squares 
learning and candidate policy rules. The fourth section presents some 
numerical examples to evaluate the policy rules, and give intuition for 
our results. The fifth section extends the basic model in two ways; it 
includes an interest rate variability term in the central bank's loss func- 
tion; and then considers a Phillips curve with inflation inertia. The sixth 
section concludes. 

2. Related Literature 

We draw insights from three kinds of related literature: optimal mon- 

etary policy rules, adaptive learning, and feedback control. In the lit- 
erature on optimal monetary policy, Giannoni and Woodford (2002a, b) 
develop a method to derive optimal monetary policy rules that imple- 
ment the optimal equilibrium in the New Keynesian framework. This 

approach takes two steps. First, one characterizes an optimal allocation. 
Then one looks for a policy rule that implements the optimal allocation. 
In general, there are several optimal rules that implement the optimal 
equilibrium under rational expectations. In other words, those rules 

perform equally well. However, we show that this equivalence breaks 
down when the bank's model is not perfect. 

Following the literature on adaptive learning, we borrow an idea 
that stability or robustness under learning can be used as a selec- 
tion criterion when there are multiple equilibria or multiple ways of 

implementing policy. The literature on adaptive learning grew 
rapidly in the 1990s, following the seminal paper by Marcet and 

Sargent (1989). The literature, which is thoroughly covered by Evans 
and Honkapohja (2001), explores the consequences of expecta- 
tions formation by boundedly rational agents. Rational expectations 
equilibria that are asymptotically reached by boundedly rational agents 
are known to be "stable under learning" or "E-stable." The criterion 
of stability under learning therefore narrows the class of plausible 
outcomes. Bullard and Mitra (2002) and Evans and Honkapohja 
(2003) use E-stability as a selection criterion for good monetary policy 
rules in the New Keynesian framework. Evans and Honkapohja (2003) 
consider several optimal policy rules, and show that a central bank 
that directly responds to private expectations can achieve a determi- 
nate and E-stable equilibrium. By contrast, an instrument rule defined 
in terms of the underlying economic shocks cannot achieve a learnable 

equilibrium. 
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In this paper, we focus on the welfare evaluation of alternative policy 
rules under learning, rather than long-run E-stability of rational expec- 
tations equilibria. We show that the rules that are equivalent under ratio- 
nal expectations equilibrium generate very different outcomes under 

learning, and we order the rules according to how well they perform 
under learning. A rule that works well only under rational expectations 
is less interesting and useful than one that also works well under learn- 
ing. Our paper can be interpreted as providing a selection criterion for 

narrowing down the optimal class of policy rules by insisting on a cer- 
tain kind of robustness to implementation errors under learning. 

Finally, in order to explain why some rules are more robust than oth- 
ers, we relate our result to the literature on feedback control. One can 
usually express a rule in various forms: proportional, derivative, and 
integral forms. Proportional form depends on the level of goal variables, 
derivative form on the difference in goal variables and integral form 
on sums of the goal variables. In the context of monetary policy, when 
inflation is one of central bank's goal variables, a policy rule respond- 
ing to inflation deviation from its target represents proportional feed- 
back, while responding to price level represents integral feedback. As 
is shown in Franklin et al. (2002), integral control elements improve the 
performance of feedback rules when, for example, there are errors in 

estimating the steady state of the system. Phillips (1954) offers an early 
economic application using a simple dynamic model. In our paper, a 
rule involving integral term performs better because it reverses past 
policy mistakes. 

3. Model 

3.1 Structural Equations 

The model is a simple variant of the dynamic sticky price models that 
have often been used in the recent research on monetary policy. The 
structure of the economy is described by a log-linearized Phillips curve 
and an expectational IS curve (Kerr and King 1996, Woodford 1996, 
Clarida et al. 1999 and McCallum and Nelson 1999). 

The expectational IS equation is given by 

yt=EtyM-<*t-z>*tJ+$t- <r>° (i) 
where yt, nt, it are, respectively, time t output, inflation, and the nominal 
interest rate.4 The parameter crcan be interpreted as the inverse of the 
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intertemporal elasticity of substitution of expenditure, and the exog- 
enous disturbance ̂ represents a demand shock. 

The aggregate supply equation is represented by an expectational 
Phillips curve of the form 

Kt = K{yryn) + pEtKM + ut, *> o, 0< /? < 1 (2) 

where y" is an exogenous supply shock at time t. It represents the natu- 
ral level of output, which would be the equilibrium level of output if 

prices were fully flexible. The exogenous disturbance ut is a cost-push 
shock.5 This Phillips curve can be derived from a log-linear approxima- 
tion to the first-order condition for the optimal price-setting decision of 
a firm in Calvo (1983)'s staggered price-setting model. The parameter k 
is a function of the speed of price adjustment, and P can be interpreted 
as the discount factor of price-setters. The expectation operator Et is dis- 
cussed in detail in Section 3.4. 

3.2 Least Squares Learning about Structural Parameters 

Next we discuss learning. We assume that the central bank estimates 
the parameters of its econometric model. Following the literature on 

adaptive learning, we assume that the central bank updates those 

parameters by recursive least squares estimation. In our framework the 
central bank updates the parameters of the model using recursive least 

squares and take them as the true values. It believes that the param- 
eter estimates will remain unchanged in future and does not take into 
account the fact that it is likely to revise them subsequently. Sargent 
(1999) shows that this behavior is interpreted as what Kreps (1998) calls 
an anticipated utility model. This is a deviation from full rationality, 
because the bank does not take account of the effects of their current 
decisions on future learning, and they ignore period-by-period model 

misspecification. 
We also assume symmetric information between the private agents 

and the central bank. This implies that the private agents use the same 
econometric model to make projections about future inflation, output, 
and the policy rate. This implies that the projections about the future 
evolution of the economy are identical between the private agents and 
the central bank. Combined with the anticipated utility behavior, this 

implies that the private agents expect that the bank's commitment 
to a policy rule based on the current knowledge of the economy is 
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credible and time-invariant over time. The assumption of symmetric 
information is not essential to our results reported below, but it simpli- 
fies our analysis. If the private agents were fully rational and had per- 
fect knowledge of the economy, they should be able to predict that the 
bank will eventually adjust its policy when it learns more. This would 

imply that the private agents no longer expect the bank would follow 
its current policy rule for indefinite future. Our assumption rules out 
this possibility.6 

We assume that the central bank's econometric model is given by 

yt = EtyM-o(t)[it-Etxt+l]+g°t + evt (3) 

*> = *(') 0/, " VD + PZt*»i + K + «„ W 

where each variable is explained below. Here we assume that the bank 
and private agents do not know the true value of /rand din (1) and (2), 
and need to estimate them.7 Those estimates are denoted by K(t) and 
o(t), respectively. For simplicity, we focus on /rand crby assuming that 
/Jis known. We choose this assumption because, compared with jrand 
a, it seems that there is less disagreement in the literature about the esti- 
mate of p.8 We also assume that the aggregate structural shocks involve 
white-noise unobservable components. In equations (3) and (4), vari- 
ables g°t, y™, u°t are observable components of the structural shocks. The 
unobservable components are represented by € t and ent? We impose 
this assumption in order to make estimation non-trivial. Without those 
unobservable components, the bank would be able to identify the true 
parameter values immediately. 

We assume that the bank estimates K{t) and a{t) recursively. Follow- 
ing the literature on adaptive learning, we assume that, at time t, the 
central bank updates its parameter estimates {o{t), K{t)) based on time 
t - 1 data.10 The estimation equation is therefore given by recursive OLS 
estimators: 

(7(f) = <r(f - 1) + t-WalXalJYal -o{t- 1)X^) (5) 

K{t) =K(t-l) + t-^X^Y^ -K{t- 1)XKJ (6) 

where 

Yo,,-i=y>-i-E>-iyt-s0>-i 
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In order to focus our analysis on the implications of learning about 
structural parameters, we assume for simplicity that expectations are 
also observable. 

3.3 Policy Problem under Learning 

We turn to the analysis of monetary policy. We consider policy imple- 
mentation by committing to policy rules that are optimal from a "time- 
less perspective" defined in Woodford (1999a) and Svensson and 
Woodford (2004). "Timeless optimality" provides us with a convenient 
and practically realistic way of characterizing optimal policy under 
central bank learning. In our setting, a tunelessly optimal policy rule is 
a time-invariant policy rule, conditional on the bank's current model of 
the economy, which implements the optimal state-contingent plan, sub- 
ject to the constraint on the economy's initial condition that prevents 
the bank from exploiting existing private sector expectations at the time 
the policy is chosen. The central bank commits to following a certain 
fixed rule indefinitely, and is expected to follow this rule unless its best 

knowledge of the economy improves in subsequent periods. 
The welfare loss of the central bank at time t is the expected dis- 

counted sum of period loss functions: 

W^E^t^j (7) 
The period loss function is the weighted sum of the squared output and 
inflation gaps, given by11 

Ls=^[<+Ay(0(ys-y")2L Xy(t)=\6K{t)/e (8) 

Rotemberg and Woodford (1997) show that the loss measure (8) is a 

quadratic approximation to the expected utility of the representative 
household in the Calvo model, where 6 > 0 is the price elasticity of 
demand for differentiated goods. Since X (t) depends on the slope of 
the Phillips curve, k, it changes as the bank's estimate of /rchanges over 
time. 
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Consider a central bank in period t whose most recent estimates of 
the two structural parameters are K(t) and a(t). Based on those param- 
eters, the central bank at time t seeks to minimize (7) subject to the 
bank's model of the economy: 

y- = Eiywl-o(0[Ri-E-^1]+^- (9) 

xs=K(t)(ys-y™) + pEs7rs+l + u°s (10) 

Note that there are two kinds of misspecification in (9) and (10). First, 
a(t) and K(t) are not necessarily equal to their true values, crand k. Sec- 
ond, only the observable components of the structural shocks are in (9) 
and (10). 

It is worth making clear that policy rules derived in this section are 
not designed to be optimal under the imperfect knowledge that we 
assume. The design of fully optimal policies is not the main objective 
of the paper. Our objective is to use learning dynamics as a criterion for 
distinguishing between policy rules from policy rules that are equally 
good under perfect knowledge. There are two kinds of deviations 
from full optimality (or rationality). First, the bank takes the estimated 
parameters as if they are the true parameter values and time-invariant. 
In other words, the bank is not Bayesian. This is a standard assump- 
tion in the literature on adaptive learning, and we are concerned with 
the question of how robust each rule is under adaptive learning.12 Sec- 
ond, when choosing policy, the bank regards the white-noise unobserv- 
able components of the structural shocks equal to zero. When a{t ) = a, 
K{t) = k, and when the white-noise components of the shocks are observ- 
able, the policy derived below becomes fully optimal. 

The problem can be solved by the Lagrange method (Woodford 
1999b). The first-order conditions are given by 

^-^0(0^ + ^-^ = 0 (11) 

\<t)(y. 
- v:°) + K - ^ti - *W t* = o (12) 

o(t)<pis = 0 (13) 

for each s > t . Here </>ls and 0^ respectively represent the Lagrange mul- 
tipliers associated with (9) and (10). 

It follows from the first-order conditions that, in the case of the opti- 
mal commitment plan that has been implemented since s - 1, we can 
infer (/>1$ _2 and 02a_1 from the past observable variables xsl and y$l - yn°_r 
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Those are given by 01M = 0 and ^ = 
\(t)/K(t)(ys^ 

- y™). In this case, 
the first-order conditions imply13 

K[t) 

Next we turn to the initial conditions on 01M and 02M. A once-and-for- 
all commitment from period t onwards requires the initial conditions 

01M = 0 and 02M = 0, implying that the bank exploits the existing expec- 
tations at the time the policy is chosen. However, as Woodford (1999a) 
and Svensson and Woodford (2004) argue, the once-and-f or-all commit- 
ment implicit in the optimal equilibrium is not a practically useful con- 

cept, when the bank's knowledge about the economy improves over 
time and, hence, it wishes to revise its policy rule. If the bank exploited 
the existing expectations whenever they revise the optimal plan, the 
bank's commitment would not be credible, leading to a suboptimal 
equilibrium. We instead restrict our policy regime to policies that are 

optimal from a timeless perspective, following Woodford (1999a) and 
Svensson and Woodford (2004). In our case, this would imply that we 

impose the initial conditions on 01M and 02M as 01M = 0 and 02M = Xy(t)/ 
K(t)(ytl - y"^). Then we obtain a targeting criteria 

*.=-^Ky,-yr)-(y,-,-y".)L s>t (is) 
Kyi) 

Notice that the rule involves the lagged output gap (yM - y"^). As 
stressed in Woodford (1999b), optimal monetary policy involves history 
dependence. This results from the fact that the central bank internalizes 
the effects of its predictable policy on private sector expectations, which 
in turn affect current inflation and the output gap. 

Since (15) involves the targeting variables in the central bank's loss 
function, it is a targeting rule in the sense of Svensson (1997, 2002, 2003). 
Targeting rules are consolidated first-order conditions, and specified in 
terms of a criterion that certain target variables should satisfy. The cen- 
tral bank chooses the interest rate so as to satisfy this criterion, and it 
must use its estimated model of the economy in setting the interest rate. 
We will discuss the details of implementation in Section 3.4. Finally, it is 

easy to show that the rational expectations equilibrium is determinate 
under this rule.14 

Another form of targeting rule we consider which is optimal from a 
timeless perspective is given by 
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Rational expectations equilibrium is determinate under this rule, too. 
Notice that, since ns = (1 - L)ps, where L represents lag operator, 

oo 

i=0 

In our case where the target inflation rate is set equal to zero, ps rep- 
resents integral deviations of past inflation from its target. Thus we 
can express an optimal rule in terms of an integral feedback rule, as is 
shown in Currie and Levine (1987).15 Since the price level depends on 
past history of inflation, this rule also introduces history dependence 
to monetary policy, by forcing the central bank to compensate any 
shock that affected inflation in the past.16 Compared with (15), (16) 
introduces history dependence without explicitly committing to 
respond to the lagged output gap. We call it the optimal price level 
targeting rule. Policy rules (19) and (18) are closely related. Under per- 
fect information, commitment to rule (18) and commitment to rule (19) 
result in the same rational expectations equilibrium, as is shown in 
Claridaetal.(1999). 

It is possible to find other optimal policy rules than (15) and (16). 
However, we focus our analysis on those two rules because they are 
among the simplest rules and extensively analyzed in the literature.17 
Evaluation of other optimal rules is left for future research. Instead, as 
a comparison, we consider a rule that does not involve history depen- 
dence. This is called the optimal non-inertial rule: 

^=-^(i-#>u)(y(,(-yr) 
(17) 

where Su is the persistence parameter of the cost-push shock (defined 
more precisely later in Section 3.4.) Again, rational expectations equi- 
librium is uniquely determined. Conceptually, this is similar to a simple 
Taylor rule that involves only contemporaneous feedback from infla- 
tion and the output gap. The coefficient (Ay(f)/ Jc{t))(l - J58) is chosen to 
implement the optimal non-inertial plan defined in Woodford (2003).18 
Since our structural equations are purely forward-looking and the rule 
does not involve lagged endogenous variables, in the resulting equilib- 
rium, the endogenous variables will depend only on the current and 
expected future shocks and the current model estimation errors. 
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3.4 Sequence of Events 

Here we describe the sequence of events at time t. At the beginning 
of time t, the central bank and the private sector use recursive OLS to 
update the estimates of the slopes of the IS and Phillips curves, c(i) 
and K(t). The estimation equations are given by (5) and (6). After they 
update their parameter estimates, they observe time-f shocks. Their 
economic model is given by (9) and (10). Based on their model, they 
form expectations and set policy. Expectations are consistent with the 
estimated model (9) and (10).19 

When implementing a policy rule, (15) for example, the central bank 
needs to make its decisions on the projections of the current endog- 
enous variables, such as ntu and ytu using its model. Here a variable 

xtu denotes the projection of xt based on the central bank's model at 
time t. Therefore, the bank chooses the nominal interest rate in order 
to satisfy 

** =-^r[(ys, -ysT)-(ys-i, -ys"-i,)L * ** • (is) 
K\t) 

When the bank has perfect information, Ktu = Kt, yt u = yt (i.e., the bank's 

projections and the realizations coincide). For the implementation of 
the price level targeting rule (16), the bank chooses the nominal interest 
rate to satisfy 

p*=~i$iy*~y*)' 
s-f- (19) 

Implementation of the optimal non-inertial policy (17) is also similar. 
After expectations and policy rates are set based on (9) and (10), those 

are put into the true model (1) and (2), and inflation and the output 
gap are realized. In other words, the expectation terms in (1) and (2) 
are generated by (9) and (10).20 In the next section, we provide some 
numerical examples to evaluate the performance of the three rules 
under learning. 

4. Numerical Examples 

4.1 Simulation Exercises 

In this section we use stochastic simulations using our model to evalu- 
ate our three candidate "targeting rules." We obtain expected values for 



156 Aoki & Nikolov 

the loss function as well as representative paths for our parameter esti- 
mates as averages across 1,000 simulated paths. Each simulation length 
is 500 periods (/3500 = 0.0066). 

4.1.1 Parameter Values 
Because our exercise involves a set of wrong initial beliefs about param- 
eter values, we need to calibrate these as well as the true parameter 
values in our economy. We set the initial parameter values of our model 
in line with Rotemberg and Woodford (1997) and Woodford (1999b). 
The intertemporal elasticity of substitution of consumption, c, is set to 
6.365. The slope of the Phillips curve fris set to 0.0238. p, the rate of time 
preference is equal to 0.99, giving an annual steady-state real interest 
rate of 4 percent.21 The corresponding weight on the output gap in the 
loss function, A = \6k/0, is set to 0.062. 

For concreteness, we assume the following stochastic processes for 
the exogenous shocks: 

y; = 
^M+v 0<sy<1 (2°) 

ft=^i+v 0<ss<1 <21> 

Ut=SuUt-l+eut> 0<Su<1 (22) 

where e t, e , and eut are independent and serially uncorrelated at all 
leads and lags. The autocorrelation coefficients of the shocks are set as 
follows: 6 is 0.92, 8 is 0.15, 8u is 0.35.22 We assume that those persis- 
tence parameters are known to the central bank, in order to focus on the 
estimation of crand k. The "true" value of crand x*in the model is equal 
to 4.490 and 0.031, respectively. These are cited from Giannoni (2001) 
and are two standard errors away from Woodford (1999b)'s central esti- 
mates.23 In order to check the robustness of the subsequent results, we 
also examined the other three cases: (a~l: two standard errors above, 
k. two standard errors below); (o~l: two standard errors below, k. two 
standard errors above); (ct"1: two standard errors below, k. two stan- 
dard errors below). The welfare ranking of the policy rules reported 
below is not affected by the assumed starting values of crand k, there- 
fore we do not report those simulation results.24 The standard devia- 
tions of the innovations in the demand and supply disturbances in the 
Rotemberg- Woodford model are calculated as 1.022 percent and 1.906 
percent, respectively.25 The standard deviation of the innovation in the 
cost-push shock is set 0.37 percent, cited from Giannoni (2000). Finally, 
as a benchmark case, we set the variances of unobservable shocks, e t 
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and ent equal to zero.26 Thus we focus on the implications of impre- 
cise parameter estimates. Allowing non-zero e t and eni makes learning 
slower and makes fluctuations in inflation and the output gap larger, but 
we find that the welfare ranking of the policy rules is not affected.27 

4.1.2 Welfare Results 
Table 1 presents the expected values of the welfare function under the 

optimal non-inertial rule (ONP) and the optimal history-dependent rule 
(OHDP). The first three rows of the table (under the Learning heading) 
display the expected welfare when the central bank and private agents 
have to use recursive least squares in order to learn about the param- 
eters of the model, while the last three rows of the table (under the Full 
Information heading) contain numbers derived under the assumption 
that the central bank and the private agents have perfect knowledge. 

The results in the lower part of the table are now fairly standard in 
the literature (Clarida et al. 1999, Woodford 1999b). The optimal history- 

Table l 
Welfare loss (the results under the benchmark case)3 

Learning (sample average of 1000 simulations) 

ONP OHDP PLT ONP/OHDP ONP/PLT 

500 

W=£j3sLs 0.0037 0.0114 0.0032 -67.7% 17.0% 
s=0 

500 

X/3%2 0.0034 0.0063 0.0026 
s=0 

500 

Z/*syt/s-ys")2 0-0003 0.0051 0.0005 
s=0 

Full Information (sample average of 1000 simulations) 

ONP OHDP PLT ONP/OHDP ONP/PLT 

500 

W=X/?SLS 0.0035 0.0029 0.0029 21.0% 21.0% 
s=0 

500 

£j3s;r2 0.0034 0.0025 0.0025 
s=0 

500 

£/?sAy(ys-ysn)2 0.0001 0.0004 0.0004 
s=0 

aONP: Optimal non-inertial plan; OHDP: Optimal history-dependent plan; PLT: Price 
level targeting. 
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dependent rule delivers a lower expected value of the loss function than 
the optimal non-inertial rule. This is because the history-dependent 
rule optimally internalizes the effects of predictable policy on private 
agent expectations. This affects inflation expectations and limits the 
impact effect of cost-push shocks on inflation, thereby improving the 
output/inflation trade-off faced by the monetary authority. The central 
bank controls private sector expectations by promises of future action, 
which are embodied in the lagged output gap term in the optimal his- 
tory-dependent rule (18). In contrast, the optimal non-inertial rule is 
restricted to respond only to current variables. It, therefore, cannot opti- 
mally internalize its effect on private sector expectations. Consequently, 
this worsens the inflation/output trade-off caused by cost-push shocks, 
reducing expected welfare. 

The results in the last three rows of Table 1 confirm another well- 
known result in the literature.28 The optimal history-dependent rule 
and the price level targeting rules deliver identical welfare losses under 
full information, because both of them are timelessly optimal in our 
set-up. Because correcting deviations of the price level from a deter- 
ministic path involves a strong commitment against inflation, the 
price level targeting rule is a good policy for a central bank that 
wants to improve its inflation /output trade-off by stabilizing inflation 
expectations. 

However, the first three rows of Table 1 show that the advantages 
of the history-dependent rule over the optimal non-inertial rule are 
reversed under learning. This is mainly due to a substantial deteriora- 
tion of welfare under the optimal history-dependent rule.29 By contrast, 
under learning, the price level targeting rule performs much better than 
the optimal history-dependent rule. It seems, therefore, that imperfect 
knowledge of the model parameters breaks down the link between the 
price level targeting rule and the history-dependent rule as the perfor- 
mance of the latter deteriorates markedly. This is a feature of our results 
we will explore further in the next subsection. 

4.1.3 Impulse Responses 
The impulse responses of our model to different shocks offer another 
way of evaluating and explaining the performance of our three can- 
didate rules. This exercise can show exactly which shocks cause the 
marked deterioration of welfare under the OHDP rule when the central 
bank is learning about parameter values. Below we show the model's 
impulse responses to a cost-push shock as well as a demand (IS curve) 
shock.30 
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Cost-push shock Figure 1 plots the dynamic response of our model 
economy to a cost-push shock under the three rules we consider.31 It 
shows that, even under learning, both the price level targeting rule and 
the optimal history-dependent rule stabilize inflation better than the 
optimal non-inertial rule. So the standard result from the monetary 
policy literature holds in our set-up too (Clarida et al. 1999, Giannoni 
2000, Vestin 2006). 

Demand shock Figure 2 plots the dynamic response of our model 
economy to a demand shock under the three rules we consider.32 It is 
a well-known result in the literature (for example Clarida et al. 1999) 
that under full information and rational expectations, the central bank 
would stabilize demand and supply shocks perfectly. Figure 2 shows 
that this is not the case under learning. Because of wrong parameter 
estimates, demand and supply shocks affect output and inflation in the 
resulting equilibrium. And interestingly, the optimal non-inertial rule 
and the price level targeting rule dominate the optimal history-depen- 
dent rule. Indeed, the performance of the optimal history-dependent 
rule is particularly poor - demand shocks lead to larger and more per- 
sistent fluctuations in inflation and output. It is this poor performance 
in the face of demand (and supply) shocks that is at the heart of the 

superior performance of the price level targeting rule. 

4.2 History Dependence and Policy Mistakes 

In the previous section we argued that, under perfect knowledge, the 

price level targeting rule and the optimal history-dependent rules 
deliver a better performance than the non-inertial rule because they 
affect inflation expectations in a desirable way. In our basic model, those 
two rules deliver identical equilibria, even though they embody differ- 
ent mechanisms of affecting private expectations. But our simulation 
results showed that certain ways of implementing history dependence 
(such as the optimal history-dependent rule) may have undesirable 
"side effects" under imperfect knowledge, which can be avoided by 
adopting a different way of implementing history dependence (such as 
the price level targeting rule). In this section we show how imperfect 
knowledge of parameters under learning can lead to imprecise esti- 
mates of the natural real rate of interest. This results in policy mistakes 
for all the three rules we consider. However, we will show that where 
the three rules crucially differ is in how they propagate the effect of the 

policy mistake through time. 
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4.2.1 The Source of Policy Mistakes: Wrong Estimates of the Natural 
Real Rate of Interest 
The natural or Wicksellian interest rate is a key concept in New Keynes- 
ian models such as the one we study.33 It is the equilibrium real interest 
rate, which would prevail under fully flexible prices. In our model, the 
natural interest rate, r", is given by 

r» = <r%( + (<5yn-l)y«] 
The IS equation (1) can be rewritten in terms of the output gap as 

Vt 
- 

y\ = Et(yM 
- 

ynM) 
- 

<*', 
- 

E^M 
- 

r\ 1 

This shows that demand and supply shocks only affect the determina- 
tion of inflation and the output gap through the "interest rate gaps" in 
our model. In our setting, the central bank could perfectly insulate the 
effect of demand and supply shocks under all the three targeting rules 
if it were able to estimate the natural rate accurately. 

But in our set-up, the central bank can only observe the primitive 
demand and supply shocks; it must calculate the natural real rate of 
interest using its estimate of the slope of the IS curve. Consequently, 
wrong estimates of crlead to biased estimate of r". This, in turn, means 
that the central bank cannot ensure that its targeting rule always holds. 
In fact, as long as the monetary authority is still updating its param- 
eter estimates, these optimality conditions will fail to hold ex post. This 
will act very much like a "monetary policy mistake." Wrong parameter 
estimates will imply the wrong estimates of the natural real interest 
rate, leading to biased projections of inflation and the output gap, and, 
consequently, to the wrong level of policy rates. So, under learning, all 
shocks will have an effect on economic activity and inflation. Below 
we make some simplifying assumptions, which allow us to derive 
analytical expressions for such "monetary policy mistakes." We then 
explain the intuition of how the different rules propagate these mis- 
takes through time. 

The optimality conditions (12), (11), and (13) imply that implement- 
ing the optimal plan requires that (15) holds for s > t . In order to imple- 
ment (15), the OHDP rule commits to satisfy target (18), while the price 
level targeting rule commits to satisfy target (19). In both cases, the 
bank bases its decision on its projections using the estimated model (3) 
and (4). 

Since the estimated model is parameterized imprecisely, the target 
criteria do not hold exactly. In order to focus on ex-post policy mistakes, 
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let us abstract from learning, so that o(t) and K(t) are constant over time 
and denoted respectively by a and k-.34-35 

Notice that the policy rate calculated using the estimated model 
satisfies 

h=°~\yM\t-y«t+gt)+nt+i\f (23) 

Substituting this into the true IS (1) and noticing that expectations are 

symmetric under our assumption of symmetric information, we can 
calculate the deviation of actual output from the bank's projection as 

Vt ~y'" =[f ~1)[ym 
~y'+1" ~gt] ' (24) 

Similarly, by noticing that 

Kt\t=K(ytH-y?)+PEtnt+i\tut 

and using (24), we have 

^"%=Uf-^jy»+^i-f J(yw* +&)-(*-*)#• (25) 

Substituting (24) and (24) into the OHDP rule (18), we obtain36 

*,+4[(y,-yr)-(yM-y^)l=v, (26) 

where 

'-[('f-*)+^f-i)]'-+(i-f](r4)'» 
<27> 

H)(»4)* -*-*»*• 

The right-hand side of (26) represents the policy mistake when the bank 
follows the OHDP rule (18). Since the OHDP rule directly corresponds 
to the optimality condition (15), vt also represents the degree to which 
the optimality conditions fail to hold. Since ytu and yMU are model- 
consistent expectations based on the estimated model, those can be 

expressed in terms of the structural shocks. So the policy mistake (27) 
is a function of the structural shocks, the parameter estimates and the 
true parameter values. It is clear that vt converges to zero as o-> crand 
£-> k. 
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Similarly, we can calculate the policy mistake when the bank commits 
to targeting rule (19). Using the IS and Phillips curves, we can write: 

Vt -V* =U| -Ay,t + *( l-|j(y,+u, +£,)-(*-%,". (28) 

And using (27) we show that the policy mistake is identical to that 
under the OHDP rule when the central bank follows the price level 
targeting rule: 

p,+^[(y,-yr)] = v 

However, even though the central bank is committing itself to a differ- 
ent rule, its preferences and its optimality conditions remain the same. 
Therefore, although the implementation error, vt is the same across the 
price level targeting and the OHDP rules, the degree to which the opti- 
mality condition (15) fails to hold is different and is given by 

*.=--f [(ys-ys")-(ys-i-y;-i)]+^-^i • (29) 

In the next section we will see that this is crucial for the relative perfor- 
mance of the two rules under learning. 

4.2.2 Intuition: The Two Benefits of Integral Control in Forward- 

Looking Models 
In the previous subsection we showed that when the central bank is 
learning about the parameter values of its model, it cannot implement 
the optimal equilibrium exactly, leading to higher welfare losses and 
a breakdown in the equivalence between different methods of imple- 
menting history-dependent monetary policy. In this section we offer a 
"classical control" theory explanation for why this is the case. We first 
recall a well-known result in the engineering literature that steady-state 
errors can be corrected by feeding back from the integral of past target 
misses.37 We then argue that the inertial nature of the optimal equilib- 
rium in forward-looking models brings additional benefits of following 
integral control policies compared to the backward-looking dynamic 
models normally studied in the classical control theory literature. 

4.2.3 The Traditional "Engineering" Argument for Integral Control 
In general the implementation error, vt will be a persistent process. As 
(27) shows, this persistence comes from two sources - the persistence 
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of the structural shocks, gt and y", but also the persistence of yt, which 
arises due to the history-dependent nature of the optimal policy. Con- 
sequently, the first difference of the monetary policy mistake (vt - vtl) 
is likely to be substantially smaller than its level, vt. As equations (26) 
and (29) show this certainly seems to be part of the reason why the price 
level targeting rule performs better than the OHDP rule under learning. 
Under the OHDP rule the mistake enters in levels whereas under price 
level targeting rule, the policy mistake enters in first differences - it is 
"undone" one period later. 

This feature of the price level targeting rule is an implication of tar- 

geting the "integral" of deviations of target variables from their target 
values, and as Franklin et al. (2002) show, it can substantially improve 
the performance of feedback rules in mechanical systems. In particular, 
when the rule is potentially subject to errors in estimating the steady 
state of the system, an integral control term can help stabilize the sys- 
tem at the target value, while a proportional control rule may lead to 

convergence to the wrong steady-state value for the target variables. 
These arguments are certainly not new and Phillips (1954) offers an 

early economic application using a simple dynamic model. 
The price level targeting rule has elements of proportional and inte- 

gral control because it targets the price level (the integral of past infla- 
tion deviations from target) and the level of the output gap. The OHDP 
rule, on the other hand, combines elements of proportional control (the 
level of inflation) and derivative control (the change in the output gap). 
This makes the OHDP rule vulnerable to persistent control errors as 

Figure 2 showed in the previous section. This vulnerability has impor- 
tant effects on welfare in our model because the demand shocks are 

highly persistent (their autocorrelation coefficient is equal to 0.92) and 
this causes persistent monetary policy mistakes. 

4.2.4 The Benefits of Integral Control under Forward-Looking 
Behavior 
We showed above that integral control carries substantial benefits, 
which arise out of persistent (or permanent) unobservable shocks. In 
our case, persistent demand shocks (although observable) led to per- 
sistent errors in estimating the natural rate of interest, which led to 
difficulties in implementing the optimal equilibrium. We then found 
that the integral control terms in the price level targeting rule helped 
to reduce the impact of the errors on the first-order conditions of the 
central bank's maximization problem and this improved welfare. 
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However, our model is forward-looking and this brings additional 
benefits of implementing history dependence by means of integral 
control methods. This additional benefit arises out of the persistence of 

output and inflation, which is induced by history-dependent monetary 
policy in the optimal equilibrium. This allows the central bank to man- 

age private sector expectations and improves the output/inflation trade- 
off. However, we will show below that this policy-induced persistence, 
which is unambiguously good for welfare under cost-push shocks, can 
have undesirable effects when implemented by proportional-derivative 
control (the OHDP rule) by a monetary policy authority that is unable 
to implement the first-order conditions of its maximization problem 
exactly. These undesirable effects can be reduced when history depen- 
dence is implemented through proportional-integral control terms, 
which is what the price level targeting rule does. 

To demonstrate analytically the benefits of implementing history 
dependence through integral control methods, here we consider a sim- 
ple model that abstracts from learning and instead assumes that the 
central bank as well as the private sector have full information about 
the model parameters.38 However, we will assume that the central bank 
can only achieve its target up to a white-noise control error. Although 
the assumptions are somewhat different from those in the benchmark 
model used in Section 4.1, this model helps to obtain clearer intuitions 
behind our simulation results.39 So, consider the following simplified 
model, which consists of the Phillips curve and the optimality condi- 
tion that now includes the white-noise disturbance term. In the case of 
the OHDP rule, the corresponding system is: 

*, = *(y,-y"()+/V(+1 + H( (30) 

*,+^-[(y,-y,")-(yM-y;U)]=e(. (3i) 

Equation (31) corresponds to (26). In the case of the price level targeting 
rule, equation (31) is replaced by 

*« +-H(y< -yD-(y«-i -y.-i)i=e, -^ (32) 

which corresponds to (29). If we solve the system (30) and (31), we 
have 

y, -y." = A,(yM -yU)+ K f U -t-^tA (33) 
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where A1 is the stable root of the characteristic equation 

A2 - 08-1 + 1 + P~lK2/Xy)?i + yS"1 = 0 . 

For the system (30) and (32), the solution is 

^-y^^-y^+A^^ 
(34) 

Note that the responses of the output gap to cost-push shock are identi- 
cal between (33) and (34). Under the OHDP rule, impulse responses of 
the output gap to disturbance ̂ is40 

yM-ynM=KT-£» j-° (35) 
Ay 

while under the price level targeting rule, it is given by 

yw-y^ = 
A{-f[l + i8(l-A1)lef/ 1 = 0 (36) 

=A|-1f (i-ajo^-i)*-, ;>o. 
Ay 

Looking at our solutions for the path of the output gap under our 
two rules we can see that the path of the output gap exhibits persistence 
under both rules even when shocks are white noise. This persistence 
arises due to the history dependence of the optimal policy, and the rate 
of decay of output gap fluctuations is governed by Ar And as we can 
see from (35) when this degree of optimal policy-induced persistence 
is large, monetary policy mistakes will be propagated through time by 
the OHDP rule, reducing welfare. 

However closer examination of (36) reveals that matters are more 
complicated under the price level targeting rule. Because of the integral 
control properties of the rule, as Xl gets large,41 the equations actually 
imply that the impact of et on the output gap (and therefore on infla- 
tion) becomes smaller, not larger. In the limiting case in which Xx - > 1, 
the effect of policy mistakes under the price level targeting rule van- 
ishes completely after one period. This feature of the price level target- 
ing rule again arises out of the integral control terms in the rule. This 
means that the rule will offset most of the endogenous propagation of 
monetary policy mistakes, while still preserving the benefits of history 
dependence for the stabilization of cost-push shocks. Note that this 
benefit of the price level targeting rule arises entirely out of the iner- 
tial nature of the optimal equilibrium in forward-looking models. It is 
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entirely independent of the time series properties of the control error, 
which is the benefit of integral control methods usually emphasized by 
the engineering literature.42 

This result has one important implication. It can easily be shown that 

Xx is increasing in A , the weight on output gap stabilization in the cen- 
tral bank's loss function. So a central bank with a strong preference 
for output gap stabilization would be more vulnerable to policy errors 
under the OHDP rule. In contrast, we can see from (36) that the effects 
of policy mistakes under price-level targeting vanish as X - » °° and 

Aj - » 1. This means that a central bank that is concerned with output 
gap stabilization can still get very close to the rational expectations 
benchmark as long as it implements the optimal policy through integral 
rather than derivative control methods. This is in contrast with the find- 
ings of Orphanides and Williams (2004) who show that, under learning, 
a central bank with a strong preference for output gap stabilization will 
induce near unit root behavior for output and inflation.43 Of course, 
their results are based on a model, in which agents form expectations 
through least squares learning, whereas in our framework, agents form 
model-consistent expectations conditional upon their latest parameter 
estimates. One extension, which we leave for future research, could be to 
check whether integral control methods can prove robust to the effects 
of adaptive learning in a model such as the one used by Orphanides 
and Williams (2004). 

5. Extensions 

The previous section showed that integral control representations 
of timelessly optimal policies were more robust to small model mis- 
specifications than derivative control representations. In this section we 
depart from the stylized model of Section 3 and consider two empiri- 
cally motivated extensions in order to demonstrate the generality of 
our results. Following Woodford (2003), we introduce an interest rate 
variability term in the central bank's objective function and add infla- 
tion indexation into the Phillips curve. 

These modifications lead to a framework in which stabilizing the 
price level is no longer timelessly optimal.44 However, we still show 
that integral representations of the optimal rule dominate derivative 
ones when the central bank is learning about the model's parameter 
values. 
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5.1 Interest Rate Variability Objective 

Introducing an interest rate variability objective leads to a period loss 
function as follows. 

h=\ltf+W*-ytf+Wh-n2l 
Woodford (2003) shows that this can be justified as a welfare-based loss 
function when monetary transactions frictions are not negligible. In 
this case, the first-order conditions for the central bank's maximization 

problem are as follows (assuming for simplicity that i =0): 

*S-Wls-l + ^-^-l 
= 0 (37) 

Ai, + (T0ls = O. (39) 

The main difference between (39) above and (13) lies in the fact that 
now the presence of an interest rate variability term constrains the 

ability of the central bank to stabilize all demand and supply shocks. 
Because varying the nominal interest rate is costly in terms of welfare, 
the central bank will optimally trade off some inflation and output vari- 

ability against the costs of interest rate variability. What this implies is 
that the benefit of commitment is even greater than under the welfare 
function we considered in Section 3. This is because affecting private 
sector expectations now allows the central bank to stabilize demand 
and supply shocks at a lower cost in terms of interest rate variability - 

an added benefit of commitment relative to the case of no interest rate 

variability objective. 
We again focus on the tunelessly optimal policy. From (37), (38), and 

(39), the optimal history-dependent rule in this case is given by: 

h = Pi'm + p2(*m - h-i) + pa + pM 
- yn) - (y,-i - y m)1 <4°) 

where p1 = 1 + k/ /3o, p2 = 1//J, pn = k/X.o and py = XJkp. 
A natural extension of our analysis could be a rule of the form: 

But as shown by Giannoni (2000), when there is an interest rate vari- 

ability objective, price level targeting no longer implements the opti- 
mal equilibrium. However, following our results in Section 3 we want 
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to explore price level targeting methods of implementing the optimal 
degree of history dependence. In other words, we want to find an inte- 

gral control formulation for our optimal rule. 
We can rewrite our optimal history-dependent rule in a way that 

resembles a price level targeting rule. Using lag operators we can 
write 

jt = pjt-i + p2(*m - *'«) + pji1 - L)Pt + py(i 
- L) (y, - y ")• 

This, in turn, implies that 

R, = pa., + p2(r,-i - RJ + pj>, + py(y, - y") (41) 
where 

1 ^ s=0 

is a sum of all past nominal interest rates. We can now rewrite (41) in a 
more intuitive interest rate rule form: 

«, = M-i + (Pi - !)RM + pj>, + py(y, 
- y")- («) 

Both (41) and (42) are optimal from a timeless perspective under ratio- 
nal expectations. 

Whereas (40) only has elements of proportional control (the terms in 
inflation and the interest rate) and derivative control (the terms in the 
change in interest rates and the change in the output gap), rule (42) also 
has elements of integral control. These elements are introduced by the 
terms in RM and also the price level targeting term. Note that under full 
information this "quasi-price-level targeting rule" is just a transform of 
(40) and, therefore, it implements the optimal equilibrium in exactly the 
same way as (40). Without control errors there is no benefit of an inte- 
gral control formulation of our rule. However as we know from Section 
3, imperfect knowledge of parameter values introduces policy mistakes 
into the central bank's decision-making. So again we expect to find that 
(42) delivers a superior equilibrium to (40) under learning. Below we 
again use stochastic simulations to test our hypothesis in the case when 
the central bank has an interest rate variability objective. 

Table 2 presents the value of the welfare loss under the derivative 
control (40) and the integral control representations of the tunelessly 
optimal rule (42). We calibrate the weight on the interest rate term of 
the central bank's loss function by appealing to the transactions fric- 
tions discussed in Woodford (2003). 45 We assume that utility is separa- 
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Table 2 
Welfare loss (the results with interest rate variability) 

Learning (sample average of 1000 simulations) 

OHDP PLT PLT/OHDP 

500 

W = ̂ psL$ 0.0112 0.0035 -68.8% 
s=0 

500 

^fijt] 0.0056 0.0026 
s=0 

500 

X/2sAy(ys-t/;')2 0.0048 0.0006 
s=0 

500 

£j35V,2 0.0008 0.0003 
s=0 

Full Information (sample average of 1000 simulations) 

OHDP PLT PLT/OHDP 

500 

W=^psLs 0.0033 0.0033 0% 
s=0 

500 

X/?X2 0.0026 0.0026 
s=0 

500 

Z/*sVy<-y")2 a0004 a0004 
s=0 

500 

Xj3sA,*s2 0.0004 0.0004 
s=0 

ble between money balances and consumption,46 so as Woodf ord (2003) 
shows, the optimal interest rate weight is given by: 

JL16* (43) 
vem 0 

where 77. is the elasticity of money demand with respect to the nominal 
interest rate, emc is the elasticity of real marginal cost with respect to 
the output gap, and v is the steady state velocity of circulation of high 
powered money. We assume that the only parameter in (43) which is 
unknown to the central bank is the slope of the Phillips curve k. Con- 

sequently, the monetary authority will be changing the interest rate 

weight in its loss function only to the extent that it learns about k. 
We calibrate the parameters in (43) in order to match the initial inter- 

est rate weight of the central bank to Woodf ord (2003) 's value for X.% of 
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0.077. We set r\. equal to 28, emc equal to 0.65 and 0 equal to 8. The ini- 
tial belief about k is 0.0238. To match Woodford's interest rate weight 
calibration we set v equal to 26.63, implying a ratio of high powered 
money to nominal GDP of 3.75 percent. So our central bank will begin 
with an interest rate weight of 0.077, but eventually it will learn the 
true value of k- 0.0308 and increase its A. to the true interest rate weight 
of 0.10. 

We get very similar results to the ones we obtained in Section 3. Under 
the true parameter values, the two rules deliver identical performances. 
However, the table shows that the performance of the proportional- 
derivative control rule deteriorates substantially relative to the quasi- 
price level targeting rule when we allow for imperfect knowledge of 
the model's parameter values.47 So, our simulation results confirm the 
intuition from Section 3. When the central bank's policy rule is poten- 
tially subject to persistent policy mistakes, the presence of integral con- 
trol terms helps to offset the effects of these errors, improving welfare. 
This is the reason why our quasi price level targeting rule (41) (which 
has elements of integral control) delivers higher welfare than the opti- 
mal history-dependent rule (42) (which does not). 

5.2 Inflation Inertia 

We now consider another empirically motivated extension, which adds 
inflation inertia into the simple Calvo (1983) Phillips curve we consid- 
ered in Section 3. Since there is lively debate on forward-lookingness 
of inflation dynamics, this exercise would be of particular interest in 
practice.48 To preserve the clarity and simplicity of our analysis we now 
set the interest rate variability term equal to zero in order to focus on 
the effects of inflation inertia. 

Following Giannoni and Woodford (2002b) we allow firms that can- 
not re-optimize to index their price to an average of past inflation and 
steady-state inflation. Let /denote the weight on lagged inflation in 
the firm's indexation rule. Giannoni and Woodford (2002b) show that 
under such an indexation rule, the firm's log-linearized optimal pricing 
condition is given by: 

*, - y*t-x = <yt - yn) + #E^+i - v$ + ur t44) 

In this case, Giannoni and Woodford (2002b) show that the utility-based 
loss function of the central bank is given by: 
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and the corresponding tunelessly optimal rule is: 

n, -jwM =--f Ky, -y,")-(y(.1 -yU)\- (45) 

The integral representation of this rule is then given by 

(l-y)p(-^(=--i(y(-y,"). (46) 
AC 

So the timelessly optimal policy with inflation inertia is to target a 
weighted average of the price level and the rate of inflation. This hybrid 
rule converges to the price level targeting rule when price-setters do 
not index their prices (y = 0), while it only aims to stabilize the inflation 
rate when indexation is full (y = 1). 

Table 3 displays the simulation results in the model with inflation 
inertia. We calibrate the starting value of y at 0.75 while we set the 
true value of y at 0.5. The results confirm our earlier intuition. Integral 
and derivative formulations of the optimal policy perform equally well 

Table 3 
Welfare loss (the results with inflation inertia) 

Learning (sample average of 1000 simulations) 

OHDP PLT PLT/OHDP 

500 

W=£j3sLs 0.0109 0.0031 -71.6% 
s=0 

500 

t,F(*,-Ws-i)2 °-0062 00026 
s=0 

500 

X^Ay(ys-ys")2 0.0048 0.0005 
s=0 

Full Information (sample average of 1000 simulations) 

OHDP PLT PLT/OHDP 

500 

W=^PSLS 0.0029 0.0029 0% 
s=0 

500 

X Ps (*s ~ Ws-x f 0.0025 0.0025 
s=0 

500 

£/?sAy(i/s-ysM)2 0.0004 0.0004 
s=0 
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under rational expectations but the integral control formulation is more 
robust to model misspecification. 

6. Conclusion 

In this paper, we combine insights from three kinds of literature: opti- 
mal monetary policy rules; learning; and feedback control. When agents 
are forward-looking, the optimal policy involves history dependence, 
as advocated by Woodford (1999b). History dependence can internal- 
ize the effects of predictable policy on private agent expectations. In 

general, there is no unique way of implementing optimal policy. When 
the central bank has perfect knowledge, many different policy rules can 
implement the optimal equilibrium. However we find that this equiva- 
lence breaks down when there is imperfect knowledge about the struc- 
ture of the economy. In particular, the way a policy rule incorporates 
history dependence has important implications for stabilization policy 
when the central bank's knowledge of the economy is not perfect. We 
use the performance of policy rules under learning as a selection crite- 
rion for narrowing down optimal rules. We find that rules that involve 
integral terms are more robust to policy mistakes caused by imprecise 
parameter estimates. For example, this class of policy includes rules 
that involve price level, which is the integral of inflation. Those rules 
automatically "undo" past policy mistakes, while keeping the advan- 
tage of history-dependent monetary policy. 

It is worth comparing this robustness to another kind of robustness 
proposed by the literature on robust monetary policy, such as Hansen 
and Sargent (2003) and Giannoni (2001). Their approach examines the 
choices facing a policymaker who is concerned that his model may be 
misspecified but cannot put a probability distribution over the possi- 
ble alternative models. But crucially, the policy problem examined in 
Hansen-Sargent is one in which the policymaker can implement his 
policy rule precisely because he does not have to base his policy on 
model-based forecasts. In contrast, the policymaker in our paper can 
only achieve the optimal policy up to an expectational error, which is 
persistent due to the non-rational nature of expectations in our frame- 
work. Such errors are absent from the world of Hansen and Sargent 
(2003) and Giannoni (2001) and, therefore, their policymakers do not 
need to be concerned with designing policy in ways that are robust 
against them. In practice, of course, most central banks use forecasts 
from some sort of wrong model to inform policy decisions and we 
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believe that the kind of robustness we discuss in our paper is also very 
important. 

It would also be interesting to compare our results with a Bayesian 
optimal policy under parameter uncertainty for forward-looking mod- 
els. The analysis of optimal policy rules under Bayesian model averag- 
ing is left for future research. However, based on the results shown in 
Aoki (2006), we expect that a rule that involves integral terms could 
be a good approximation to the optimal Bayesian policy in forward- 

looking models. Using a simple New Keynesian model, Aoki (2005) 
considers an optimal commitment policy when the bank's information 
about the state of the economy is imperfect, while the agents have per- 
fect information. It is shown that an optimal plan makes the current 

policy slightly expansionary if it turns out that the policy in the previ- 
ous period was too contractionary, and vice versa. In other words, the 

optimal policy has the overshooting property, whereby the monetary 
authority commits to undo past policy mistakes caused by informa- 
tion problems. When private agents understand this overshooting, they 
adjust their expectations and react less to monetary policy mistakes. In 
our setting, the rules that involve integral terms have this overshooting 
property. 

There are a number of ways to extend our analysis. First, we assumed 
that all of the variables are observable except eyt and eni. It would be 
more realistic to assume more serious uncertainty about some of the 
variables, such as potential output. Second, we assumed that the cen- 
tral bank's model is correctly specified, and the central bank learns the 
structural parameters by recursive least squares. It would be interest- 

ing to change those assumptions. We could consider a case in which 
the bank's model is misspecified. Investigation of robustness of policy 
rules under model misspecification would be an interesting direction 
to future research. For example, we could consider a case in which the 
bank's model includes a backward-looking Phillips curve, while the 
true inflation dynamics involves forward-looking behavior, or vice versa. 
Since there is lively debate on forward-lookingness of inflation dynam- 
ics, this exercise would be of particular interest in practice.49 Third, it 
would be interesting to consider a case in which the bank estimates the 

parameters by constant-gain learning, as in Sargent (1999) and Cho et 
al. (2001). Compared with least squares learning, constant-gain learn- 

ing puts more weight on most recent data, and is suitable for a cen- 
tral bank that suspects there is some kind of structural change in the 

economy. In this case, when the bank's economic model is misspecified, 
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there would be a potential for escape dynamics, which may behave dif- 

ferently under different policy rules. One could also study how differ- 
ent rules alter the frequency and character of the escape dynamics. 
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1. See, for example, Woodford (1999a) and Taylor (1999). 

2. Thus we assume symmetric information throughout the paper. See Section 3 for more 
discussion. 

3. These rules are only optimal under rational expectations. They do not capture fully 
optimal policy under parameter uncertainty. 

4. All variables are measured in percentage deviations from their equilibrium values in a 
steady state with zero inflation. 

5. See Clarida et al. (1999) and Giannoni (2000). 

6. Although in a different context, Hansen and Sargent (2003) also assume that private 
agents and policymakers have the common model of the economy when they make 
robust decisions. Our assumption is similar to theirs. As an alternative, one could assume 
that the private sector projection is based on the true model (1) and (2), but that monetary 
policy is credible and believed to be time-invariant in each point in time. We have checked 
that our main results presented below remain robust under this alternative assumption. 

7. One might think that the private agents should know crand k because those represent 
the parameters of their behavioral equations. The underlying assumption here is that, 
although each agent knows its own o and k, it does not know the values of G and k of 
the other agents, and their average values in the economy. The agents therefore need to 
estimate them in order to make projections about future aggregate output, inflation and 
the interest rate. We also assume agents are identical, but agents do not know that they 
are all identical. 

8. A typical estimate of P is around 0.99 quarterly. 

9. Specifically, we assume that 

where egt is white-noise unobservable components. Then we define e = e . Similarly, 
we define e t = KEyn t + £ut, where eyn t and eu t are white-noise unobservable components of 
cost-push shock and natural output, respectively. 
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10. This assumption is commonly used in the literature on adaptive learning to avoid 
circularity between learning and equilibrium. See, for example, Evans and Honkapohja 
(2003). 

11. Following Woodford (2003), the weight is given by 16/^(0/ 0 rather than K(t)/0. Thus 
the weight is appropriate when inflation is measured as annualized percent changes. 

12. A fully rational policy would be an optimal policy problem under parameter uncer- 
tainty and Bayesian learning. For example, Wieland (2000) studies optimal Bayesian 
learning in a simple dynamic model. 

13. In this case, the weight on the output gap term, 16Ay(f)/ k(0 = 16/0 and becomes 
constant. As shown in Section 5, this is not a general result. In general, policy parameters 
change as the estimated parameters change. 

14. See, for example, Giannoni and Woodford (2002b). 

15. Currie and Levine (1987) show that an optimal commitment policy can be expressed 
in terms of integral of past predetermined variables. Here we interpret (16) as a targeting 
rule which involves an integral term of one of the goal variables, namely, n. 

16. See, also Giannoni (2000) and Vestin (2006) for the desirability of price level targeting 
in forward-looking models. 

17. See, for example, Clarida et al. (1999), Vestin (2006), Svensson (2003), Svensson and 
Woodford (2004), Woodford (2003). 

18. More specifically, (17) implements the optimal non-inertial plan discussed in Section 
3.1 of Woodford (2003). His model is identical to the model employed here. See Woodford 
(1999b) and Giannoni and Woodford (2002b) for further discussion of the optimal non- 
inertial plan. 

19. Model-consistent expectations by private agents are assumed to keep symmetry. The 
existing literature on adaptive learning, such as Bullard and Mitra (2002) and Evans and 
Honkapohja (2003), assumes that agents' expectations are based on their "perceived law 
of motion." Here we do not mean to argue that our approach is more appropriate. How- 
ever, our primary objective is to investigate performance of policy rules under central 
bank learning, and it is plausible to assume that the bank's projection is consistent with 
its model. 

20. Recently, Preston (2005) argues that it may not be appropriate to use as a represen- 
tation of aggregate dynamics the log-linearized IS and Phillips curve equations with 
expectations terms replaced by arbitrary subjective expectations. He argues that this 
"Euler equation approach" is consistent with optimizing behavior of agents only when 

expectations are rational (i.e., model-consistent). He argues that, even after expectations 
converges to rational expectations, output (consumption) chosen by the Euler equation 
approach may remain to be suboptimal. See Evans et al. (2003) for further discussion. 
In our model, expectations are consistent with the estimated model. This means that, as 
the estimated model converges to the true model, it is possible to show that the level of 

output chosen by (1) and (2), with the expectation terms generated by (9) and (10), con- 
verge to the level consistent with agents' optimization. As a robustness check, we also 
conducted the same simulation exercise for an economy in which the private agents are 
endowed with the true economic model and the private expectations are based on the 
true parameter values. We confirmed that the results given in the subsequent sections 
remain the same. This implies that our results mainly stem from central bank's learning 
and are robust to changes in assumption on private sector behavior. 



178 Aoki & Nikolov 

21. We set the initial values of the variances of the estimates of frand a equal to, respec- 
tively, 2 * 10~3 and 1.5 * 10"4. These are very close to the values, to which the variances 
converge after approximately 100 periods of recursive estimation. So, we are effectively 
assuming a training sample of 25 years. 

22. Our definition of the demand disturbances follows Bernanke and Woodford (1997). 
That is, 

where Gt is Rotemberg and Woodford (1997)'s definition of the demand disturbance. If 
we assume that Gt follows an AR(1) process with autoregressive root 0.92, it is easily 
shown that gt also follows an AR(1) process with the same autoregressive root. 

23. The estimate in Giannoni (2001) is cr1 instead of <7. We inverted the upper bound of 
his a~l. 

24. The simulation results not reported in the text are available from the authors upon 
request. 

25. Specifically, these are the standard deviations of the innovations in the processes 
E,_2[G/+i ~ GJ and Et _2Yst where Gt and Yst are Rotemberg- Woodford's demand and supply 
disturbances. This is because their structural equations coincide with our simpler model 
only when conditioned on information available two periods earlier. 

26. However, this does not imply that the bank can identify the structural parameters 
immediately in our simulation, as recursive estimation is given by (5) and (6). 

27. Again, those results are available from the authors upon request. 

28. See Clarida et al. (1999), Giannoni (2000) and Vestin (2006). 

29. Because the benefit of the optimal history-dependent rule derives from its ability 
to improve the output /inflation trade-off, the volatility of cost-push shocks will mat- 
ter greatly for welfare comparisons. Therefore, even under learning, sufficiently volatile 
cost-push shocks will mean that OHDP dominates non-inertial policy. 

30. Those are impulse responses to a ten basis point innovation to cost-push shock and 
demand shock. 

31. In Figures 1-2, the economy starts with initial values of K(t) and a(t) used in the 
stochastic simulation. Those charts also show the "policy mistakes" that are discussed 
in Section 4.2. 

32. Properties of the impulse responses to supply shock are similar to those of demand 
shock. Here we focus our discussion on demand shock. 

33. For the recent discussion of this concept, see Blinder (1998) and Woodford (1999b). 

34. We find that the speed of learning about parameters is rather slow, although the esti- 
mated parameters converge to their true values. Therefore, the assumption of constant 
o(t) and K(t) is not a bad approximation when we are thinking about the implications of 
quarterly monetary policy mistakes for economic fluctuations. In order to save space, we 
do not report the speed of learning, but it is available upon request. 

35. Also, we continue to assume e t = exJt = 0. 

36. HereXy = l6k/e. 
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37. See, for example, Franklin et al. (2002). 

38. Also, we keep assuming that eyt = ent = 0. 

39. As K(t) and a{t) become close to their true values, the behavior of the benchmark 
economy become close to this simplified model. 

40. Here we assume that the economy is in the steady state at time t-\. 

41. In our calibration, A, is given by 0.87, implying substantial policy-induced persis- 
tence. Persistence can be even higher under higher output-gap weights in the welfare 
function. For example A, tends to unity when Ay tends to infinity. 

42. In fact, our numerical results suggest that this channel is more important than the 
traditional channel which relies on exploiting the time-series properties of the monetary 
policy mistakes. Our simulated policy mistake series had relatively similar variances 
across the three policy rules. From this we concluded that in our framework, it is the 
forward-looking nature of the model that is driving the benefits of implementing the 
optimal policy by integral control methods. 

43. Orphanides and Williams (2004) show that econometric learning makes a strong 
response to inflation deviations much more important than under rational expectations. 
The paper shows that a weak response to inflation when agents are learning can lead 
to near unit root behavior in inflation and the output gap in a small macroeconomic 
model. 

44. See Giannoni (2000) for this point. 

45. Woodford (2003) argues that the threat of hitting the zero lower bound may be an 
alternative motivation for an interest rate variability objective for the central bank. 

46. This value is based on a model of nonseparable utility between money balances and 
consumption. Such an assumption will complicate the model by introducing an interest 
rate term in the marginal cost function without changing the qualitative nature of our 
results. So, for the sake of simplicity, we decided to maintain our assumption of separable 
utility. 

47. Indeed, our simulation results show that imperfect knowledge of the model param- 
eter affects the price level targeting rule only marginally. The welfare loss becomes mar- 
ginally larger. 

48. See, for example, Fuhrer (1997) and Gall and Gertler (1999). 

49. See, for example, Fuhrer (1997) and Gali and Gertler (1999). 
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Comment 

Fabio Canova, ICREA-Universitat Pompeu Fabra, CREI, AMeN, and CEPR 

The paper is, in many ways, interesting and refreshing. The authors 
should be congratulated for the clearness of their exposition, for the 
numerous references that help to put the paper into perspective, for 
interpreting their unexpected results using interesting insights bor- 
rowed from the optimal control literature and, in general, for helping the 
reader not actively working in the field to measure the value added of 
their research. The work adds a realistic connotation (lack of knowledge 
of the parameters) to a basic new-Keynesian model which has become a 
workhorse in monetary economics. It also highlights an important trad- 
eoff (between policy mistakes into optimal decisions) that was missing 
from the previous literature. Both of these are welcome contributions. 
However, the authors work with a setup that has dubious empirical rel- 
evance. Furthermore, the assumed deviation from fully rational behav- 
ior is so severe that it is not clear whether their results hold in setups 
where agents learn (even slowly) from their mistakes. 

I will divide my comments into three parts. First, I will give a brief 
summary of what I consider the most interesting contributions of the 
paper. I will then highlight why the results, although interesting, have 
little empirical relevance for the way actual monetary policy is con- 
ducted. Finally, in the third part, I will suggest some extensions/altera- 
tions which, on the one hand, are likely to bring more realism to the 
construction and, on the other, may open up interesting avenues of 
research. Some of these suggestions could in principle alter some of 
the results that the optimal monetary policy literature has derived in 
highly stylized and simplified setups and turn around some of the con- 
ventional wisdoms now maintained in policy circles. 

None of what follows should deter from the fact that the authors have 
done an excellent job in working out the details of their exercise and in 
explaining why their results differ from those in the existing literature. 
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1. Summary 

This paper examines the welfare consequences of certain policy rules, 
which were found to be optimal when the parameters of the model 
are known to both agents and the Central Bank, in a setup where the 

parameters are actually unknown and the Central Bank learns about 
their location using least square techniques. Given the difficulty in 

defining optimal time-consistent actions when learning takes place, the 
authors take a shortcut and examine outcomes obtained in an environ- 
ment where decisions are taken conditional on the current estimate of 
the parameters, which is assumed to be time invariant, and supposed to 
last forever. Therefore, as pointed out in the paper, there are two impor- 
tant deviations from full optimality. First, the Central bank is not Bayes- 
ian in its learning scheme and treats the unobservable estimation error 
as if they were zero at all times. Second, private agents don't know and 
never learn that the Central Bank is ignorant about the parameters of 
the model. The setup used, while consistent with the so-called "antici- 

pated utility" framework, creates a great deal of schizophrenia in the 

economy - private agents believe current policy is credible and since 

they never realize that policy will be changed in the future are system- 
atically wrong in their actions; the Central bank decides a time invari- 
ant optimal plan supposed to be valid up to the infinite future using 
current estimates of the parameters, therefore systematically cheating 
private agents (and itself). To someone like me, who is primarily a con- 
sumer of this literature, this seems a big leap away from a fully rational 

setup. However, since both authors have some Central Bank experi- 
ence, they may be better aware than I am about the games played by 
Central Banks and private financial markets in the real world. All in 
all, one could take this as a computationally simple benchmark against 
which to compare other types of deviations from fully rational behavior 
to be analyzed in future work. 

The results derived in this paper are simple and clear cut. When the 
central bank has perfect knowledge of the environment, a monetary 
policy that is optimal from a timeless perspective involves history 
dependence. That is, deviations of certain variables from their target 
values are fedback into the rule. Such rules are optimal since, as men- 
tioned in the paper, they internalize the effect that central policy actions 
have on private expectations, which in turn affect both current infla- 
tion and the output gap. History dependence can be implemented via a 
rule like (15) or a price level targeting rule like (16). Clearly, such rules 
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dominate from the welfare point of view rules like (17), which do not 
have this history dependent feature. 

When information is less than perfect, Central banks make mistakes 
in estimating the inputs of the policy equation - in particular, they 
misrepresent the natural real rate of interest. These mistakes feed into 

agents' expectations and propagate to the economy driving the econ- 

omy away from optimality. It turns out that in this setup the rule rep- 
resented by equation (15) has more undesirable effects than the rule 

represented by equation (16), the reason being that the integral terms 

appearing in the price targeting rule, feed the policy mistakes back into 
the rule and lead to a more effective internalization of the estimation 
errors, primarily when the shocks driving the economy are persistent. 
This central result is shown to be robust against the introduction of two 
additional features in the model, i.e., interest variability in the Central 
Bank objective function and inflation inertia. 

Although the authors do not comment on this point, the results may 
have important policy implications. When uncertainty in the economy 
is pervasive, a Wickselian rule (16) is preferable from a welfare point 
of view to the rule (15) because it eliminates the negative effects that 

policy mistakes have on the economy while keeping the history depen- 
dent feature of monetary policy. Perhaps to those who are into optimal 
control theory this is not surprising, but for central bankers I believe the 

insight is important. Whenever uncertainty is dominant and /or infor- 
mation is scant, which is probably the rule rather than the exception, it is 

important to select rules that automatically correct for policy mistakes if 
the welfare of consumers is an important concern of central bankers. 

2. Is the Exercise Relevant? 

I have doubts that this is the case. I have already mentioned my hesi- 
tation about the "anticipated utility" framework used in the paper. I 
doubt I am the only one who feels uncomfortable with it. In the next 
section, I will give some suggestions on how to reduce such worries. In 
general, one would like to know whether the conclusions of the paper 
are still valid in setups that are less extreme, from the point of view 
of the information available to agents, than the one considered in this 
paper. Apart from this, there is a much more fundamental reason why I 
think the results of this paper are not very useful to policymakers. 

The framework of analysis used is a standard New-Keynesian model 
comprised of three equations, a log linearized Euler equation (the 
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so-called expectational IS equation), a loglinearized law of motion of 
inflation (the expectational Philips curve) and a rule for the central 
bank decisions. While such a model seasoned with various spices 
pervasively pops up in academic and policy papers, its empirical 
appeal is limited. As a consequence, the relevance of the exercises con- 
ducted in this paper is hampered by the failure of the model to cap- 
ture important aspects of the data. I want to stress that this is the case 
regardless of whether (2) includes or excludes inflation inertia from the 
specification. 

In particular, the IS equation has been repeatedly rejected as a descrip- 
tion of the relationship between consumption growth and the real rate 
both in its nonlinear or loglinearized versions. In the model used here 
there is no intertemporal real link so that consumption is forced to be 
identical to output, period by period, but even in this case the pricing 
kernel is insufficiently volatile to produce a relationship that matches 
the variability of the real rate. The evidence on the Philips curve equa- 
tion (2) is slightly more mixed but, as I will argue below, formal evi- 
dence is hardly supportive of the specification and this is true using 
data for many countries and different estimation techniques. 

In Table 1 I report estimates of the parameters of these two equa- 
tions using alternative techniques, data sets and definition of variables. 
In particular, I present estimates obtained when inflation is measured 

using GDP deflator or the CPI index; when the Phillips curve is esti- 
mated separately or jointly with the log-linearized Euler equation; 
when a just identified or an overidentifying GMM estimator is used; 
when the structure imposed in the paper is used to simulate data for 
the nonobservable cost push and demand pull shocks (in which case 
a indirect inference principle is used to estimate the parameters) and, 
finally, when data for the U.S., UK and Germany are used (the sample 
covers 1970:1-2002:4 for the U.S. and 1980:1-2002:4 for the other two 
countries). 

The results appear to be very robust to all these changes: estimates 
of the discount factor for U.S. data are very close to one and at times 
exceed one; estimates of k are tiny and insignificantly different from 
zero while estimates of the risk aversion parameters have the wrong 
sign and this is true regardless of whether we fix the discount factor or 
not. Note that a chi-square test rejects the two equation specification for 
U.S. data at any level of significance. The results for the other two coun- 
tries are less stable across specifications but in both cases estimates of k 
are insignificant and often have the wrong sign. All in all, the model for 
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inflation is roughly a random walk in all countries while the so-called 

dynamic IS curve implies risk-loving behavior, a result with little eco- 
nomic appeal. 

I could add to this that if estimates of the three parameters we re- 
obtained trying to match as close as possible the variability of the out- 

put gap and inflation, similarly perverse estimates of the risk aversion 

parameter (and at times of k) would be obtained. 
Incidentally, the tagged-on shock gt has an interpretation that does not 

necessarily fit with the analysis conducted in the paper. In fact, unless 
this shocks comes out of mismeasuring the variables of the equations it 
cannot be persistently and positively serially correlated. If it represents 
a utility shifter (for example, a preference disturbance or exogenous 
government expenditure producing utility services for consumers) it 
must enter in the same way as yt in the equation (i.e., gt = E(eM) - e(t)). 
Hence, unless preference or government disturbances are highly seri- 

ally correlated in growth rates, the correlation of gt is probably nega- 
tive. Similarly, the cost push shock ut has an unclear interpretation since 
(2) it does not follow from any standard maximization problem where 
firms choose to change prices in a Calvo way. 

3. Some Suggestions 

There are a number of alterations which could, in my opinion, make 
the framework of analysis more appealing. The first one concerns the 
benchmark used for comparison. While it is clear that the first two rules 
are optimal in an environment with perfect information, all three rules 
are suboptimal in a world with imperfect information. Hence, it is hard 
to evaluate the absolute "size" of the losses of various policies (are they 
significantly different from an economic point of view?). One obvious 
benchmark would be to find what the optimal policy is under the par- 
ticular imperfect information setup used in the paper. This is clearly 
complicated since it may involve Bayesian Kalman filtering and pos- 
sibly time dependence of policy parameters. However, such an exer- 
cise should be feasible in an alternative setup where agents learn about 
Central Bank policy parameters and the Central Bank learns about pri- 
vate agent decisions. The problem in that case would be reduced to the 
one of finding a fix point to the various mapping and the recent work 
of Bacchetta and Van Wincoop (2004) could help in that respect. One 
other interesting benchmark would be a (clearly) suboptimal but eas- 

ily implementable rule (e.g., Taylor type rule). Once we have two such 
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benchmarks it becomes easier to evaluate if the welfare difference in the 
two history dependent rules is economically large and significant. 

It would also be interesting to robustify the analysis to the omis- 
sion/mismeasurement of important variables. For example, the rule in 
(15) involves first differences in the output gap. What would happen 
if a central bank uses a rule where only the lagged output gap enters, 
for example, because current GDP data is unavailable? What if only a 
proxy of the output gap exists? These are not simply academic curiosi- 
ties. Delays in data collections and unobservability of the output gap 
(ys - y"s) make the rules used unfeasible. In general, policy rules which 
are a function of nonobservables have serious disadvantages and leave 
policymakers with a set of nice prescriptions that are impossible to 
implement. 

Another exercise that can give useful information about the welfare 
effects of various rules would involve calculating local derivatives 
(around the calibrated points). Such derivatives would tell quantita- 
tively how welfare changes when e.g., a t, o t are large (we can guess 
that the costs may be much larger if these parameters are larger because 
learning will be slower, but by how much?). Such exercises are easy to 
do using Monte Carlo techniques or simply calculating approximate 
elasticities of welfare with respect to the relevant parameters. 

There are also two extensions that would bring realism to the analy- 
sis. First, it would be interesting to see what would be the outcome of 
the simulation exercises when the Central Bank has less information 
than private agents. Such a framework could give a better perspective 
on the consequences that policy mistakes have on the economy and 
how destabilizing they could be. 

Second, I would allow some parameters to switch over time. Much 
of the current empirical literature studies the switches in the process 
for inflation and output, especially comparing the 1960s and 1970s with 
the 1980s and 1990s, and attempts to find a link between policy changes 
and the changes in persistence and volatility of these two series (see 
e.g., Cogley and Sargent 2003). What would happen to the timeless his- 
tory dependent rules in this setup? How persistent would policy mis- 
takes be? What kind of rules allow flexibility in adapting to structural 
changes? All these questions are crucial from the policymaker point 
of view and research in the area can clearly help to guide choices in 
an environment where not only learning but structural changes take 
place. 



Comment 189 

Finally, one should note that given a model, uncertainty about 
parameters is typically small. The most relevant source of uncertainty 
concerns the structure of the model. A Bayesian framework is a natural 

setup to address the question of model uncertainty. In fact, suppose that 

g(Al), ; = 1, 2, . . . , J is the prior on model ;, g(a\ My) is the prior for the 

parameters of model;, and/(y I a\ M .) is the likelihood of the data. The 

posterior mean for any continuous function h(a) of the parameters will 
be a weighted average of [h(a) I y,M] with weights given by g(M. I y), the 

posterior probability of model;'. Robustness in this case implies averag- 
ing over models and parameters values. Therefore, when model uncer- 

tainty is specified in a hierarchical way, one would choose to work with 
one model only under very special and restrictive circumstances. 
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Comment 

V. V Chari, University of Minnesota, Federal Reserve Bank of Minneapolis, 
and NBER 

This paper analyzes the performance of three kinds of monetary pol- 
icy rules when the central bank and private agents learn the param- 
eter values of a model using least squares regressions on historical 
data. The basic set up is a Calvo-style staggered price model without 
capital accumulation. In versions of such models without learning, an 
extensive literature has attempted to analyze the properties of vari- 
ous policy rules. This literature has argued that two types of rules are 
optimal: a so-called "history-dependent rule" and a so-called "price- 
level targeting" rule. Under the history dependent rule, interest 
rates are chosen so that inflation turns out to depend on both 
current and lagged output. (More precisely, inflation depends on the 
deviations of current and lagged output from their natural levels.) 
Under the price level targeting rule, interest rates are chosen so that 
the price level turns out to depend on the deviation of current output 
from its natural level alone. Both types of "rules" turn out to produce 
the same equilibrium outcome. A third type of "rule" which has also 
been discussed in the literature is a "non-inertial" rule under which 
inflation is a function of the deviation of current output from its natural 
level. 

Aoki and Nikolov ask how such rules perform when the central bank 
does not know the true values of the parameters and learns them over 
time using least squares regressions. They find that price level targeting 
performs best and the history dependent rule, the worst. They relate 
their findings to a control theory literature on feedback control in deci- 
sion-theoretic environments. This literature argues that policies should 
feed back on the integral of past deviations of outcomes from expected 
outcomes. Aoki and Nikolov persuasively argue that price level target- 
ing is desirable because it has this feature while the history dependent 
rule tends to cumulate errors. 
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The general issue studied in this paper is surely an important one 
and the authors, in general, do a fine job of execution. I found the argu- 
ments for integral control to be thoughtful and persuasive. I am less 
convinced that the particular direction for thinking about monetary 
policy that this paper, and indeed the large recent literature that this 
paper builds on is the right direction for the profession. In this discus- 
sion, I raise three types of questions. The first question is whether the 

underlying sticky price model is convincing. The second question is 
whether the welfare criterion used in the model makes sense. The third 

question is whether the learning method used in this paper as well as 
in a large related literature makes sense. 

1. Critiques of Calvo Style Models 

The standard Calvo-style staggered pricing model is a differentiated 

goods model as in Dixit Stiglitz. In each period, with probability a, a 
firm is allowed to change its prices. With probability 1 - a, the firm can- 
not change its price. The probability of being allowed to change its price 
is independent across firms. This formulation implies that for many 
periods following, say, a monetary shock, some firms in each period 
have prices far away from their desired prices. As a consequence, their 

output levels are far away from the desired output levels. This feature 
of the model implies that monetary policy is nonneutral for many peri- 
ods following a shock and thus monetary policy has a substantial influ- 
ence on the dynamics of output. 

Two critiques have been leveled against this type of model, an empir- 
ical critique and a theoretical critique. The empirical critique is based 
on the important and influential work of Bils and Klenow (2003), who 
used detailed data from the Bureau of Labor Statistics (BLS) at the level 
of retail transactions to show that 20 percent of all firms change prices 
every month and that half of all prices are changed roughly every four 
months. These observations imply that in a calibrated Calvo model, the 
value of or is quite small and thus monetary policy is unlikely to be very 
potent. The BLS data also show that relative price variability across 

goods is very high even though average inflation rates in the sample 
are around three percent a year. Specifically, the data show that, con- 
ditional on raising prices, the mean price increase is about ten percent 
and conditional on lowering prices, the mean price decrease is about 
nine percent. The Calvo model simply cannot produce this kind of rela- 
tive price variability. 
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The theoretical critique is due to Golosov and Lucas (2004). They con- 
struct a model in which firms face a fixed cost of changing prices and 
face idiosyncratic shocks. They show that a calibrated version of this 
model produces dramatically less persistence in output to monetary 
shocks than a Calvo model calibrated to the same mean duration of 

price changes. The reason is that in their model, the firms most likely to 

change prices are those far away from their desired prices. This feature 

implies that the output response to monetary shocks is substantially 
lower than in an analogous Calvo model. The model effectively ends 

up resembling a flexible price model much more than a sticky price 
model. A reasonable conjecture is that in terms of the model's response 
to other shocks, the details of a monetary policy feedback rule mat- 
ters much less than in a Calvo model. I have always viewed the Calvo 
model with its feature that some fraction of firms simply cannot change 
prices as a convenient modeling device that allows us to model price 
stickiness and as a rough approximation to a more elaborate model in 
which it is costly to change prices. Golosov and Lucas' analysis sug- 
gests that it is a poor approximation. 

2. A Critique of the Welfare Criterion 

This paper, like many in the literature, uses the timeless perspective to 
solve for optimal monetary policy. I am not convinced that this perspec- 
tive is a useful way to think about policy. I begin by describing the time- 
less perspective in a well understood model of optimal fiscal policy. 
Consider an infinite-horizon model with a representative household 
which values a single nonstorable consumption good, ct and dislikes 
labor lt. The household's preferences are given by zpiU{ct,l) where p is 
the discount factor and U is the period utility function. Labor is used 
to produce the consumption good as well as government consumption 
g, which is assumed to be constant over time. The technology for pro- 
ducing private and government consumption is of the form ct + g = lt. 
Revenues to finance government consumption must be raised through 
proportional taxes on labor income, denoted by rt and by issuing one 
period government debt bM which matures in period t + 1 and has a 

price of qr The initial stock of government debt b0 is given. In formulat- 
ing the household's problem, it is convenient to think of government 
policy as including the choice of prices as well so that I will think of 
government policy as <pt = (rt , qt ). 
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The representative household's problem is 

Mixjr/m(c,,i,) 
t=o 

subject to 

c,+fc,+1<(l-r,)/,+RA 

and the usual non-negativity and no-Ponzi game constraints. The first- 
order conditions for this problem are the budget constraint and 

ucjt = K 

Unt=Xt(l-Tt) 

qtXt = pXt+l 

where Xt is the Lagrange multiplier on the budget constraint. Then 
we can write the resulting allocations xt = (<V h' fy+i) as functions of 

(bt, <j)t, At). Let xt = d(bt, </>t, At) and XM = h{bt, <j)t, At). We can now exploit a 
device due to Kydland and Prescott (1980) to set up the government's 
policy problem in a recursive form. They show that the optimal policy 
under commitment for the benevolent government can be written for 
all £ > 1 as 

v(b, X) = Maxx^ {U(c, I) + pv(b \ A ' )} (1) 

subject to 

x = d(b,q>,X) 

X = h(b,<p,X) 

and 

g + b<rn + qb' '. 

Let 0(fr, X) denote the solution to this problem. 
The date zero problem is 

bAaxXi,xx,{U{c,l) + pv{b\Kj\ 

subject to 

Z = d(b,<p,X) 

and 

g + b<rn + qb'. 
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That is, the policy problem at date zero imposes no restriction on Ao 
Let (po(bQ) denote the policy that solves this problem and let MP0) 

denote the resulting marginal utility of consumption at date zero. One 

way of thinking about the timeless perspective is that it imposes a con- 
straint on initial debt. This constraint is 

<t>o(bo) = kbo,Mbo)). 
That is the timeless perspective require the government at date zero 

to solve the same problem as governments at t > 1 solve in the Kydland 
and Prescott formulation and the stock of government debt is initially 
chosen to be just the right amount so that the Kydland-Prescott formu- 
lation and the timeless perspective give the same solution. 

Stated in this fashion, it is now apparent that the restriction on gov- 
ernment debt is completely arbitrary. Why should the initial stock of 
debt be chosen to be exactly the "right" amount? What is the nature of 

optimal policy if this additional constraint is not satisfied? These are 

questions that users of the timeless perspective need to answer before 
we can regard it as a useful tool to think about policy problems. It is 

certainly true that the Kydland-Prescott formulation is a clever way 
of computing optimal allocations. It is also true that if we forced gov- 
ernments to solve a problem like the one in (1) at all dates t > 1, they 
would implement the solution to the problem under commitment. It 
does seem like quite a leap, however, to go from this mechanical device 
to the argument that the timeless perspective allows us to have sequen- 
tial decision-making by the government without having to face all the 
usual time-inconsistency problems of government policy. 

3. A Critique of Least Squares Learning 

Aoki and Nikolov use a now traditional formulation of optimal pol- 
icy under learning. Under this formulation, in each period, the policy 
maker uses least squares regressions to form estimates of the mean 
value of parameters about which the policy maker is uncertain. Policy 
is computed under the assumption that in the current and all future 
periods the parameters will be at their mean values. The private agents 
are also assumed to behave in a similar fashion. In the following period, 
parameters are re-estimated and a new policy is chosen. I am at a loss 
to understand what this procedure is supposed to capture. Is there 
any evidence that policy makers in practice use such a procedure. My 
own reading is that neither policy makers nor private agents use any 
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learning procedures that are remotely close to such a procedure. That is 
not to say that, in practice, such decision makers are the shrewd 
Bayesian agents we typically put into our models. If we are to make ad- 
hoc assumptions about learning mechanisms, it behooves us to bring 
evidence to bear for the particular form of irrationality we impose. Bar- 

ring such evidence and given that there is a continuum of ways to be 
irrational but only one way to be rational, Occam's Razor principles 
suggest that we should model policy makers and private agents as 

Bayesian decision makers. Of course, aficionados of arbitrary learning 
mechanisms dislike this approach. Bayesian learning is exponential and 
thus, in most models, agents learn the true parameters very quickly. 

Even within the context of least squares learning, I am uncomfortable 
with Aoki and Nikolov's assumption that the policy maker and the pri- 
vate agents resolutely ignore the fact that they will change policy in the 
future in calculating optimal policy today. 

Let me conclude by saying that the paper, nevertheless, has one very 
useful message. That message is the value of feedback rules that correct 
for the sum or integral of past policy mistakes. That feature of optimal 
policy is surely robust and the paper makes a powerful and persuasive 
argument that price level targeting rules have such integral control fea- 
tures. 

Note 

I thank the National Science Foundation for support. The views expressed herein are 
mine and not necessarily those of the Federal Reserve Bank of Minneapolis or the Federal 
Reserve System. 
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